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Abstract

We investigate price duration variance estimators that have long been neglected in
the literature. In particular, we consider simple-to-construct non-parametric duration
estimators, and parametric price duration estimators using autoregressive conditional
duration specifications. This paper shows i) how price duration estimators can be
used for the estimation and forecasting of the integrated variance of an underlying
semi-martingale price process and ii) how they are affected by discrete and irregular
spacing of observations, market microstructure noise and finite price jumps. Specif-
ically, we contribute to the literature by constructing the asymptotic theory for the
non-parametric estimator with and without the presence of bid/ask spread and time
discreteness. Further, we provide guidance about how our estimators can best be im-
plemented in practice by appropriately selecting a threshold parameter that defines
a price duration event, or by averaging over a range of non-parametric duration esti-
mators. We also provide simulation and forecasting evidence that price duration esti-
mators can extract relevant information from high-frequency data better and produce
more accurate forecasts than competing realized volatility and option-implied variance

estimators, when considered in isolation or as part of a forecasting combination setting.
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Web-Appendix A: Comparison of density functions

For the choice of a suitable density function for the scaled price durations we first consider
LR tests for the four reference stocks: HD, MCD, AXP and IBM. The results in Tables
10, 13, 16 and 19 show that the Burr density is preferred over the Weibull and Exponential
densities most of the time over a wide range of price change threshold values 9.

Corresponding LB test results for LB statistics with lags 30 and 50 are presented in Tables
11, 14, 17 and 20. For the majority of the months the null hypothesis of i.i.d. distributed
generalized residuals cannot be rejected at the 1% and 5% significance levels, which indicates
that the price duration dynamics are well captured by the HACD specification.

The associated density forecast (DF) test results in Tables 12, 15, 18 and 21 show that
the Burr density clearly outperforms the other two distributional assumptions, by giving
the highest percentages of months in which the null is not rejected at either the 1% or 5%
significance level. From the three densities considered the Burr density provides the best fit
for the scaled price durations.

Overall, the test results for the four reference stocks indicate that the HACD-Burr com-
bination fits the price duration data best.

Finally, we present in Table 22 the LB and DF tests results for all 19 stocks, when the
price change threshold ¢ is selected using the “3-times-spread” rule. We observe that the
HACD-Burr model fits the price durations data well.

Table 10: LR test results, HD

5(ticks) 2 3 4 5 6 7 8 9 10

Wei. vs. Burr  505.77 260.88 155.93 100.55 67.86 45.56 35.09 24.14 21.30
Exp. vs. Burr 574.24 307.80 189.89 127.16 &87.73 63.65 51.02 38.30 34.75
Exp. vs. Wei. 6847 46.92 3396 26.32 19.72 1834 16.15 1391 13.85
Wei. vs. Burr  1.00 1.00 1.00 1.00 1.00 095 093 074 0.68
Exp. vs. Burr  1.00 1.00 1.00 1.00 1.00 099 096 089 0.84
Exp. vs. Wei.  0.78 0.75 0.69 0.69 0.67 069 063 061 0.61

Notes: The first three rows are the LR test statistics (averaged over 132 months), and the
last three rows are LR test results presented as proportions of the months in which the null
is rejected at the 1% significance level. The assumed density under the null is stated first in
the 1st column.



Table 11: LB test results for 30 and 50 lags, HD

S(ticks) 2 3 4 5 6 7 8 9

10

30 lags 1% significance level
Exp. 098 095 097 098 0.97 0.98 0.94 0.92
Weibull 0.97 0.94 0.95 098 0.95 0.98 0.93 0.92
Burr 0.87 0.86 0.90 092 095 095 094 0.86
30 lags 5% significance level
Exp. 0.86 0.89 091 090 093 093 0.89 0.87
Weibull 0.82 0.85 0.88 0.86 0.89 0.92 0.87 0.87
Burr 0.66 0.70 0.78 0.76 0.80 0.83 0.81 0.77
50 lags 1% significance level
Exp. 094 096 096 096 0.98 0.99 0.96 0.92
Weibull 0.93 0.95 0.96 0.96 096 098 0.95 0.93
Burr 0.87 091 0.93 090 0.96 099 0.96 0.87
50 lags 5% significance level
Exp. 0.82 0.86 0.91 0.89 0.92 0.95 0.90 0.86
Weibull 0.79 0.83 0.90 0.86 0.90 0.95 0.88 0.86
Burr 0.67 0.73 0.81 0.80 0.88 0.89 0.83 0.80

0.89
0.92
0.89

0.85
0.86
0.80

0.89
0.92
0.90

0.86
0.88
0.86

Notes: The upper part of the table are LB test results for 30 lags, and the lower part are
the results for 50 lags. Significance levels of 1% and 5% are considered
proportion of months in which the null is not rejected.

Table 12: DF test results, HD

. Each figure is the

S(ticks) 2 3 4 5 6 7 8 9

10

1% significance level
Exp. 0.00 0.00 0.01 0.03 0.11 0.34 0.31 0.52
Weibull 0.00 0.02 0.02 0.08 0.21 0.36 0.49 0.60
Burr 0.21 0.57 0.69 0.80 0.86 0.95 0.92 0.88
5% significance level
Exp. 0.00 0.00 0.00 0.01 0.03 0.20 0.23 0.32
Weibull 0.00 0.00 0.01 0.04 0.11 0.25 0.30 0.45
Burr 0.14 043 0.56 0.67 0.76 0.85 0.80 0.81

0.53
0.67
0.89

0.44
0.53
0.83

Notes: DF test results for significance levels of 1% and 5% are presented. Each figure is the
proportion of months in which the null that the assumed density is the true density is not

rejected.



Table 13: LR test results, MCD

d(ticks) 2 3 4 5 6 7 8 9 10

Wei. vs. Burr  460.17 268.57 181.59 129.51 91.43 68.76 52.41 40.05 32.77
Exp. vs. Burr 577.22 328.81 219.52 156.81 113.24 86.20 62.74 53.14 46.29
Exp. vs. Wei. 117.05 60.24 3793 27.09 21.33 17.38 10.87 12.03 12.24
Wei. vs. Burr  1.00 1.00 0.99 0.98 0.95 088 0.84 0.78 0.73
Exp. vs. Burr 1.00 1.00 0.99 0.99 0.97 093 084 088 0.84
Exp. vs. Wei. 0.87 0.64 0.57 0.55 0.50 052 045 046 045

Notes: The first three rows are the LR test statistics (averaged over 132 months), and the

last three rows are LR test results presented as proportions of the months in which the null
is rejected at the 1% significance level. The assumed density under the null is stated first in
the 1st column.

Table 14: LB test results for 30 and 50 lags, MCD

Sticks) 2 3 4 5 6 7 8 9 10
30 lags 1% significance level

Exp. 093 096 098 095 098 0.99 0.93 0.93 0.89

Weibull 0.92 096 0.96 095 0.98 098 0.93 094 0.92

Burr 0.90 0.87 0.89 0.8 0.94 0.96 0.91 090 0.86
30 lags 5% significance level

Exp. 0.83 0.86 0.88 0.86 0.87 0.96 0.88 0.90 0.83

Weibull 0.82 0.83 0.86 0.83 0.86 0.95 0.84 0.89 0.85

Burr 0.73 0.67 0.74 0.76 0.82 0.89 0.77 0.80 0.77
50 lags 1% significance level

Exp. 0.90 092 097 0.95 098 099 090 0.92 0.88

Weibull 0.90 0.92 0.97 0.95 098 098 0.89 0.93 0.90

Burr 0.89 0.89 092 092 096 098 0.89 0.89 0.86
50 lags 5% significance level

Exp. 0.85 0.87 088 0.89 096 098 0.86 0.86 0.86

Weibull 0.84 0.86 0.87 0.88 0.92 0.97 085 0.86 0.88

Burr 0.76 0.73 0.77 080 0.86 091 0.79 0.81 0.80

Notes: The upper part of the table are LB test results for 30 lags, and the lower part are
the results for 50 lags. Significance levels of 1% and 5% are considered. Fach figure is the
proportion of months in which the null is not rejected.



Table 15: DF test results, MCD

S(ticks) 2 3 4 5 6 7 8 9 10

1% significance level
Exp. 0.00 0.04 0.11 0.15 0.27 0.39 0.51 0.51 0.48
Weibull 0.01 0.07 0.18 0.21 0.34 043 0.57 0.63 0.61
Burr 0.24 055 0.75 080 0.83 092 0.88 0.85 0.84
5% significance level
Exp. 0.00 0.00 0.07 0.08 0.13 0.27 0.43 0.38 0.36
Weibull 0.01 0.03 0.10 0.13 0.23 0.32 0.40 047 0.48
Burr 0.14 045 061 0.70 0.72 0.83 0.83 0.80 0.76

Notes: DF test results for significance levels of 1% and 5% are presented. Each figure is the
proportion of months in which the null that the assumed density is the true density is not
rejected.

Table 16: LR test results, AXP

§(ticks) 2 3 4 5 6 7 8 9 10 11 12

Wei. vs. Burr 678.13 382.69 253.40 172.94 128.72 98.31 74.79 59.54 44.10 35.64 28.78
Exp. vs. Burr 759.60 435.54 292.96 206.03 155.16 121.43 94.94 7591 59.25 52.71 42091
Exp. vs. Wei.  81.47 5285 39.56 29.77 26.70 2226 19.39 18.16 15.46 15.49 14.66
Wei. vs. Burr 1.00 1.00 1.00 1.00 0.99 099 096 095 089 077 0.65
Exp. vs. Burr 1.00 1.00 1.00 1.00 0.99 099 098 095 095 089 084
Exp. vs. Wei. 0.64 0.71 0.72 0.72 0.66 063 0.63 064 065 0.60 0.63

Notes: The first three rows are the LR test statistics (averaged over 132 months), and the
last three rows are LR test results presented as proportions of the months in which the null
is rejected at the 1% significance level. The assumed density under the null is stated first in
the 1st column.



Table 17: LB test results for 30 and 50 lags, AXP

S(ticks) 2 3 4 5 6 7 & 9 10 11 12

30 lags 1% significance level
Exp. 093 093 095 098 098 097 096 0.97 0.95 0.87 0.92
Weibull 091 0.93 0.95 0.97 095 096 096 096 0.95 0.88 0.92
Burr 0.86 0.86 0.82 092 090 092 0.89 0.89 0.92 0.89 0.90
30 lags 5% significance level
Exp. 0.79 0.89 0.86 090 0.92 091 0.83 091 0.92 0.83 0.90
Weibull 0.73 0.88 0.85 0.88 0.89 090 0.83 0.92 0.91 0.82 0.90
Burr 0.60 0.69 0.67 0.75 0.73 082 0.77 081 0.83 0.77 0.82
50 lags 1% significance level
Exp. 0.89 095 098 097 098 096 094 098 0.95 0.87 0.91
Weibull 0.89 0.95 0.97 095 0.96 097 0.95 098 0.95 0.89 0.92
Burr 0.85 092 088 0.89 092 094 093 096 0.92 0.90 0.90
50 lags 5% significance level
Exp. 0.74 089 0.86 090 0.92 095 0.89 096 0.92 0.83 0.89
Weibull 0.73 0.88 0.83 0.88 0.89 0.95 0.89 094 091 0.85 0.89
Burr 0.65 0.75 0.77 0.79 0.80 0.88 0.85 0.83 0.86 0.80 0.85

Notes: The upper part of the table are LB test results for 30 lags, and the lower part are
the results for 50 lags. Significance levels of 1% and 5% are considered. Each figure is the
proportion of months in which the null is not rejected.

Table 18: DF test results, AXP

d(ticks) 2 3 4 5 6 7 8 9 10 11 12

1% significance level
Exp. 0.00 0.00 0.00 0.02 0.08 0.13 0.27 0.35 0.45 046 0.52
Weibull 0.00 0.00 0.00 0.04 0.12 0.16 0.34 045 0.54 0.55 0.64
Burr 0.14 045 0.57 0.70 0.74 0.82 0.83 0.86 0.86 0.85 0.86
5% significance level
Exp. 0.00 0.00 0.00 0.01 0.02 0.06 0.16 0.20 0.30 0.30 0.40
Weibull 0.00 0.00 0.00 0.02 0.05 0.08 0.22 0.27 0.36 0.48 0.51
Burr 0.11 0.35 0.42 0.51 066 064 0.74 0.76 0.78 0.74 0.80

Notes: DF test results for significance levels of 1% and 5% are presented. Each figure is the
proportion of months in which the null that the assumed density is the true density is not
rejected.
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Table 22: Diagnostic test results for 22 DJIA stocks

LB30(1%) LB30(5%) LB50(1%) LB50(5%) DF(1%) DF(5%)

HD 0.93 0.84 0.95 0.83 0.80 0.68
MCD 0.91 0.75 0.94 0.80 0.82 0.73
AXP 0.88 0.69 0.91 0.77 0.73 0.55
IBM 0.94 0.80 0.95 0.83 0.73 0.57
AA 0.90 0.75 0.92 0.80 0.80 0.70
BA 0.87 0.73 0.92 0.82 0.87 0.79
CAT 0.95 0.84 0.95 0.86 0.67 0.51
DD 0.91 0.82 0.96 0.86 0.82 0.67
DIS 0.92 0.78 0.98 0.84 0.92 0.78
GE 0.96 0.80 0.93 0.85 0.82 0.62
JNJ 0.91 0.72 0.91 0.77 0.80 0.68
JPM 0.89 0.70 0.89 0.77 0.58 0.42
KO 0.90 0.73 0.94 0.81 0.83 0.73
MMM 0.96 0.83 0.97 0.89 0.79 0.69
MRK 0.90 0.77 0.92 0.86 0.77 0.61
PG 0.92 0.73 0.94 0.80 0.77 0.63
T 0.92 0.81 0.93 0.84 0.81 0.70
UTx 0.92 0.81 0.96 0.88 0.86 0.69
WMT 0.95 0.78 0.92 0.80 0.79 0.61
XOM 0.91 0.77 0.94 0.83 0.44 0.28
INTC 0.81 0.64 0.85 0.70 0.73 0.67
MSFT 0.85 0.67 0.90 0.77 0.73 0.58
Avg. 0.91 0.76 0.93 0.81 0.77 0.63

Notes: LB and DF test results from the MLE of the HACD-Burr model in equations (13),
(14) and (15). The price durations are obtained with 0* given by the “3-times-spread” rule.
Each figure in the table is the proportion of months in which the null is not rejected at the
stated significance level.
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Web-Appendix B: Forecasting results
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Web-Appendix C: Proofs of Main Results

Proof of Theorem 1. In the ‘continuous case’, our non-parametric estimator NPDV; can
be viewed as the realized volatility estimator with respect to a particular stochastic sampling
on regular grids, where the “barriers” are always equidistant and symmetric.

We shall derive the quadratic variation of the process U,, defined as
Ny N
U, = 0, (NPDV;, - [X,X],) = 5;1{ S (Xe,0 —Xn,) - [X X]t}.
j=0
We first note that the limit of the sample third moment, the tricity:
Nn,t

W'y (X = Xo) s (56)
i

is crucial in the determination of the asymptotic bias in any stochastic sampling type frame-
work, see for example Li et al. (2014, Section 1). In view of the definition of our sampling
points (2) and straightforward applications of Doob’s optional sampling theorem, it follows
that the probability limit of (56) is zero.

Now, since by It6’s lemma we have

d(X; — X,

n

,jAt)4 = 4(X; — Xij/\t)SdXt +6(X; — er-/\t)Qd X, X],,
and using standard measure change arguments through Girsanov’s theorem
dU, = 267! [<Xt _ XTn,jM) dXt] , (57)

it follows that, along with weak consistency of NPDV (11) we have

.
Np,p Trod+1

U], = ;Z [ (xX-x,,)" dx X,
n .7:0 Tn,j
21 N i8R
= 25> (X —X,) — 25 / (X~ X,,,) dX, (58)
n j7=0 n 3=0 Tn,j
2 2 | |
=3 .02 4+ 0,(1) SN g[X,X]tE g/ag ds. a.s (59)

The proof is now complete upon employing the stable limit theorem of Jacod & Shiryaev

(2003, Theorem 9.7.3) applied to the stochastic sequence {U, }. O
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Proof of Lemma 1 and Theorem 2.

By It6 isometry and boundedness of o we can see that

2

Ti+1 Tit+1
E(XTn,j+1 - XTn,j)2 =k / o, dWs | =E / oF ds| < (0F) - E(rjs1 — 1),

from which it follows by Markov’s inequality that

Therefore, we have 7,1, , — 71 ; = Op(A3/6,) and also, since A, = o(61/*) it is clear that

- X

Tn,j

vn,, = P[|X

Tn,j+1

the thinned Poisson sample {7,*} satisfies Assumption A. This proves Lemma 1.

We note that we can write

Ni
A (N7 - [X, X)) = A (Z(XT;M = Xpe ) = [X, X]i — Bt)

n,j
=0

where B, = B, = [Nt*(SrQL - ZJ(XT*

Jj+1

— X;+)?]. Now, we see that
2 2
E ([X X T > _ 2= E ([W e E ) o2
n,j+1 n,j n,J n Tn,j n,j+1 n,J n,jy n
= Uzn,]-(Q — D701 — 7o) — o

~ 10t Ay, — 82 (60)

where !! means double factorial. But since A, = O(§3/°) and v = O(A2/6,), it straight-
fowardly follows that the last term (60) = O(A3 /4, — §2) = O(62), implying that the bias
term B, ; = Op(A26,15,1).

Therefore, we see that the bias contribution from the time discretization asymptotically
tends to zero, since & /63/° — 0.

Now it suffices to derive the limiting law of A;l(zj(XT;,jH —XT;,],)2 —[X, X];). Following
the same argument leading to (58) in Theorem 1 and applying Lemma 9.1. of Ait-Sahalia &
Jacod (2014), we see that the desired CLT holds with asymptotic variance

Wl N

t
-3-/crg‘vsds
0

as required. O
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Proof of Theorem 3. From (31) and the property of conditional expectation of the unob-
served price change, it is straightforward to see that the leading bias term comes from

N, i& (D,  -D, ). (61)

Now, on noting that both binary variables D. take values of 1 with probability p, and —1
with probability p,(= 1 — p,), we readily see that the expected value of (61) is given by
2 = 2(pa — m)*.

Therefore, since ¢, = C.d,, the asymptotic bias of (37) then follows from Theorem 1,

completing the proof. O
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