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Abstract

We extend static linear factor models within a semiparametric framework by allowing
both latent and observable factors to explain the endogenous variable through some load-
ings that are modeled as unknown individual functions of a vector of covariates. These
covariates are exogenous, time-varying, and differ across individuals. By explicitly com-
bining observable and latent factors alongside explanatory variables, our model provides
a more flexible representation than traditional factor models. We establish the consis-
tency of the estimated loading functions and the latent factors under “large NV and large
T” asymptotics. The practical relevance of the proposed methodology is assessed through
Monte Carlo simulations and an empirical application to stock returns.
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1. Introduction

In statistics, economics, finance, and many other fields, latent factor models have
become a workhorse for the study of panel data and discrete-time multivariate dynamic
processes. They offer an intuitive and flexible framework for modeling and understanding
time-dependent and cross-sectional dependencies between endogenous variables. Under
a “static” approach, neither lagged factors nor factor dynamics are assumed in the un-
derlying DGP. In this setting, a simple spectral decomposition of the covariance matrix
(Principal Component Analysis or PCA) of panel data yield estimated factors and load-
ings, partly explaining the popularity of this framework. See some seminal papers as
Stock and Watson (2002), Bai (2003) and the surveys of Bai and Wang (2016), Gagliar-
dini et al. (2020), Fan et al. (2021), for instance. An impressive number of papers have
refined and extended the original approach, in particular by considering dynamic factors
and more sophisticated inference methods (Fourier analysis, iterative methods as Kalman
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filter or EM-algorithms, sieves, etc.). See Stock and Watson (2011, 2016) and a historical
perspective in Barigozzi and Hallin (2024).

Incorporating additional information contained in explanatory variables (Zi;)i>1,>1
appears to be key to enriching latent factor models, especially for forecasting. Moreover,
assuming time-independent loadings may lead to poor or even misspecified model dy-
namics (Gagliardini and Ma, 2019). One method consists of linearly adding Z;;-based
indices in model dynamics, yielding the family of interactive fixed-effect models (or time-
varying individual effects). This approach was initiated by Pesaran (2006), who in-
troduced the so-called “Common Correlated Effect” estimator. Alternative PCA-based
inference strategies for the same model have been developed by Moon and Weidner (2015,
2017), among others. In particular, Bai (2009) established the interactive fixed effects
framework, where outcomes are driven by observed regressors and unobserved common
factors with index dependent loadings. Bai and Li (2014) extended this framework by
providing a general inferential theory for panel models with interactive fixed effects. No-
tably, Chen et al. (2021) proposed a transformation (nonlinear) factor models for panel
data with similar fixed effects.

A different and increasingly influential approach treats loadings not as individual-
specific constant vectors, but as (parametric or unknown) functions of exogenous covari-
ates. These covariates are observable, may be dynamic, systematic or idiosyncratic .
We will adopt this point of view. This stream of the literature has been fueled by the
influential contributions of Connor and Linton (2007), Connor et al. (2012) and Fan et al.
(2016). More recently, Zhang et al. (2021) proposed a semiparametric latent factor model
in which loadings are modeled as nonparametric functions of observed covariates, as an
extension of Bai (2009), Bai and Li (2014). Their projection based estimation strategy
recovers both the latent factors and the covariate dependent loadings, while allowing for
index specific heteroscedasticity and cross-sectional and temporal dependence. In the
same vein, Kelly et al. (2019, 2020) assume that loadings are linear functions of asset
characteristics and estimate the model using Instrumented Principal Component Anal-
ysis (IPCA). In Gagliardini and Ma (2019), time and stock-dependent loading maps are
obtained by sieve non-parametric estimation through Artificial Neural Networks (ANN).
In Pelger and Xiong (2022), loadings are nonlinear functions of a systematic univariate
state process only, and are estimated trough localized PCA. Alternatively but still using
PCA, Fermanian and Thélot (2025) propose to specify loadings as map of single-indices
of covariates. Under the assumption of additive loading functions, Chen et al. (2023)
apply the method of sieves, extending Fan et al. (2016) to the case of nonlinear loading
functions of static individual characteristics. This is still the approach of Zhang et al.
(2021), Keilbar et al. (2025), among others. Under a machine learning perspective, Gu
et al. (2021) apply the deep learning machinery (autoencoders) to estimate nonlinear
loadings functions of time-varying covariates. Their empirical results seem to be good,

! A notable exception is Su and Wang (2017) who assume individual loadings are deterministic smooth
functions of time only (without any covariate), and they estimate their model by a time-localized version
of PCA. See Motta et al. (2011) too.



but without clear-cut theoretical guarantees. Note that similar ideas have been recently
extended in quantile regression settings (Ma et al., 2021) and for Generalized Method of
Moments methods (Cheng et al., 2024).

Most of the latter papers suffer from some limitations. First, the covariate processes
(Zit)i=1,=1 are often constant over time (any Z;; does not depend on t) as in Connor et al.
(2012) or in the “Projected PCA” method of Fan et al. (2016); less frequently, covariates
are the same between individuals (Z;; does not depend on i) as in Pelger and Xiong
(2022). Second, when covariates are included in factor models, most authors assume
there is a single loading map and heterogeneity across individuals is only transmitted
by such covariates: Connor et al. (2007), Zhang et al. (2021), Fermanian and Thélot
(2025), Chen et al. (2023), etc. Third, the latter models have difficulty incorporating
high dimensional vectors Z;; due to the curse of dimensionality, except Fermanian and
Thélot (2025). In such a case, most if not all authors have until now assumed that
loadings are additive functions of the Z;-components. This restriction is mot often
associated with expansions of loading maps on some arbitrarily chosen functional basis,
allowing to recover the usual machinery of linear models. Nonetheless, aside from the
questionable nature of the choice of an additive model, the simplicity and elegance of the
PCA method is sacrificed. Moreover, in sieve-based techniques, the number of parameters
to be estimated by optimization very rapidly increases with the dimension of Z;;.

In this paper, we propose a new methodology for estimating panel factor models in
which both observable and latent factors operate through smooth, covariate-dependent
loadings. Unlike standard approaches that rely exclusively on one or the other, our frame-
work explicitly integrates both types of factors, allowing them to operate simultaneously
in shaping the behavior of the outcome variable. Traditional factor models typically
assume constant factor loadings across units and time, which can mask important het-
erogeneities driven by observable characteristics. Our approach addresses this limitation
by allowing the impact of any factor, latent and /or observable, to flexibly vary depending
on observed covariates. In asset pricing, such features are typically firm characteristics or
some macroeconomic indicators, thereby capturing richer cross-sectional dynamics and
more realistic economic relationships.

Identification is consistently a challenge in latent factor models. Following Bai and
Ng (2013), our model will be identifiable under some convenient identification restrictions
(up to a sign, as usual in this literature). To estimate our model, we develop a two-step
procedure that combines nonparametric regression and localized PCA. As a first stage
and for each individual unit in the panel, we use kernel-based smoothing techniques
to estimate the multivariate loadings function of covariates related to the observable
factors. This produces a flexible, data-driven estimate of how observable characteristics
shape the exposure to known risk drivers or economic variables. After isolating the
component explained by the observable factors and as a second step, we estimate the
latent factor structure that remains in the estimated residuals. To this aim, we apply
a localized version of PCA, that gathers units with similar covariate profiles, effectively
uncovering latent factors whose influence also varies across the covariate space. Our
method estimates a localized covariance matrix of the estimated residuals, inspired by



the recent paper of Xiong and Pelger (2023).

The resulting framework is a hybrid of two powerful ideas, the explanatory strength
of observable factor models and the flexibility and dimensionality reduction of latent
factor models. By allowing both types of factors to interact with covariates in a smooth,
nonparametric fashion, we provide a unified and comprehensive approach to modeling
complex panel data. This methodology is not only theoretically grounded, but also
practically implementable and well-suited to a wide range of empirical applications where
heterogeneity and nonlinearity are central features of the data. We state the consistency
of our estimated factors, loadings and common components on average and point-wise,
when the number of names N and the time length 7" both tend to the infinity (“large N,
large T” asymptotic results).

The rest of the paper is organized as follows: Section 2 provides a description of our
semiparametric latent factor model, in addition to sufficient conditions for its identifi-
cation; Section 3 specifies the estimation method of factors, loading maps and common
components; in Section 4, we establish the asymptotic properties of the latter estimators;
Section 5 illustrates our method by simulation and on a real dataset of stock returns;
finally, Section 6 concludes. Some appendices gather all proofs, technicalities and figures.

2. Model specification

Assume we observe a panel dataset of univariate random elements X, for some so-
called “names” i € {1,..., N} and some dates t € {1,...,T}. We will use the term “name”
to cover usual situations in macroeconomics, microeconomics, finance, etc. Depending on
the case, an index ¢ may represent an individual, a firm, a security, a plant, a household,
etc. In the case of financial econometrics, for instance, X; could be the daily return
at time ¢ of the stock price associated with the firm 7. We will assume N and T are
simultaneously “large”, i.e. our theoretical results will be stated under the assumption
that N and T both tend to the infinity in a “convenient way” (see below).

Factor models are commonly used in many fields, in particular because they easily
induce some reduction of dimensions. Factors are often observable (as in Fama and
French (1993) or Fama and French (1995) in finance, e.g.), or unobservable/latent. In
the latter (static) case, they may typically be estimated by PCA, as in Bai (2003). It is
recognized that finding the right number and identifying the “best” underlying factors is a
difficult task. Therefore, since the risk of forgetting some relevant factors is high, it makes
sense to simultaneously consider both types of factors in the same model specification.

Beside, a possibly time-varying vector of covariates Z;; € RY is observable for every
name and at every date. For instance, in the case of stock returns, Z;; may concatenate
some micro-economic or financial information about firm ¢ at time ¢: industry, country,
size, financial ratios, realized volatility, technical indicators related to its past stock
variations, etc. As explained in the introduction, it makes sense to assume our underlying
factor loadings are not constant but may depend on such covariates.

Formally, we will consider the so-called Generalized static Factor Model with Func-



tional Loadings (called GFLFM hereafter), defined as
Xit = Bi(Zit) ' Fy + Ci(Zu) " Gy + eu, Eleul Fy, Gy, Zu] = 0, (GFLFM)

for every ¢ and every t. The unknown latent factors Fi,..., Fpr belong to R" and are
considered as realizations of a r-dimensional hidden random process, for some known
integer r. There possibly exist additional observable factors G1,..., G that belong to
R? for some integer p. The factor loadings are defined as unknown maps B; : R? — R”"
and C; : R? — RP, i € {1,...,N}. It should be noted that our model extends most
of the (static) factor models proposed in the literature. When B;(-) does not depend
on covariates, we recover the usual latent factor model (if G¢ = 0) or the panel data
model with unobservable interactive effects (if G; = 1 and C; is a linear map 2). When
p = 0 (no observable factor), we get static latent factor models where loadings depend
on covariates, and we include most of the models mentioned above as special cases. In
particular, we encompass the model of Fan et al. (2016) (Projected-PCA) because our
loadings B;(-) may depend on 7. Still when p = 0 and if B;(-) are linear, our model is
similar to that in Kelly et al. (2020) (IPCA). When r = 0 (no latent factor), GFLFM
boils down to functional-coefficient regression model for time series (Cai et al., 2000).
As a particular case of GFLFM and when p > 2, we could impose Gy = [1, Gay, . .., Gpt].

The model is then rewritten

p
Xit = Bi(Zy) " Fy + Ci1(Zy) + 2 Cit(Zit)Gre + €it, Eleit|Fy, G, Zi] = 0. (2.1)
=2

The latter model explicitly introduces a functional individual effect that depends on
covariates. In (2.1), we have to impose E[F;] = 0 (or another constant) for the sake of
identifiability, but such a constraint is not required for general GFLFM with non constant
processes (Gy).

3. Estimation strategy

We propose a two-step estimation strategy for our GFLFM. In a first step, the loading
maps C;(-) are nonparametrically estimated by CA'Z(), i€ {l,...,N}. In asecond step, we
estimate the factors Fy, t € {1,...,T}, and the loading maps B;(-), i € {1,..., N}, using
PCA through localization techniques. Herafter and in notational terms, every unkown
random or deterministic element, say FE, covered by a wide hat, say E, will denote an
estimator of E. Moreover, for any vector @, ||| denotes an arbitrarily chosen (unless
explicitly stated) norm; for any matrix A, ||A| denotes the multiplicative matrix norm

of A induced by the latter norm for vectors.

*If G4 = 1 and C;(-) is single-index, we get the framework of Feng et al. (2019)



3.1. First stage estimators: the loadings C;(+)

When there are no observed factors Gy, this section can be skipped and go directly
to Section 3.2. Otherwise, for a fixed ¢ and any value z in the support S; of Z;;, deduce

from (GFLFM)

Xit — E[Xit|Zi = 2] = Bi(2) " (Fy — E[F| Zi = 2])
+ Ci(2)" (Gr — E[Gi|Zy = 2]) + ear. (3.1)

This yields

Cov(Xit, Gi| Ziy = z) = Bi(2)Cov(Fy, Gi| Ziy = 2) + Ci(2) "Var(Gy| Ziy = )
= Ci(2)"Var(Gi| Zi = 2), (3.2)

under the orthogonality condition
COV(Ft, Gt|Zit = Z) = 0. (33)

The conditional expectations E[Xy|Z; = z], E[Gi|Zy = z], E[XuG|Ziy = z] and
E[G/G[|Ziy = z] can be consistently estimated since G is observable. Many meth-
ods are available to this aim: kernel smoothing, local polynomials, wavelets, etc. Finally,
the vector C;(z) will be estimated by inverting the estimated matrix of Var(G¢|Z;; = z)
n (3.2). This yields the estimators C;(z) of Ci(z) for any i € {1,..., N} and convenient
vectors z. With obvious notations, this means

Ci(2) := Var(Ge|Ziy = 2) " 'Cov(Xir, G| Zit = 2). (3.4)

Note that an alternative estimator based on local linear regression techniques has been
proposed in Cai et al. (2000). For the sake of generality, we assume we have conveniently
chosen an estimator CA’Z() so that the maps él(z) converge in probability towards C;(z)
uniformly w.r.t. (i, z).

Assumption 1. For any z € ;5 Si, there exists a deterministic sequence (OnT) s.t.

GN,T — 0 and
N, T—00

sup [ Ci(z') — Ci(2)| = Op(On,7), (3.5)

i<N,z'eC,

for some compact subset C, in R? whose interior contains z.

The simplest estimators éz(z) are surely obtained by kernel smoothing w.r.t. the
values of Zj;, using a bandwidth hg sequence that tends with zero with 7T see (C.4).
In Appendix C, we prove that Assumption 1 is then satisfied for the latter estimator,
under some conditions of regularity, with

llaT)l/2 9

9N,T =\777 hg. (3-6)
(Thg 0



Note that the latter uniform rate of convergence does not depend on N because we will
assume N = O(T%) for some ¢ > 0. To summarize, Assumption 1 is more the definition
of O 1 than an assumption, strictly speaking.

To establish (3.6), we will invoke and state some results on kernel regression under
temporal dependence. In particular, under some conditions of regularity, Nadaraya—Watson
estimators admit uniform in z expansions whose biases are controlled uniformly over any
compact set (Robinson, 1983, Bosq, 1998). If (Zi,it)tez is alpha-mixing, with mixing
coeflicients decaying at a polynomial or exponential rate, we obtain the weak convergence
of C;(2') uniformly w.r.t. (2, i), following Masry (1996), Hansen (2008).

Remark 1. When the observed covariates include an intercept, as in (2.1), and if we
impose E[Fi] = 0, the estimator of C;(-) is simpler because centering is no longer required.
With obvious notations, the relevant estimator of C;(z) is then

Ci(2) = B[G:G] | Ziy = 2] B[ XuGy| Zir = 2], (3.7)

and it will be assumed that E[F,G]|Zy; = z] = 0 instead of (3.3). In this case, it can be
proved that (3.5) is satisfied with (3.6) exactly in the same way as for the general case.

Remark 2. Centering the observed factors Gy is usually done in practice. This procedure
means rewriting (GFLFM) as

Xy = Bi(Zit)TFt + Ci(Zit)TE[Gt] + Ci(Zit)T(Gt — E[Gt]) + &t (3.8)

Note that the latter model is not the same as (2.1). Indeed, its intercepts now depend on
the maps C;() and may not be arbitrarily chosen (contrary to (2.1)). Nonetheless, the
loadings C;(+) in (3.8) can be similarly estimated by (3.4), replacing Gy with Gy — E[Gy].
The estimation of factors and loadings B;(z) is then unchanged.

3.2. Second stage estimators: the loadings B;(-) and the factors Fy

Once the C;(+) are estimated, we define pseudo-observations® by 4 := X; —CA',-(Zit)TGt,
which approximate the unobservable quantities u;; := X;; — Ci(Zit)TGt. The latter ones
satisfy the latent factor structure

wiy = Bi(Zi) " Fy + e, Blew|Fy, Gy, Zi) = 0. (3.9)

Now, we will evaluate our loadings and factors by localized PCA, using the pseudo-
observations ;; instead of the unobservable quantities w;;.

Hereafter, set F| := [Fi,...,Fr] in R™T and B(2)" := [Bi(2),...,Bn(2)] in
R™ N In our second step, we estimate the sequence of latent factors F, ..., Fr and
the z-values Bji(z),...,Bn(z) of the loading functions. To this aim, we identify the
couples (i,t) for which their covariates Z;; are close to the fixed chosen value z. After

3also called estimated residuals when they are centered, as in (2.1)



weighting and averaging by kernel smoothing, we diagonalize a convenient matrix built
from cross-products between the pseudo-observations ;.

Under the conventional latent factor estimator with constant loadings, we would
apply PCA to the matrix S = N 44T, where 4 = [t |1<t<T1<i<n, that could be
called “sample covariance matrix” by a misuse of language %. Since we are focusing on
observations for which the covariates Z;; are close to z, we need a new way of defining a
convenient sample covariance matrix that accounts for localization before applying PCA.
This will be done by kernel smoothing again.

Therefore, denote by K a multivariate kernel function of dimension ¢, i.e. a map
K :R?+— Rst. (K = 1. Consider a bandwidth sequence h = h(T), i.e. a tuning
parameter that will tend to zero when T tends to the infinity. To simplify, we will
define our kernel weights using the same univariate bandwidth for all components even
if extensions to matrices of bandwidths are feasible. For any z € R? and any couple (i, t),
denote wit(2) := h 9K ((Zi — 2)/h) and Niy(z) = SN wit(2)wis(z). Even if the kernel
K and the bandwidths h(T) may depend on 4, we omit this refinement to lighten our
notations °. Our localized “sample covariance” matrix 3(2) := [Sys(2)]1<t s<7 is then
defined by

Zts( 2)wis(2)Uitis, 1 < t,s < T. (3.10)

'MZ

Nts

=1

The definitions of 3(z) and ¥44(z) can be understood by drawing a parallel with factor
models with missing data, i.e. unbalanced panels. Since we focus on the observations
indexed by (i, t) for which Z;; ~ z, all the others will be considered as uninformative and
could be removed. Then, they would be “missing” in the panel dataset. Our weights can
be seen as smoothed versions of binary variables indicating whether (i, ) belongs to the
panel. Thus, our sample covariance 3(z) is similar to the covariance matrix defined in
Pelger and Xiong (2023, Equation (1)), on which a PCA is then applied, in the framework
of usual static latent factor models.

This leads us to apply a PCA to the normalized covariance matrix T’ _12(2) to es-
timate the factors F;. The latter estimates are stacked in the T x r matrix F :=
[Fl, . ,FT]T. This matrix is obtained as v/T times the eigenvectors of the r largest
eigenvalues of ¥(z), that is

1~ A~ ~
TE(Z)F =FV,, (3.11)
where V, is a diagonal matrix containing the r largest eigenvalues of Afl(z) Then, for

every individual 4, the loading B;(z) is estimated by regressing u;; on F} given Z;; = z,
ie.

T
= ( 2 wit(z) 2 wit (2 Ftuzt (3.12)
t=1

4Indeed, the quantities u;; and ;¢ are not centered in general.
In particular, it is easy to check that our theoretical results still apply if there exist two positive
constants £ and £ s.t. £ < hi(T)/h1(T) < £ for every (¢,T).



Remark 3. Note that our model specification and Lemma 4 below tmply

its(

N
Zwlt w'Ls l(Z)Bi(Z)T)FS =~ FtT(%ZBl(z)Bl(z)T)FS = Ets(z)'

Nts i=1

Setting the matriz $(z) := [Sts(z)]KS s Check that x'S(2)x = 0 for any = € RT.

Therefore, $(z) is nonnegative and f](z) is “approximately” nonnegative definite.

To ensure the identifiability of the factors and the loadings in (3.9), we refer to the
usual problem of identification in latent factor models with fixed factor loadings. In
our framework, it is well-known that the factors and the loadings are only estimated
up to an invertible matrix R because FB(z)" = FRR™'B(z)". Among the different
solutions proposed by Bai and Ng (2013), we selected their set of identifying restrictions
called PC1: the two matrices F' and B(z) are uniquely defined ¢ under the following
Assumption.

Definition 1. The couple (F,B(z)) satisfies PC1 if T—! Z?:l F,F, = I, and
B(2)"B(z) is diagonal with v distinct entries. (3.13)

We will impose the latter PC1 condition on the matrix of estimated factors 1?’, ie.

AT ~
“lF F = I, herafter. Concerning the actual underlying factors, it will be sufficient
(and more realistic) to only impose the weaker condition

- Z FF — I, (3.14)

in probability, when T — co.

In the next section, we show that the previous estimators of factors and loadings are
consistent. The last step is to estimate the localized common components Com;;(z) :=
Bi(2)TF; by using the plug-in estimator, Comi(z) = B;(2) T E.

Remark 4. Our latter estimators can straightforwardly be extended to unbalanced panels
strictly speaking as in Pelger and Xiong (2023), at least under a “missing at random”
attrition process: just replace the previously defined weights wy by wimy, where my = 1
when (X, Zit) is observed, and my = 0 otherwise.

3.3. Extension with multiple z values

The previous analysis allows the inference of the factors F; based on the statistical
behavior of our data when Z;; = z approximately, for a single value z. Therefore, different
z values will provide different estimates of F;. If the model is well specified, i.e. if the

Sup to column sign changes, i.e. the sign of all Fy,, t € {1,...,T}, for some k € {1,...,r} may be
reversed if the sign of the univariate factor loading map = — B () is reversed too.



actual underlying GDP is really the factor model (GFLFM), all the estimated factors F}
(for the same ¢ but different z) should not be very different from each other. Nonetheless,
in the case of misspecification, this source of variability may become problematic. To
mitigate the uncertainty around the true value of F; induced by the arbitrariness of the
choice of the covariate reference value, it is easy to extend our methodology by considering
a grid of values g := {21, ..., 2z, } where every z; belongs to RY, instead of a single z € RY.
Then, we estimate the factors (F}) by averaging the localized losses on all points z; of
the latter grid. To be specific and with the same notations as above, define a new matrix

Yg = [Eg,ts]1<s7t<T, with

=

m m

- ~ 1 PPN

Sots = Y, Sus(2k) = N D wir () wis (2 firflis, 1 < t,s < T.
k=1 o Nis(an) (5

Then, apply a PCA to the normalized covariance matrix T_lig to estimate the factors.
Such estimators are defined as /T times the eigenvectors of the r largest eigenvalues of
¥, as usual, i.e.

1o ~ -
TZQF = FV,,
where Vj is a diagonal matrix containing the r largest eigenvalues of ig. Then, for every

individual 7 € {1,...,N} and any k € {1,...,m}, the loading B;(zy) is estimated by
regressing u;; on Fy given Zj = zy, i.e.

T T
Bi(z) = (D wa(ze) BET) (O wi(zi) Fettar).
t=1 t=1

Moreover, to ensure identifiability, we just need to replace condition (3.13) in PC1

by

m
Z B(z,) " B(z) is diagonal with r distinct entries.
k=1

Remark 5. If we assume that the loadings B;(-) are constant maps, then their estimated
values are simply

T
~ 1 ~ .
B; = T;Ftuit, ie{l,...,N}. (3.15)

4. Asymptotic results

In this section, we prove the consistency of our estimated factors, loadings and com-
mon components. To simplify the presentation, we state the results for a single covariate
value z. It can be straightforwardly checked that all our theoretical results are valid for
the estimates built from a grid g (as in Section 3.3) instead from a single z only. It is just
sufficient to check that our regularity assumptions hold for every z = zx, k € {1,...,m}.
Since we establish our results under the double asymptotics “large N, large T”, we assume

10



hereafter there are some positive numbers kg, k € {1,...,4}, s.t. N < T < N"2 and
N7 <h< N™™ k3 <l

4.1. Technical assumptions

Before stating our main theoretical results, we need to impose some regularity as-
sumptions.

Assumption 2. The multivariate kernel K is nonnegative, symmetrical and its support
1s included in a compact subset of RY. Moreover, K is Lipschitz continuous: for every
(z,y) € R%, we have |K(x) — K(y)| < Lg|x — y| for some constant L.

The latter condition on the kernel K is rather weak. Without a lack of generality, we
assume hereafter that supp(K) = (—1,1)9. The product of ¢ univariate Epanechnikov
kernels K (z) = [[F_, Ko(zx), with Ko(t) := 3(1 —*)1(|t| < 1)/4, satisfies Assumption 2
in particular.

Assumption 3. The loading maps B;(-),i€ {1,...,N} andl € {1,...,r}, are twice con-
tinuously differentiable on V(2), a neighborhood of z, and sup; Sup ey (») IVEB; (2| < oo,

ke {1,2}. Moreover, sup, | Bi(z)| =: Mg < 0. As N — o0, we have B(2)T B(z)/N £,
Yp for some r x r positive definite matriz Xp.

Assumption 4. As T — o0, we have FTIE‘/T £, X for some r x r positive definite
matriz Xp. The r largest eigenvalues of Y(z), denoted Ai,..., A, are bounded below
almost surely: there exists a positive constant ¢, s.t. X\j > ¢, for every j € {1,...,r} a.s.

1/2
B

Moreover, the eigenvalues of the r x r matrix 2}3/22172 are distinct.

The latter assumption is standard in the literature of latent factor models. Set the
r x r diagonal matrix V, := Diag(A1,...,)\;). Note that ¥(z) and V, are random
matrices that implicitly depend on N, T' and h. Assumption 4 implies that the elements
of V1 = Diag()\fl, ..., A7) are bounded above a.s. by a positive number that does
not depend on (N, T, h).

Define Wy := (e, Zit) and the infinite dimensional random vector Wy := (Wy;)i>1.

Assumption 5. For all i,k in{1,...,N} and t,s in {1,...,T},
E(eitert| Zits Zit, Zisy Zis, Fs| = 0 a.s. if i # k. (4.1)

The process (Wy, Fy)y=1 is strongly stationary and a-mizing. Its sequence of mizing coef-
ficients (ay) satisfies oy < exp(—Cqt), for some constant Cy > 0.

Hereafter, the stationarity of (W3, F})¢>1 is supposed to apply. As a consequence
of Assumption 5, (Z;)i=1 (resp. (F;)i=1) is a strongly stationary process, for any i.
Thus, the density of Z;; does not depend on t and is denoted f;. Moreover, the density
of (Zit, Zis) depends on t — s and is denoted f;;—s. Note that f;;—s = fis—+ by the
stationarity of our covariates.
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Assumption 6. For every couple (t,s) (possibly with t = s), (Zit, Zis)i=1 1S a sequence
of mutually independent random vectors. Any f; (resp. fii—s) is twice continuously
differentiable on a neighborhood of z (resp. (z,z)). Moreover, assume inf; f;(z) > 0,

N
liminf inf — inf ; =:/ 4.2
N e N ; ()l <h, o <h} fualz ¥ w24 0) = £y (2) > 0, (4.2)
1 & .
liminf — inf  fi(z+u) =:£4,(2) >0, 4.3
W, G0 =i Ll (43)
N
limsup sup — Z sup fis(z+u,z+v) <o, (4.4)
N 1ss<T NV T ((uw)iflul <hol<h)
e

limsup sup — sup HkaZ-,s(z +u,z4+v)| <o, ke {l,2}, and (4.5)

N 1ss<T N 2 ((uw)ilul <hlvl <k}

L
lim sup — sup  fi(z 4+ u) < 0. (4.6)

N i=1 {uilul<h}

Assumption 7. E[|F[%] < oo, T' ST |G4|> = Op(1) and supy NP 3N E[eh] <
Q0.

Technically speaking, our demonstrations require controlling certain conditional ex-
pectations for some values of the covariates, but on average across all names. This leads
us to introduce a convenient concept of regularity. For any positive integer m, denote
IN m the set of m-tuplets (i1,...,%y) in {1,..., N} that are all distinct in pairs. Con-

sider arbitrary measurable maps hgf) : R™ — R, whose arguments will be m random

vectors Z;, ¢, tr € {1,...,T} and 2 ’em{l, ...,m}. The dependence w.r.t. the indices
tr is summarized into the additional index ¢ = (¢1,...,t;,) that belongs to a subset T
of {1,...,T}™. Typically, £ = (t,s) with s # ¢, or even £ = (¢,t), when m = 2. For
any (i1,...,%m) € Inm, and any integer N, assume that the density of (Z;, +,,. .., Zi,, )
exists and is denoted fi(f,)...,im with £ = (t1,...,tm).
Definition 2. A family of maps hz(‘f)...im : R — R indexed by (i1,...,%m) € INm,
N=m,and LT < {1,...,T}™ is called indez-reqular of order sy at z, so = 0, if it
is so-times differentiable in an open neighborhood of (z,...,z) and if there exists some
€ >0 s.t.

1 ¢ ¢
SUp sup Z sup (AA (hz(l?...,imfi(l,).‘.,im)(Z+u17 cey 2 U | < 0.
N (eT (i1seemrim )ELN m {(ut,...;um);|ul<e,Vk}

Hereafter and to be short, we will omit specifying the local nature of the latter
concept. Note that, if a family of maps is index-regular of order sy > 0, this does not
imply that it is regular of order s{, < so.
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Assumption 8. The families of maps (z,y) — [ e2el|Zi = x, Zis = y], (x,y) —
B[ |Fi2|Zi, = 2, Zi0 = y), and (2,y) — E[E|GuIF | Zis = 2, Zig = ], indezed by (s,1)
with s # t, are indez-regular of order zero. The families of maps x — E[e2| Fy|?| Zit = x]
and z — E[e2|G¢|?| Zix = z] are index-reqular of order zero. Moreover, for some v > 2,

sup sup E[|eitskt|”|Zit =z+4u iy =2+ v] < 0. (4.7)
i#k {(u,v);]uf <h,|v|<h}

Note that the family of maps z — E[e2|G:|*|Zi = ] is indexed by ¢ since we have
not assumed the stationarity of (Gy).

A technical assumption is required to approximate 7; by another matrix 7 that does
not depend on t (c.f. Lemma 4).

Assumption 9. For any (t,s), s # t, the series N~! Zfil fit—s(z, 2) tends to a finite
limit denoted x(z) when N — 0. Moreover, ynr = O(h* + VN 'ha In(N)), where

YN, 1= Sup H—Zfzszz i(2)B; ( Zflszz>( ZB >||

1<s<T

Intuitively, Assumption 9 is satisfied when the values f;;—s(z,2) and the loadings
B;(z) are approximately “not correlated”, once the latter quantities are considered as ran-
domly selected 7. In other words, for any name 4, knowing the density values f;;—s(z, 2)
does not provide any information on its loading values and vice versa, which seems rea-
sonable. The required magnitude of yx 7, an “empirical covariance”, is realistic since its
distance to the “true covariance” zero is of order 1/v/N, typically. Note that Assump-
tion 9 is satisfied when f;;—s does not depend on ¢ (in particular if the DGP of covariates
is the same for every name), since vy 7 = 0 in this case.

To state the consistency of the estimated loadings Ei(z), we need additional condi-
tions of regularity, particularly on the tail behavior of the law of Fj.

Assumption 10. For some vy > 0 and some b > 0,

P(|Fio > ) < exp (1 — (z/b)°), >0, and

inf min (Spectrum of E[F,F | Zy = z]) > 0.
7

Forany (1,I') € {1,...,7}?, denote Gy ;(z) := E[FyFy|Zi = x], Gpi(z) := E[|F|?| Zi =
x] and G(t) (x) := E[|G¢|?|Zix = x], that may depend on ¢ because we have not assumed
the statlonarlty of (Gy), contrary to (Fy). For any (k,k',1) € {1,...,7}3, define the family
of maps (z,y) — G,(:k,tl)l(x y) = E|FyFsp FyFg|Zi = x,Z;is = y]. Forany l € {1,...,r}
and any p > 0, set the maps H; ,,; : ¢ — E[|z—:itFtl|“|Zit = :v]

"in particular through the random choice of the index 4, since the order of names is arbitrary
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Assumption 11. For every (I,I') € {1,...,7r}?,

sup sup Hvz(fiG”/ji)(z +u)|| <0, and sup sup |(fiGFps)(z +u)| < +o0. (4.8)
i {u;|uf<h} i {u;|uf<h}

For any i, sup; Sup gy, ju|<h} (flG(Gt?l)(z +u) < 400, and the maps (Gg?i)izl are index-
reqular of order zero. For anyl € {1,...,r} and some v > 2, the maps (H; 5 1)i=1 and
(H;2,.)i=1 are index-reqular of order zero. For any (k,k',1) € {1,...,7}3, the family of

maps (C_;,(:]jl)l)@l, indexed by (t,s) with s # t, is index-regular of orders zero and one.

4.2. Consistency

To demonstrate that our estimators are consistent, we substitute the values of ;; for
all (4,t) into (3.11), which leads to the following decomposition (see details in Appendix
A):

N T
~ A N 1 Wit (2)wis (2 Ao
Fy—#[F, = op(1), with & := — > )" MBi(Zit)Bi(Zis)TFSFJVZ L (4.9
i | Nis(2)

Similarly to Bai (2003), the latter equation expresses the estimated factors in terms
of the actual factors multiplied by a matrix 7;, along with some residual terms which will
be negligible (see the proof of Theorem 1). The key difference from traditional factor
analysis stems from the fact that the latter matrix depends on t, preventing an overall
assessment of the estimated factors. Fortunately, it can be proved (see Lemma 4) that
7 can be replaced by another matrix 7 that no longer depends on ¢. Moreover, when
the model is identifiable, 71; can even be replaced by the identity matrix (Corollary 4),
providing consistency in the classical sense.

The next theorems establish our main results. They are related to the weak con-
sistency of the estimated factors (for any ¢ and in average), of the loadings (for any 14
and in average) and the common components evaluated at z. All proofs are postponed
in Appendix A. To this aim, define our convenient rate of convergence

In?> N 1
UN,T

— 4 2
T = N + THia—1/7) +h* + Oy,

where Oy 1 (resp. v) has been introduced in (3.5) (resp. Assumption 8).

Theorem 1 (Consistency of the estimated factors). If Assumption 1 to Assumption 9
hold and vy — 0 when N and T tend to the infinity, then |F; — T |2 = Op(vnT)
foranyte{l,...,T} and

T

1 PN

T D IF = 7TE|? = Op(vn ),
t=1

where 7 := B(z)TB(2)FT FV,"L/(NT).

14



Note that 7 is the usual transformation matrix in latent factor models (Bai, 2003,
Theorem 1) when the vector of covariates is degenerate and equal to z a.s. If Assump—
tion 9 is not satisfied, Theorem 1 still applies, replacing Ft — 7T F, with Ft -7 TF, and
vy with 1/(Nh2) + 1/(Th*0=1v)) 4 6% x.r in its statement (see (A.6) in the proof).

Theorem 2 (Consistency of the estimated loadings). If Assumption 1 to Assumption 11
hold and vy, = o(h?), then |B;j(z) =7 'B;(2)|* = Op(vnr/h?) for everyie {1,...,N}
and N~1 ZZ]\LI Héz(z) — 77 'Bi(2)|* = Op(vn,p/h%). If, in addition sup, ; |ex| < o0 a.s.,
T YT [GUPIE? = Op(1) and 6 1 = O(hY), then

1Y _
N Y IBi(z) =77 'Bi(2)[* = Op(vnr).
i=1

It is easy to check that the latter rates of convergence for E,(z) applied to éi, as
defined in (3.15).

Remark 6. The uniform boundedness of the innovations (i) in Theorem 2 has been
assumed only for convenience. It could be replaced by some painful conditions of moments,
as in Bosq (1998, Theorem 1.4) for instance, so that we could apply an exponential
inequality for alpha-mizing sequences of unbounded random variables.

Corollary 3 (Consistency of Estimated Common Components). Under the assumptions
of Theorem 1 and Theorem 2, Comi(z) — Comi(2) = Op(\onT/h¥?) for any t €
{1,...,T} and any i € {1,...,N}. Moreover,

1 T N - 2
a Z 3 (Comiu(z) — Comi(2))* = Op(vwr)-
t=11:=1

We have proven that the estimated factors ﬁt approximately belong to the same lin-
ear subspace as the actual factors F; (Theorem 1). There remains an indeterminacy
concerning F; due to the presence of the random matrix 7. By adding some identifiabil-
ity constraints, the latter matrix will be asymptotically the identity matrix. Therefore,
every estimated factors/loadings will converge in probability to the true underlying fac-
tors/loadings. This is the purpose of the following corollary.

Corollary 4 (Convergence of the transformation-type matrix ). Under the assumptions
of Theorem 1, @ converges in probability to a deterministic matrixz that depends on z only.
If, in addition, we assume Conditions (3.13) and (3.14), then Model (3.9) is identifiable

~ P
and ™ —> I,.

As a consequence of Corollary 4, Fy, — F, = op(l), B ( ) — Bi(z) = op(1), and
Comi(z) — Comi(z) = op(1) for every fixed couple (i,1).

Remark 7. A more relevant common component of name i_at any time ¢ is surely

Comii(Zit) = B(Zy) " Fy in practice. It should be estimated by Com,t(Zzt) B(Z )T Ft
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The latter quantity is consistently estimated when the particular Z;; belongs to a grid of
z-values, as explained in Section 3.5. In practice, this cannot be made for every Zi,
and B(Z;) is most often obtained by interpolation between two estimated values B(zy)
and B(zp41) on a fized grid, as in Section 3.3. Thus, B(Zy) will provide a (slightly)
biased estimation of B(Zy), and this bias effect will propagate across @it(zi ). See
Section 5.2 for a discussion.

4.8. Asymptotic normality

Under the assumptions of Theorem 1 and additional conditions of regularity, it can
be proven that v/ Nh? (l?'t — 7?,5T Ft) is asymptotically normal for any ¢, where 7; has been
defined in (4.9). Moreover, under the assumptions of Theorem 2 and other conditions
of regularity, +/Th4 (él(z) — A_lBi(z)) is asymptotically normal for any i, at least when
q = 1. These two results are valid when 7" and N tend toward infinity in an appro-
priate manner, particularly 7' = o(N), and for a suitable choice of h. We provide a
sketch of proofs of these two announced results in Appendix B, without specifying their
particularly tedious and lengthy technicalities.

Under identifiability, #; and 7! tend to the identity matrix I, (Corollary 4); since
ﬁ’t —F = }AWt — a0 Fy + (7 — I,,) " F}, constructing a confidence interval around F} requires
specifying the limiting behavior of 7; — I,; similarly, a confidence interval around B;(z)
requires studying 7 — I.. Both are rather difficult tasks. Indeed, PCA-based estimators
are not really well suited for establishing such results, in contrast to usual M-estimators:
see the arguments in the proof of Corollary 4. Thus, asymptotic normality results re-
main of primarily theoretical interest in our setting. Since formally deriving them would
significantly lengthen our paper, we leave this objective for future work.

Remark 8. It would be significantly more difficult to properly state the limiting law of
ﬁ’t — 7' F,, with a convenient rate of convergence. Indeed, such a result requires to know
the limiting distribution of T — 7, that depends on the rate of convergence of Yy in
Assumption 9. Nonetheless, if we assume that th’YJQV,T = o(1), then T, — T becomes

negligible and the same limiting law as above applies to ﬁ't —7'F,.

4.4. Bandwidth choice

Since the convergence rates obtained above depend on the bandwidth A, it is natural
to consider using our theoretical results to guide the choice of h. When 6y 7 does not
depend on h (i.e. when h and hg are independently selected), a so-called “asymptotically
optimal” bandwidth h* could be defined by minimizing vy, 7, seen as a function of h for
some fixed (N, T). By simple calculations, we obtain the order of magnitude of h*:

o if N/In? N = O(T*) with ¢ := (¢+2)/(2+ q/v), then h* ~ (In N)V/(a+2) N—1/Qa+4),
e otherwise, h* ~ T~ Y{4+4a(1-1/v)}

Since the latter analysis is purely asymptotic and only provides an order of magnitude,
a more pragmatic approach is desirable. Here, we can propose a data-driven bandwidth
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selector, by applying a k-fold cross-validation technique (k = 5, typically) to determine
an “optimal” bandwidth h: split the dataset into k subsamples ®; for each value of h on a
given grid, estimate the factors F; and the loadings B;(z) on k — 1 subsets (the training
set), and finally compute a performance criterion £(h, z) (a “loss”) on the last subsample
S (the test set). An intuitive choice would be to set /J(h,z,S) = Z(i7t)€5 wit{ﬁit —

Bi(z)Tﬁt}z. We repeat this procedure £ times so that each subsample is a test subset
only once. Then, calculate the mean of the k losses we have obtained, after a plug-in of
the estimated factors and loadings. After redoing this task for each value of h on the
grid, we select the “optimal” bandwidth h for which the latter average loss is minimal.

Remark 9. The latter k-fold cross validation can still be applied even if we impose h =
ho, evaluating the C;(-) maps by kernel smoothing (see Appendiz C). The methodology
is exactly the same as before except that the loss becomes E(h, z,8) = Z(i,t)es wit{Xit —

Bi(z)Tl?'t — @(z)TGt}Z.

4.5. Cross-sectionally dependent covariates

In Assumption 6, we assumed the cross-sectional independence between our covari-
ates, but mainly for the sake of simplicity. Actually, the latter feature is only required
to apply usual exponential inequalities in Lemma 3 and Lemma 4. It could be weak-
ened in several ways. Note that assuming serial dependence between the random vectors
(Zit)i=1, for any fixed date t ?, is surely not relevant here since the order between the in-
dices i is arbitrary. Thus, many usual types of dependencies such as martingales, Markov
processes, mixing processes, etc., are not really convenient in our case.

A more relevant approach could be to apply the clustering idea of Connor et al. (2012):
there exist “clusters of names” (homogeneous buckets of individuals 7) within which the
covariates Z;; are dependent, possibly equal, for any fixed ¢t. Conversely, covariate vectors
present in different clusters are independent. The cluster sizes tend to the infinity with
N when the number of clusters is fixed. Our results easily apply under this slightly
extended framework, at the price of heavier notations and technicalities.

A second meaningful approach is to assume that cross-sectional covariates are con-
ditionally independent. The latter approach respects the absence of order among indi-
viduals and allows cross-sectional dependencies between the vectors Z;, i € {1,..., N}.
This extended framework is specified in the following assumption.

Assumption 12. For any couple (t, s), there exists a random element Vi s s.t. (Zit, Zis)i=1
is a sequence of mutually independent random vectors given Vi s. The density of Zi; given
Vit = v does not depend on t, is denoted f;, and inf; f;,(2) > 0 for almost every value v
of Viu. Moreover, the density of (Zy, Zis) given Viy = ¥ depends on t — s and is denoted
fit—sls- Any fipy (resp. fi—gj5) is twice continuously differentiable on a neighborhood

8There are several ways of splitting the NT observations indexed by (3,t). A naive and simple solution
is to randomly draw NT'/k couples (i,t) without replacement among the initial dataset.
9for instance asuming that Z;; and Z; ;1 are more strongly correlated than Z;; and Z; 4100,
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V(z) of z (resp. (z,z)). There exist positive constants lx, k € {1,...,5}, s.t., for almost
every value of v (resp. ©) of Viy (resp. Vis),

N
1
liminf inf — inf slo(z Fu,z +u) > A,
N 1<s<T N ;{<u,w>;u<h,uw<h} Fustol )> b
L
lim inf — inf  fi,(z +u) > £,
N ; fuslul<ny "1
L
limsup sup — Z sup fiso(z +u, 2 + u') < l3,
N 1<s<T N3 ((wuysful<hJul<ny
N
: 1 k /
limsup sup —2 sup IV fisjo(z +u, 2z + )| < Ly, ke{l,2}, and

N 1<s<T N (3 (at)iful <h ] <)

N

1
lim sup — Z sup  fij(z +u) < 5.
N i=1 {ullul<h}

By invoking Hoeffding and Bernstein’s exponential inequalities conditionally on the
hidden factors V; s, and integrating the latter inequalities, Lemma 3 and Lemma 4 can
straightforwardly be proven under Assumption 12. This justifies the next result.

Corollary 5. Theorem 1, Theorem 2, Corollary 3 and Corollary 4 apply, replacing As-
sumption 6 with Assumption 12.

To illustrate the scope of this extension, assume the underlying DGP is as follows:
for some measurable maps ¢ and v;, i = 1, and for some independent processes (vy),
(vt) and (e;) with e := (e;t)i=1, set

(@) Ziy = 1i(vg, eqr),
(b) Gy = %Z)G(Ut, Vt),

(c) Fy is independent of (v, 1y, €).

Then, (3.3) is satisfied and the latter model specification, in addition to (GFLFM), can
be estimated with our methodology. Assumption 12 is satisfied with V¢ := (v, vg).
Obviously, the roles of F; and G can be interchanged: the same conclusions applies if
F; is defined as a map of v; and a noise 7y, when G is independent of (v, e, 74).

Alternatively, the latter condition (¢) could be replaced with the existence of a process
(Ft) sit. Fy = Yp(v) © F, for some map v¥p and componentwise vector multiplication,
with E[F}] = 0 and F; is independent of (v, e, vt).

4.6. Choosing the number of latent and observable factors

We have so far assumed that the numbers of latent factors r and observable factors
p are known. However, in the factor-model literature, determining the correct number of
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latent factors remains a classical yet challenging problem. Likewise, selecting both the
number and identity of observable factors is a key practical issue, particularly in empir-
ical asset pricing. Traditional approaches rely on model-comparison criteria such as the
Akaike or Bayesian Information Criteria (AIC/BIC), which assess the trade-off between
goodness of fit and model parsimony (Lewellen et al., 2010, Barillas and Shanken, 2017,
Harvey et al., 2016). Cross-validation and out-of-sample forecast evaluation offer com-
plementary data-driven tools for identifying the relevant observable factors (Welch and
Goyal, 2008, Feng et al., 2020). In the asset-pricing literature, nested-model and spanning
tests are also widely used to determine whether additional factors provide incremental
explanatory power beyond existing ones Kan and Zhang (1999). More recently, penaliza-
tion and regularization techniques such as LASSO and elastic net have been employed to
handle high-dimensional sets of candidate observable factors while mitigating overfitting
concerns (Feng et al., 2020, Bryzgalova et al., 2025). These approaches could be com-
bined to form a coherent framework for determining the optimal number of observable
factors prior to introducing additional latent components.

Following Bai and Ng (2002), the number of latent factors is typically selected using
penalized information criteria. In the context of Generalized Dynamic Factor Models
Forni et al. (2000), Hallin and Ligka (2007) extended this methodology, and Alessi et al.
(2010) further improved its robustness and small-sample performance. More recently,
Gagliardini et al. (2019) proposed a diagnostic criterion to assess whether the error terms
are merely weakly cross-sectionally correlated or share at least one common factor.

A rigorous analysis of the theoretical properties of analogous methods adapted to our
framework would require substantial additional developments that lie beyond the scope
of this paper. We therefore leave this investigation for future work. Nevertheless, in prac-
tice, one could conceive a two-step procedure: first, determine the number and identity
of the observable factors using the techniques discussed above; then, in a second step,
estimate the number of latent factors based on the estimated residuals u;;, conditional
on this first-stage selection.

5. Empirical Analysis

5.1. Monte-Carlo experiments

In this section, we generate a dataset from the DGP given by (GFLFM). The vectors
of true factors (F})i1<i< are drawn using of a r-dimensional VAR(1) process: we postu-
late F; = AF;_1 + &, with &, ~ N'(0,Y), for some (known) 7 x r matrices A and . The
observable factors (G¢)>1 are drawn using p independent AR(1) processes. We draw Fy
and Gy according to the stationary laws of (F});>1 and (Gy¢)i>1. We want to compare our
simulated factors and also our loadings with the true ones, which requires to analyze an
identifiable model. In order to satisfy the identifiability condition PC1, we impose (3.14)
concerning the latent factors (F})s=1. To this aim, it is sufficient to satisfy E[F} F,'] = I,..
For example, if 7 = 2, this means E[F} 1 F; o] = 0 and E[F?,] = E[F2)] = 1. When A and
Y, are diagonal matrices, A = Diag(ai1,ag2) and ¥ = Diag(o11, 022), this is equivalent to
a3y + 03 = a3y + 035 = 1. This will be our setup in this section and we will set a;; = 0.5
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and age = 0.7 in our experiments. Obviously, no identifiability condition is required for
the observable factors (Gy)¢=1-

Concerning covariates, for each i € {1,..., N}, (Zit)i>0 is simulated according to a
VAR(1) process of dimension q. We impose that, for any i, the process of covariates
(Zit)t=0 follows the stationary autoregressive dynamics Z;; = 0.9Z;_1 + 0.05e;;. The in-
novations (e;t)i>1,i>1 are mutually independent and follow strong Gaussian white noises,
eit ~ N(0,1;), that are independent of the process (€;¢)¢=1,i>1. Any initial value Zj is
drawn according to the stationary law of the process (Z;t)i>1.

The loadings are defined as second-order polynomial functions of Z;;. To be specific,
for all i < N, set B;i(Zit) = bjo +bi1Zit + bia(Zit © Ziy ), where the vector by will be drawn
according to a Gaussian law N (0, ) and the r x ¢ matrices b;1, bia to a N'(0, I, <4). The
same specification applies to the loadings C;(+). By shifting the initial loadings functions,
we can make the matrix B(z)" B(z) diagonal. Thus, it satisfies (3.13) and we ensure
PC1.

As a first experiment, we estimate the factors/loadings/common components from
the previously defined model, with a given value z randomly drawn componentwise from
the distribution of (Z;;), restricted to its 10%-90% quantile range. To get started, we
are interested in studying a model with two latent factors (r = 2) and two observables
factors (p = 2). Set N = 1000 and 7" = 500. Such large but nonetheless realistic sample
sizes avoid prohibitive computational time. Finally, we have selected three covariates
(¢ = 3).

Choose the product of ¢ univariate Epanechnikov kernels K (z) = [[7_; Ko(z), with
Ko(t) := 3(1—t2)1(|t| < 1)/4, which satisfies Assumption 2. We generate mutually inde-
pendent idiosyncratic noises €;; ~ N(0,02), for any (i,t), after drawing the parameters
O'ZZ ~ U(0,0.5) independently. Obviously, such innovations satisfy Assumption 5.

The first stage CA'i(Z,-t) is obtained in a first step as detailed in Section 3.1, using
the estimator studied in Appendix C. Choosing the couple of bandwidths (hg, h*) as
in Remark 9 in Section 4.4, we illustrate Theorem 1, Theorem 2 and Corollary 3 on
the consistency of the estimated factors, loadings and common components respectively.
Figure D.2 shows the actual and the estimated latent factors at two hundred dates. They
have been obtained on a particular simulated dataset. We can check that the estimated
factors estimate the actual underlying factors very accurately '°. Concerning loading
functions (Figure D.3), the estimated values Bj(z), j € {1, 2}, are pretty close to the true
underlying loadings. To improve the clarity and readability of this figure, we plotted the
sorted values of each B;i(z) and Bja(z) w.r.t i, compared to the corresponding estimated
values. Finally, from the same simulated data, Figure D.4 plots the two common compo-
nents for two randomly chosen values of i, for two hundred dates and given Z;; = z. Even
if the estimator of the common components is the prodlg‘_c\of the two latter estimators
of factors and loadings, we observe that the accuracy of Com;.(z) is slightly better than
that of F} or By(z).

10YWe will see later a more formal comparison between actual and estimated factors in terms of mean
squared errors, for different values of r.
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In a second step, by performing the same Monte-Carlo experiment as above n,.
times for r € {1,2,3}, we evaluate the robustness of our previous findings. For the
same data generating process (as defined in the beginning of this section), we gener-
ate several new paths by simulation. To be specific, for each simulation, the values
of the parameters of the model like the matrix A in the definition of the factors and
the vectors bg, b1, bo remain unchanged but the factors and loadings themselves are re-
drawn. The errors ¢;, the covariates Z;; and the value z will also be drawn at each
step as explained previously. Then, we evaluate some accuracy measures between the
estimated and actual factors/loadings: for every k € {1,...,r} and [ € {1,...,p}, de-
fine MFk = T_1 Zle(ﬁt,k — Ft,k)Q; MBk = N_l fo\il (ém(z) — Bi,k(z))2, MCZ =
NYN (Cii(z) = Cia(2))?, and Com := (NT) 23N ST (Comy(z) — Comir(2)).
Such MSE-type accuracy measures will be averaged over n,,. = 100 simulated paths.
These means will be denoted My for Y € {Fy, By, Ci}, ke {1,...,r}, L€ {l,...,p}, and
Com respectively. They will be compared with the average second-order moments of
the corresponding quantities Vi2 := n, ?:f IAE[Y]Q] for Y € {Fy, B, Ci}, ke {1,...,r}
and [ € {1,...,p}, with obvious notations, in addition to V)%, the empirical second order
moment of (Xjt);s>1. See the results in Table 1 for two observable factors. Table D.4
and Table D.5 in Appendix D show similar results for p = 1 and p = 3.

Va Vi Vi Mp  Mp, Mg
r=1 | 1.009 - - 0.112 - -
r=2 | 1.165 1.038 - 0.165 0.105 -
r=3 | 0.999 0.968 0.935 0.187 0.129 0.111

Vi, Vi, Vi Mp  Mp, Mg,
r=1 ] 0.357 - - 0.060 - -
r=2 | 0.351 0.324 - 0.047 0.052 -
r=3 | 0.362 0.327 0.341 0.053 0.061 0.079

VC21 VC2‘2 VCQ’S MCI MC2 MC3
r—1 [ 0.346 - - 0.076 - -
r=2 | 0.340 0.341 - 0.079 0.083 -
r=3 | 0.354 0.352 - 0.125 0.083 -

V)Z( Com
r—1 1.647 0.011
r=2 1.502 0.013
r=3 2.321 0.077

Table 1: Empirical MSE and variances of factors, loadings and common components. Results of Monte-
Carlo experiment for r € {1,2,3},p = 2 and 100 simulated paths.

Several consistent patterns emerge across all considered specifications. First, the MSE
associated with our estimators are systematically a lot smaller than the second-order
moments of their target variables. This illustrates the relevance of our inference strategy
for realistic sample sizes. Second, the MSEs of the estimated factors increase moderately
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with the number of latent factors r. For instance, when p = 2, the factor MSE rises from
0.11 for r = 1 to 0.19 for r = 3, and a similar pattern holds for p = 1 and p = 3. At the
opposite, the MSEs of the loadings remain stable across both p and r. This does not mean
that loadings are more precisely estimated than factors. Indeed, the orders of magnitudes
of the two quantities differ. Third, it seems that the C;(+) coefficients are estimated with
slightly less precision than the loadings B;(-). Finally, common components are those
recovered most accurately, by comparing Com and V)Q(. Since common components are
key for prediction purpose, this result is very promising. The latter results are remarkably
robust across p: Overall, the Monte Carlo experiment shows that the proposed estimation
method consistently recovers both latent and observable components with relatively small
errors in average, and that its performance is robust to the number of covariates p as
well as to the number of latent factors r.

5.2. Empirical Application to Stock Returns

Now, we estimate the latent factor model GFLFM on individual monthly excess stock
returns in the CRSP universe, and using some characteristics/covariates described in
Kozak et al. (2020) (Internet Appendix D). We selected 6 530 firms during 678 months of
observations, from July, 1963 to December, 2019. The three observable factors considered
in our analysis correspond to the well-known Fama-French factors (Fama and French,
1993), i.e. the market excess return, the “size” factor (also called SMB), and the “value”
factor (called HML). To avoid the curse of dimensionality, we will lead our empirical
applications with no more than two covariables. We selected Momentum 6 months (mom)
which is the cumulated past performance of a given stock in the previous 6 months after
skipping the most recent month ', and Idiosyncratic Volatility (ivol) which represents
the standard deviation of the residuals from a firm-level regression of daily stock returns
on the three Fama-French factors, using an estimation window of three months.

To evaluate the relevance of the estimated common components Com(Z;;) = Ei(Zit)Tﬁt,
we compare them with the observed returns, for three latent factors. To this aim,
we need to evaluate “the whole” maps B;(-) and C;(-), not only B;(z) and C;(z) at
a first point z. Thus, we introduce a grid of values {z1,...,2,} in R%. The load-
ings B;(-) and C;(-) are estimated on this grid, as suggested in Section 3.3. Elsewhere,
every map B; is linearly interpolated and, possibly, extrapolated. For example when
q = 1, the values zp correspond to the quantiles of the distribution of the covariates
Zit, for the levels {k/(m + 1)k = }\,...,m} with m = 10. Thus, for each z, define
Bz(z) = Bi(zs) + (Z - Zs)(Bi(ZS+1) 7B’L'(ZS))/(ZS+1 - Zs)a for zs41 an’(\i zs if Zs/\< Z < Zstl,s
and assuming that the z-grid is sorted. If z < z1, we simply set B;(z) = B;(z1) and if
Z > Zpy, set El(z) = éz(zm) In dimension two, we apply the interpolation method called
Delaunay triangulation. Obviously, many alternative interpolation techniques could have
been applied: radial basis functions, kriging, splines, etc. See Wendland (2004), e.g.

When the covariate is set to mom, approximately 20% of the estimated loading func-
tions associated with the first factor are increasing, while 21% are decreasing. In addition,

" This means mom of i at time ¢ is the past return of i between t — 1 and ¢ — 6.
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51% of the loading functions may be considered as “flat”, and the remaining 8% exhibit
no clear monotonic pattern. For the covariate ivol, the corresponding proportions are
21% (increasing), 24% (decreasing), 46% (flat) and 9% (non-monotonic). These values
remain relatively stable across factors. Figure 1 displays the estimated loading functions,
related to the first latent factor, when there is only one covariate, mom (left panel) or ivol
(right panel) respectively, for ten typical stocks ¢. Thus, some assets with higher values
of mom (or ivol) exhibit stronger exposure to the common factor, but this is the opposite
for others. In other words, the marginal effect of each covariate on factor exposure is not
uniform across firms. Instead, such characteristics may be seen as sorting variables that
split the universe of assets: for some assets, increasing the chosen covariate amplifies its
exposure to systematic risk, for others it attenuates it, while no clear pattern appear for
still others. Hence, mom and ivol capture heterogeneous sensitivities to the first common
factor. Moreover, Figure D.5 and Figure D.6 display typical estimated loading functions,
related to the second and third latent factor and similar findings can be made.
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Figure 1: Estimated loadings related to the first latent factor, on a grid of mom and ivol values, for
some indexes i (¢ = 1 and r = 3)

Similarly, Figure D.7, Figure D.8 and Figure D.9 show the estimated loading functions
related to the three observable factors proposed by Fama and French. When the covariate
is set to mom, approximately 26% of the estimated loading functions associated with the
first observable factor (market excess return) are increasing, while 26% are decreasing. In
addition, 37% of the loading functions appear to be flat, and the remaining 11% exhibit
no clear monotonic pattern. For the covariate ivol, the corresponding proportions are
26% (increasing), 25% (decreasing), 44% (flat) and 5% (non-monotonic). These values
remain relatively stable across factors. Globally, building covariate-dependent loadings
in an (observable) factor model as in Fama and French (1993) seems to be relevant
statistically speaking, even if a certain amount of heterogeneity across firms complicates
their economic interpretation.

The MSE of the estimated common components (calculated on all asset returns and
dates) is (NT)~* NV ST (X — @nit(Zit))2 = 1.2 x 1073, that is a lot smaller than
the second moment of our returns (NT)~! Zf\il Zthl X2 =98x1073.

For the sake of comparison, we consider the classical factor model (Bai, 2003) defined
as

Xi=MNFy+ey tef{l,..., T}, ie{l,...,N},
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and also the IPCA model (Kelly et al., 2020) given by the equations
Xit = ZitFFt+€it’ te {1,...,T}, 1€ {1,...,N},

where Xj; is the observed return of ¢ at time ¢, F}; is a vector r x 1 of latent com-
mon factors, A; is a constant vector r x 1 of factor loadings, Z;; are still the covari-
ables of asset ¢ at date ¢, I' is an unknown matrix and e; is the idiosyncratic risk
of X;;. The variables F} and e; are obviously not observable. The estimated factors
and loadings are obtained by PCA in Bai (2003) and by Alternative Least Squares in
Kelly et al. (2020). The quantities of interest are their common components, denoted
Comj g = /\iTFt and Comy,rpca = ZiI'Fy respectively. Their corresponding estimators
are @it,g = XZTI?} and C/OTn@-thCA = Zitfﬁ’t. Then, we compute the MSE between
the observed returns and the estimated common components for these two alternative
models as we did before. We get (NT)~1 Zf\il Zthl(Xit - C/()?”LmB)Q = 1.5 x 1072 and
(NT)~! Zfil Z?zl(Xit — C/'OTTLit,[pcA)Q = 1.6 x 1073, that are slightly larger than what
we obtained with the GFLFM. Thus, using the information contained in covariates in
a flexible non-linear way apparently allows to outperform the classical factor models, at
least in-sample.

So far, we studied only in-sample performances. For the purpose of return prediction,
we need to perform also out-of-sample evaluation. Thus, the last five years of our dataset
will be kept as an out-of-sample period of time. We apply an expanding window procedure
to perform the estimation method described in Section 3 between the origin of time (July
1963, here) and T — k, for any k € {1,...,60}. For each value of k, we get estimated
factors and loadings on all living stocks at each date t € {1,...,T — k}. Then, still for
each value of k, we fit a VAR(1) model on the estimated factors to obtain their out-of-
sample predictors for the next month. We also get the out-of-sample predictor of the
matrix of covariates by selecting its last observable value. In other words, for every k,
we estimate a r X r matrix Ay and a r x 1 constant vector a; s.t. the “out-of-sample”
predicted factor at T'— k + 1 is ﬁ‘Tfk+1,oos = ay + Akﬁ’T,k, and Z,T,HLOOS = ZiT—k,
ie{l,...,N}

Note that ﬁ'T_k has been obtained in-sample and ﬁT—k-ﬁ-l,oos is a predicted value.
Moreover, Z; r_, is observed when Zj,kﬂ,oos is required. Hence, for all k € {1,...,60},
we have built an out-of-sample value of the estimated factor ﬁT—k-‘rl,oos and the out-
of-sample covariates 21-7T_k+17005. The latter one allows to compute the out-of-sample
loadings éi,Tfk(zi,Tkarl,oos) 12 by linear interpolation as explained above. We perform
also the same procedure for the standard constant loading model of Bai (2003).

To assess model performance in economic terms, we evaluate how return predictions
deduced from each model translate into Sharpe ratios, for some portfolio strategies. To
this aim and for any model, we sort our universe of stocks into deciles based on out-of-
sample return forecasts. We construct a zero net-investment long-short portfolio that

120bviously, élT_k() denotes the loading map estimated in sample from the observations until T'— k.
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buys the highest expected return stocks (decile 10) and sells the lowest (decile 1). We
rebalance portfolios each month, and consider equally weighted portfolios.

Remark 10. Note that, for theoretical reasons, the IPCA model requires the number of
factors to be less than or equal to the number of characteristics.

H ‘ Number of latent factors ‘ 1 ‘ 2 ‘ 3 H
PCA Sharpe Ratio 0.49 | 0.57 | 0.55
Portfolio returns 0.013 | 0.022 | 0.024
Standard deviation 0.027 | 0.039 | 0.043
Maximum Drawdown (%) | -3.95 | -4.70 | -5.29
Omega Ratio 1.45 | 1.54 | 1.52
IPCA (mom) Sharpe Ratio 0.71
Portfolio returns 0.031
Standard deviation 0.044
Maximum Drawdown (%) | -4.67
Omega Ratio 1.93
IPCA (mom and wol) Sharpe Ratio 0.66 | 0.77
Portfolio returns 0.030 | 0.027
Standard deviation 0.046 | 0.036
Maximum Drawdown (%) | -5.07 | -5.58
Omega Ratio 1.80 | 1.79
GFLFM (mom) Sharpe Ratio 1.56 | 1.46 | 1.29
Portfolio returns 0.043 | 0.024 | 0.014
Standard deviation 0.028 | 0.017 | 0.011
Maximum Drawdown (%) | -1.72 | -1.69 | -2.58
Omega Ratio 4.90 | 3.57 | 2.98
GFLFM (mom and ivol) | Sharpe Ratio 1.86 | 1.50 | 1.74
Portfolio returns 0.034 | 0.028 | 0.046
Standard deviation 0.018 | 0.019 | 0.026
Maximum Drawdown (%) | -0.83 | -1.28 | -1.49
Omega Ratio 6.76 | 3.64 | 5.87

Table 2: Out-of-sample Sharpe ratios, returns and standard deviations of long—short portfolios according
to the number of latent factors for the three competing models, with a single covariate (mom : momentum
six months) or two covariates (mom and ivol : idiosyncratic volatility) : constant loadings as in Bai
(2003) (PCA), loadings defined as linear function of covariates as in Kelly et al. (2020) (IPCA) and our
own extended semiparametric loading maps model (GFLFM).

Table 2 reports the out-of-sample performance of long-short portfolios constructed
using different models and sets of characteristics, with r € {1,2,3} latent factors. The
table displays Sharpe ratios, portfolio returns, standard deviations, maximum drawdowns
and Omega ratios with a threshold set at zero.
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Our main insights are as follows. First, the PCA benchmark provides only modest
economic value: its Sharpe ratios range from 0.49 to 0.57, its portfolio returns are around
1-2% per month, and its Omega ratios remain close to 1.5. This indicates that constant-
loading models are able to capture only limited predictive content from asset returns
only (no covariates).

Second, TPCA based on momentum (mom) slightly improves upon PCA, with a
Sharpe ratio of 0.71, a monthly return of 3.1%, and an Omega ratio of 1.93, though
at the cost of relatively high volatility and drawdowns. When both momentum and
idiosyncratic volatility (mom and ivol) are included, IPCA achieves Sharpe ratios of
0.66-0.77 and Omega ratios around 1.8, but again suffers from large drawdowns in excess
of 5%.

Third, the proposed GFLFM methodology delivers substantially stronger perfor-
mance. With momentum only, its Sharpe ratios range from 1.29 to 1.56, its portfolio
returns between 1.4% and 4.3% per month, and its Omega ratios between 2.98 and 4.90,
while its drawdowns remain contained below —2.6%. When both momentum and volatil-
ity are used, GFLFM dominates all competing models: its Sharpe ratios range from 1.50
to 1.86 and its Omega ratios are exceptionally high, (between 3.64 and 6.76), when its
drawdowns are limited to about —1.5%.

One might wonder whether it is still necessary to consider latent factors given the
availability of the classical Fama—French three-factor model. Table 3 reports the out-
of-sample performance of long—short portfolios under the Fama—French specification.
Compared with Table 2, which incorporates latent factors, the performance improve-
ments are substantial. For the GFLFM approach, Sharpe ratios increase from roughly
0.68 under the Fama—French model to values above 1.5, while Omega ratios rise from
about 1.75 to levels between 3 and 6. This comparison underscores the flexibility of the
GFLFM framework and its ability to deliver sizable economic gains relative to standard
benchmarks.

Fama-French 3-factors model | Sharpe Ratio 0.68
Portfolio returns 0.032
Standard deviation 0.047
Maximum Drawdown (%) | -8.57
Omega Ratio 1.75

Table 3: Out-of-sample Sharpe ratios, returns and standard deviations of long—short portfolios for the
Fama-French three factors model.

6. Conclusion

In this paper, we developed a methodology for estimating panel factor models in
which both observable and latent factors affect the dependent variable through smooth,
nonlinear, covariate-dependent loadings. These loading maps may vary from one indi-
vidual to another. In this new specification called (GFLFM), we encompass and extend
many widely used factor models. Unlike standard approaches that rely exclusively on
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either observable or latent factors, our framework integrates both types simultaneously,
allowing them to jointly shape the behavior of the outcome variable. Moreover, tra-
ditional factor models typically assume constant factor loadings across units and over
time, an assumption that may obscure important heterogeneities driven by observable
characteristics. Our approach addresses this limitation by allowing the influence of both
latent and observable factors to vary flexibly with observed covariates.

We proposed a two-step estimation strategy. In the first step, the loading func-
tions associated with the observable factors are estimated nonparametrically (e.g., via
kernel smoothing). In the second step, we estimate the latent factors and their covariate-
dependent loadings using localized PCA techniques within a “large IV and large T” frame-
work. Convergence rates in probability for our estimators have been established, but their
asymptotic normality has only been briefly discussed. Formally deriving it would go be-
yond the scope of this already lengthy paper, given the high level of technicality required
and the unavoidable complexity of the exposition. We illustrated the empirical relevance
of our methodology through simulations and an empirical application to stock returns.
We also introduced a data-driven procedure for selecting the optimal bandwidth in the
kernel-based PCA. Our simulations show that our method yields accurate estimates of
the factors and loadings and even more precise estimates of the common components.
Furthermore, in a standard financial portfolio construction exercise, our model delivers
superior empirical performance compared with the classical latent factor model of Bai
(2003) and the IPCA model of Kelly et al. (2020).

Our general framework opens the way to the study of particular specifications that
are useful in practice. For example, one could impose that the loading maps are iden-
tical within certain buckets and develop a clustering procedure based on our estimated
loading functions. Moreover, our method can only accommodate low-dimensional covari-
ate vectors of size ¢, due to the curse of dimensionality. A further challenge would be
to identify a limited number of relevant covariates when many potential candidates are
available. However, a direct treatment of high dimensional covariates (¢ >> 1) would
require different tools and methodology.
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Appendix A. Proofs of consistency results

In our proofs, we denote Cy, C, etc., some generic constants that do not depend on
(N,T,h). The dependence of some quantities as the weights w;;, Ny, etc., w.r.t. z will

be implicit, to lighten notations.

Proof of Theorem 1. Recall ¥ = [its]lg&ts’f and X5 = thl Zfil Wi Wis Uit Uis. Due to

the definition of F' and (3.11), we have

for all t € {1,...,T}. However, for all s,t € {1,...,T}, we can expand U;U;s as
Uitthis = (Xit — Ci(Zin) " Gi) (Xis — Ci(Zis) T Gs)

= (uyr + ACi(Zi) " Gy) (uis + AC;(Zis) T Gy)

= wipuis + ug ACH(Zis) Gy + uis ACi(Ziy) "Gy + ACi(Zyy) TGy ACH(Zis) T G,

(A1)

(A.2)

by recalling u;; = BZ'(Zit)TFt + &4 and denoting ACA’Z(ZZt) = CZ(Z“) — éz(Zzt) By

expanding the product u;u;s, we get from (A.1)

Fy — 7ATtTFt =G+ M+ Ty + [ + fog + i3, with

N T
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N S

@
Il
—
@
Il
—

(A.3)

Since we have assumed that the r largest eigenvalues of ¥ are bounded below a.s.
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(Assumption 4), |V,;7!| is bounded above almost surely. Note that all the latter remainder

terms are double sums over ¢ € {1,...,N} and s € {1,...,T}. The case s = ¢ will

necessitate a particular treatment, but the corresponding terms will be finally negligible.
Study of 7;: Note that

T

- Z HFt’H2 Z Z Ft’ = trace(F F/T) = trace(I,) = r.

t’l t’l]l

The Cauchy-Schwarz inequality provides

1 Wi W; ~
HTt“2 = ”V ! 2 Z Udsl ztEistHQ
=1s=1

T N
1 Wit Wis Wt Wi
< v ( Z |y )(T Z Z %thisfktfks)
t'=1 s=14k=1 ts
T N
< C’o( sup ) ( Z Z witwiswktwksgitgisgktsks)' (A.4)
t,s<T' Vs s=14,k=1
Due to Lemma 3, we have
N N
sup = Op(1), and sup — = Op(h9). (A.5)
1<t,s<T,s#t Nts 1<t<T Nut

From Assumption 5, the process (Wy)i<r is a-mixing, where Wy = (g;¢, Zit)i=1. Thus,
any continuous map of this process is also a-mixing with a smaller mixing coefficient than
ar. Set gi(Wy) = wiwgieiere. Thus, for any couple (i, k), the process (gm(Wt))
a-mixing.

When i # k, E[w;swisciscrs] = 0 due to (4.1), and we can apply the Davydov’s
inequality with the mixing coefficients («y): for any v > 2, i # k and s # t, we have

=1 18

|E[witwiswiiwiseiteisericrs)| = |Cov (i (W), gie(Ws))|

1-2/v
< 200, 7 gk (W) ol gt (W) o

< 2exp(—(1- g)C’alt — S)E[lgn (W]

< Grew (- =Dl { [ Ik E)IKr

2/v
) (fz( )fk(y)hik,u)(x7y) dxdy} )

denoting hy . (2,y) := E[|eitekt|”|Zit =x, 0k = y] and using the independence between
Zit and Zy. By stationarity, h;i, does not depend on ¢t and it is uniformly bounded
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above from (4.7). Thus, by Jensen inequality, we obtain
1 N

TN2 Z Z wzthswktwkssztezsgktgks]|
s=1,s#ti,k=1,i#k

[

G

2 1 & Y 2
Th4q(10—1/y) :Z exp ——)Calt —sl) (N S osup f(=+ u)>
0

(= (
i=1 {uilul<h}
2 1 4y
(—( —;)Ca\t—s\)(ﬁz sup fl(z—i-u))

T
1,s#t
T
C
1,57t i=1 {us|ul<h}

Thiq(1-1/v) Z exp

1

O(paatizim)-

If i = k and s # t, the expectation of the corresponding term in (A.4) is
d 1

1
TN2 Z Z w th25822t8223 = E TNQ Z Z w thsE[ zt513|Zﬂf’ Zw]] = O(Nth)7
s=1,s#ti=1 s=1,s#ti=1

by the same change of variables as above, recalling that (x, y) — IE[ e2e? | Ziy = w, Zis = y]
is index-regular of order zero (Assumption 8).
When ¢ # k and s = ¢, we have similarly

1

E TN2 Z w; twktg tgkt] E TN2 Z w twktE[ tEkt|ZZt7Zkt]] = O(Tth)7

i#k i#k

because (z,y) — Eleke?,|Zi = x, Zjy = y| is uniformly bounded in a neighborhood of
(z,2) because of (4.7).

When i = k and s = ¢, since supy N 7! Zi\ilE[s?t] < 00, we get

1
TN2 Zw”g“ = Olyppm):

Recalling (A.4) and noting that 1 —1/v > 1/2, we have obtained

1 1

~2
7 = Op(max(§75 i)

by Markov inequality. Moreover, noting that 71 ZZt:l exp(—Cylt — s]) < 0, we get
the same upper bound for 7! ZtT:1 |7¢|? by the same reasoning.
Remark 11. If the innovations i are uniformly bounded a.s., i.e. if sup;;|ei| < M

a.s. for some constant M., then we can apply the version of the Davydov’s inequality
with sup-norms. In such a case, it is possible to set v = 2 and the latter upper bounds

become Op (1/(Th*?) + 1/(Nh*?)).
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Study of & Now, let us deal with @ The Cauchy-Schwarz inequality provides

> 1 Wit W; ~
G = v Y ) R B2
z 1s=1
1 < w;
it
< VP(7 Z £ )(TZ > N teuBi(Za) F)
s=1 i=1
Ny 1o\ T T
< Cof Sup. Nt) X T2 Z > Wirwiswwksiscrs(Bi(Zit) " Fy) (B(Zre) T F).-
t,s< s s—1

ik=1

Due to (A.5), the first term (sup; ;<7 N/Nis)? = Op(1) and it is sufficient to evaluate the
expectation of the latter triple sum above (that is nonnegative). Recall the orthogonality
condition (4.1) in Assumption 5. When s # ¢, deduce

T N

1

|E[TN2 > witwiswktwkseis€ks(Bi(Zz't)TFt)(Bk(Zkt)TFt)]|
s=1,s#ti,k=1

[TNQ Z Z wzthsE HFt ‘2 ’Zi57 Zit]]

s;s#ti=1

s 1
S N2h2q Z Z ( z(t7 )fi7t—5)(z +u,z+0) = O(Nh2q>’

sis#ti=1 {(w0); IIUII<h lvl<h}

by noting that the map h( ) (z,y) — E[|F|?e%|Zis = x, Zit = y] is index-regular of
order zero from Abbumptlon 8 and using the boundedness of the loadings. If s = ¢, the
same arguments as in the case s # ¢ can be applied:

1 M2
’E[TNz 2;1“)twktfztfkt(Bz(Zit)TFt)(Bk(Zkt)TFt)}‘ < E[TNQ Z wztE ‘FtHZ |Zz‘t]]

N

el - 1
S TN?h3 ; (usful <h) (hefi) (4 ) = O(TNh3Q)’

using that the map h; : (z,y) — E[|F;|?¢%|Zi = 2] is index-regular of order zero from
Assumption 8. Globally, we have obtained |(;|*> = Op(1/(Nh??)). By exactly similar

reasoning, we get the same rate for 7137 1G]
Study of M¢: using exactly the same arguments and the same technlcal assumptions
as for Gy, we obtain E[[f1]%] = Op(N~'h=21) and T 57 |]2 = Op(N~1h~29)
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Study of ji1,: The Cauchy-Schwarz inequality and (3.5) lead to

N T
~ 11 Wi W ~ ~
| = [V 2 D) uiAC(Zi) T GLE?
i=1s=1 ~'ts
1 NI Wit W
— t . ~ ~
< 2|V, ITZZ N (Bi(Ziy) TF)AC(Zis) TG Fy|?
i=1s=1 °'ls
1 I Wit W;
+ 2V YN e AC(Zis) T G F?
Taa Nis
1 a2 (1 e s Wi T A T2
< 2V P (7 X 1EP) (7 21 X " (BilZu) T F)AC(Zi) G|
t'=1 s=1 1=1
1 r Wit W;
it Wis T
- AC(Zi) TGy )
+ T3§1|1—21 Nts Eit (23 H
Cy I wgw N wipw
i~ 0,
< 22 (X SR IACZ)PIG ) (Y S {(Bi(Za) TR + €}
s=1 =1 ~'ts i=1 “'ts
OP(012VT) I N Wit W;
< #Z |G IP{ IR + ;Vt “en}.
s=1 =1 s

Note that we have invoked the uniform boundedness of the the maps B;(-) in a neighbor-

hood of z. Since the map HZ-(t’S) : (z,y) — E[e4|Gs|?| Zis = z, Ziz = y] is index-regular

of order zero from Assumption 8 with s # ¢, deduce

T
T M 16 2 - 0p(1),

s=1,s#ti=1 Nis

The term corresponding to s =t is

Op (03, 0)1G:l” i Wi o _ OP(GJQV,T)HGtHQ Z 012\7T)HGtH2
T Nyt T Ntthzq a ha

and is then 0p(9]2V7T). Moreover, T} Zthl |G¢|* = Op(1) (Assumption 7). Globally, we
have obtained |fi1 (| = HFtHQOp(HJQmT). We get T~
(tvt)(

using the index-regularity of the maps « — H,;""(z, x).
Study of Jiz;: The treatment is similar to that of fiy ;.

? = Op(0% 1) similarly,
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Study of f13,¢: Similarly, the Cauchy-Schwarz inequality, (3.5) and Assumption 7 yield

~ 1 WitWis ~ -
|Asel? = Vot ZZ = ACi(Zis) "G AC(Zin) T G|
z 1s=1
1 4 3 WitWis  ~ T T
< VP(5 ST 1A )( DY ACK 2:) TGLAC(Z) TG
t'=1 s=1 i=1 Nts
Co d wzths T 2 y Wit Wis P~ T 2
< 7Ll Z (Zi) G0)*) (3 (ACi(Zi) T GL)?)
=4 o N
- opw;*muatn?
It follows also that T-* Y] |/ 2=Op(0§1V7T).
Finally, we have shown that
|Fi—7]F?=0 L, L + 03 (A.6)
¢ Tt = YP\ N2 T pae-1) T UNT ) '

and similarly for 77137 |F, — 7] Fy|2. Moreover, from Lemma 4, we know that

~ A In N
sup |7 — 7| = Op(

1<t<T vV Nha

with 7 = (B(2)TB(z)/N)(F ' F/T)V.. Conclude by noting that

+h?), (A.7)

L ~ R In®> N 1
By =T RI? <20 Fi= 3] B + 207 = 70 FI = Op (S5 + goraaciy + 1" + 0.
For the average of the latter quantities over ¢ € {1,...,T}, invoke Corollary 6:
LS a ATz e 2N AT e 2N m a2 2
=S NR AR < Y IR AT R + 2 ) IF ~ #PIR
t=1 t=1 t=1
*(V) DS (512 | B
< Oplon) +Op(Tpmy + 1! > IRI 1A
Op(1) /1 6, | 4 1/2
= Op(ong) +—=(7 2 IFl® 7 2 IRIE) ™ = Op(oncr).
when E[|F;|°] < co by Assumption 7. This concludes the proof. O

Proof of Theorem 2. To lighten notations, set QZ =71 Z?:l witﬁtﬁf and Q; :=T1 Zthl wi FyF,'
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Set AB;; := Bi(Zit) — Bi(z). Simple algebraic manipulations yield

T
Bi Z ﬁtFtUzt
t=1
T
= ( sztFt Ft ) F + (7 _1)TFt Bi( szté‘tht

1 ~ 1 N ~
+ T t:Z:l witAB;trFtFt + T Z witACi(Zit)TGtFt)

= 7/1\'71Bi(2) + ﬁz_l ( Z wtht Ft ( 71)TFt Z Z wztstht
t=1

T
1 ~ 1 ~ ~
+ T Z witABiIFtFt + f Z witACZ'(Zit)TGtFt>
t=1 t=1
=: 7?_131-(2) + ﬁ;l (7“2'1 + 7o + 13 + 7“2'4). (A.8)

As a preliminary stage, let us show that @Z_ !'is bounded above in probability uni-
formly w.r.t. 7. By simple algebra, we have

T
~ 1
Q; = TZ (B — 7 F)(F -7 F) + = an (F, -7 "R)F, 7
t=1 t 1
1 & ~ UN,T
+ 7 ; wid  Fy(Fy — 7 F) T + 7277 = Op( o ) + 7T, (A.9)

invoking Theorem 1 and the Cauchy-Schwarz inequality. Note that the factor h? comes
from the inequality wi; < ||K|o/h? and that 7 = Op(1) due to Lemma 5. Thus, let us
focus on €;. For any i and any couple (I,I') € {1,...,7}?, deduce from Assumption 10
that we have

P(|wit(FtFtT)ll’ - E[wzt(FtFt )ll/]| > 1) < (|wzt(FtFt Jw| > x/2)
P(|E[wie| Fr|*]] > 2/2)

P(|K||oo |(FyF, | > xh?/2) + 1{ JK(U)(fiGFJ)(Z + hu) du| > x/2}

N+

N

P(|F|% > xh)(2| K |«)) + 1{ sup{ ﬁqu h}(fiGF,i)(z +u) > x/2}
(2 ullul| <<

< exp (1— (zh)/2/(26%| K ) ) + 0.
when x > M), for some constant My > 0 that does not depend on i (Assumption 11).

Set 1/ =1+ 2/7p. Recall that the sequence (wit(FtFtT)ll/)t is strongly mixing, and its
mixing coefficients are not larger than («;). For any € > 0, deduce from Merlevéde et al.
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(2011, Equation (1.8))

T
]P’(|% Z {wit(FtFtT)”/ — E[wit(FtFtT)ll’]H > 6) < C()T77 exp ( — Clhq’Y(Te)'Y/(’YJFl))’
t=1

for some 7 = 0, and some constants Cy and C; that do not depend on (i, 7T, h,1,1"). For
any € > 0, this yields

P<1e{iup,zv} 7 Z {we( FFD — Blwa(FF ]} > )

< CoNT"exp ( — Oy {h(Te) W*U}”), (A.10)

that tends to zero when N and T tend to the infinity. Indeed, 1/(y + 1) > 1/2 and
Th?1/InT tends to the infinity by assumption. Moreover, due to (4.8), we have

= ZE wir(FF ] = Elwi(FyF, )]
t 1

f K(u)(Gur i) (2 + h) du = (G s f3)(2) + O(h2), (A.11)

and the remainder term is uniform w.r.t. i because of (4.8). Since the latter analysis can
be led for any couple (I,1"), we deduce from (A.10) and (A.11) that

sup [ — E[FF [ Zi = 2] fi(2)] = op(1). (A.12)

Since inf; f;(z) > 0 and inf; min (Spectrum of E[F}F,"|Z;; = 2]) > 0, deduce sup; 1971 =
Op(1) by the continuity of eigenvalues w.r.t. matrix coefficients. Since 7 and 7! are
Op(1) (Lemma 5) and vy 7/h? = o(1), deduce from (A.9) that sup, Hﬁ;lﬂ = Op(1).

Therefore, the result follows if we show that the remainder terms r; 5 (tesp. N=' SN [ri]?),
ke {1,...,4}, tend in probability to zero at the rate vy r/h? (resp. vnT).

First, simple algebra provides
AT T

i1 = Z w,t Ft — 7T Ft)(’;\['TFt — ﬁt)TﬁilB ( + — Z thFt Ft ﬁt)TﬁilBl(Z)(Alg)
t 1 t=1

= Z HFt — ATFtH2 ) + 7R 'Bi(2), and
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T T
1 ~ N 1
lFal? < = Y B -7TFR? x = > wi| B
Tt:l Tt=1
|K]% , ) A AT
FGOEIF Zie = 21 D) [ Fe = 7T FIP(1 + 0p(1)).
t=1

sup
The {22~z <a}

Deduce, for any 1,

UN, UN,
i) = op( og t ) = Op(00)-

The order of magnitude of N~1 Zi:l |7:1]? is smaller due to the averaging w.r.t

Indeed, deduce from (A.13) that

i.

LS A o C ol
= Vlral? < FE=E 31 B = AR |F = 7R Y wiewss
i=1 s,t=1 i=1
27| |7 IPME < . N
" 2 | B —7TR| | -2 R HFn—anww
s,t=1 i=1

Due to Hoeffding’s inequality and the mutual independence between the Z;, i € {1,...,n},

we have
R
IP’( sup —| {witwis —E[
(s) NV ;

for any € > 0. Since Nh?¢/In N tends to the infinity and invoking (4.4), we easily get

wigwis]}| > €) < 277 exp (= 2K/ | K ).

N
(Siui)# N Z Wit Wis < 5851;5# ZZ;IE [wiwis] + op(1) = Op(1). (A.14)
Similarly, invoking (4.6), we prove
L N
é%)TN; it < Z w] + op(1) = Op(h™9). (A.15)

By distinguishing between the cases s # ¢t and s = ¢, we obtain

fZHmH or((5 S IE — 7RI )

t=1

1 oI 2 1 ~
* OP((onFt— TENIEN)?) + Op (s X, 1B = 7T FI? |FJ?).(A16)
t=1 t=1

S
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To manage the last term on the r.h.s. of (A.16), note that Assumption 10 implies

P( sup [F|* > ThY) < Texp (1 — (Th?/b*)/?) = o(1),
1<t<T

since Th?? — co. Thus, sup,<i<7 | F;|?/(Th?) = op(1). As a consequence,

| 7%
v 21 |rit|®> = Op (Vi ph™ " + N + On S0P e ) = Op(vN7).
(2
Second, for some arbitrarily chosen index [ € {1,...,r}, we have

= Z wztethtl =7 = Z witgiFy + = Z W4t Ft -7 Ft)l =7 7‘(2) + TZ(Q)-
t 1 t 1 t 1

By the same reasoning as for 7;; above (replace Fy with €;), (Tg))2 = Op (vNyTh_q).
Similarly, it can be proven that N~! Zfil (rg))Q = Op(vn,7) when sup;, ; [ey| < o0 a.s.
because

sup *’ 2 wzthsgztgzs’ = OP ) (A17>
(st), s;ét i=1

is then a direct consequence of (A.14): deduce from (A.17)

N N
1 2 ~
T2 D)< ST I~ 4RI, - > wwnecs
i=1 s,t=1 z 1
O ~ A ~
< — &R |F —#TF + hQQTQ Z |E; — 7T F|?
s#t
1 A~ ~rn\2, Oplong)
< OP(l)(T ;l | £ — FtH) t Op(vNT)-

Concerning rg), note that E[witsitFt] = 0 and

E[(Tg))Q] Var(r T2 Z [wirwiseieis Fy Fal ]
s,t=1

when F, (A.18)

an

= Z COV wlteltFtla WisEis sl
s#t

Recall that the process ((sit, Zit, Fy)yi = 1)t>1 is a-mixing (Assumption 5). Thus, any
continuous map of this process is also a-mixing with a smaller mixing coefficient than «.
In particular, the process (witeitFﬂ)KT is a-mixing. When s # t, apply the Davydov’s
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inequality with the mixing coefficients (ay): for some 7 > 2 and s # ¢, we have

1-2/p
|Cov (witeirFu, wiseisFat)| < 2a|t_sfwait€itthHl27

_ /v
ﬁe@ (-~ %mlt - s!){f\K!”(u) (filip0) (2 + hu) du}2

Thus, for some a > 0, we obtain

CoSupyr,|o— o <a} (fiHip1)(2')
Th2a(1-1/7)

1
ﬁ Z ‘Cov(wit&?itFtl, wz‘sfistl)‘ <

s#t
2 1
Dlexp(—(1- =)Calt = s1) = O3 )-
s#t

Due to stationarity, the corresponding diagonal term in (A.18) is

E[(wieitFu)?] 1
— = O(T—hq).

an

wzthtFtl ] =

We have obtained 1 )

(12 _
(7'1'2 ) = OP(Tth(l—l/D) + Thq)'

Since the maps H; 5; and H;o; are index-regular of order zero, the same rate applies to

-1 ZZ 1 ( (1)) and the latter reasoning can be done for any I.
Thll‘d we have

AT T
rig = — Z wit(ABLF)F, + — Z wit(ABLF){E, -2 Ry = 7T + ),

Since B;(-) is Lipschitz continuous in a neighborhood of z, Markov’s inequality implies

T
1 ~
It T3 DI < T szt (AB;, Fy)? x T HFt — 7 F|?
i=1
Coh?|K o w 52
< = T|l|1q o Y wi Frl* x Op(vw.r) = Op (5 goNT);
=1

since Supyy|u|<a} (fiGFi)(z +u) < oo for some a > 0.
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Concerning N1 Zi\il ||7‘Z(§)H2, note that

@)2 o Coh ‘ ~T ~T 1 ¢
N - Z Iri3" |7 < X E = 7R F = 7R F I F N > wiwis
si=1 -1

Op(h?) <« A . A
< 5 o |F =7 R F = RTF] | Fol | Fel
T
s,t=1,s%#t

T2hq Z HF FTR|2|F)? =: Ty + Op(h?) x To.

by recalling (A.14) and (A.15). We obviously have

!

Op(h?) s orne Ly 2 2
T < MIE=2TE? x ) [F)? = Op(h*vn ).
T t=1 T t=1

Moreover, as in (A.16), we have Ty = Op(vn,7). We have obtained

N

1 2

5 2 I 1P = Op(Runr).
i=1

(1)

Moreover, to manage r;5’, fix again an index [ € {1,...,r} arbitrarily. We have

E|(r3)°] = % ZE[witwis(ABiTtFt)(AB;F VFuFu) + = i E|w}(ABF)2F |

T2h2f1 SZ#MleKh z — 2)Kp(y — 2)(Bir(z) — Big(2)) (B (y) — Biw (2))
2

h
x ( k:k’lzflt 3)(‘T y)d.’Edy+0(Th2q [”Ft||4])

Note that Assumption 10 implies that all the moments of | F;| are finite, in particular the
fourth. By second order limited expansions of B;(-) (c.f. Assumption 3) and the maps

szngzt s, note that

JKh(ﬂf —2)Kp(y — 2) (sz(ﬂ?) - Bik(z)) (Bik’(y) - Bik’(z)) (G](:]jl),ifi,tfs)(xa y) dz dy
= 1 [ K@K)(VBa(2)a+ gu" VBaE)u) (VB ()0 + 50T VB ()0)
X {( ,:kf'l)zf” s)(z, z) + th( ,:k,tl)lfzt s)(é, Z).u+ hVq (@éslé,tl)yifi,t_s)(é, é)v} du dv,

for some vectors Z, Z and Z in a ball with center z and radius h in R?, with obvious
notations. Since K is even and the maps V7 B;, j € {1,2}, are uniformly bounded w.r.t.
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i in a neighborhood of z (Assumption 3), we obtain
— — 2 (2)—B, o (y)—B: (s,8) — O(h*
JKh(l' Z)Kh(y Z)(sz(x) sz(z)) (sz/(y) sz/(z))( kk'l Zfzt s) (%y) dxdy = O(h )

This yields E[(Tgl))Q] = O(h* + h?/(Th??)). and then

2

(A.19)

h
Hrz?)l |? = Op(n* + m)'

(s,t)

Invoking the index-regularity of the maps G vl we similarly obtain the same rate for

_ 1
NN ).

Fourth, we have

’\T T
Tid = — Z wztAC( zt) GF; + — Z w,tAC( ug Gt{Ft -7 Ft} = AT z(4) + Tz(z)

Noting that 2E[||Gy|| [|F¢]||Zi = 2'] < E|

\Gi|?|Zix = 2'] + E[|Fi|?| Zis = 2], we have

SUp(ora ey [ACH)] &
Iy < —=== > wul Gl |15
t_

= Op(Onr)sup  sup  fi(2)E[|Ge| | Fil|Zic = 2'] = Op(On.1)-

t{25lz—2" <h}

Concerning the averaging w.r.t. ¢, we have

N R
1 1 SUD; SUP (15— | |AC(z
5 Ll P <« = 2 2 wulGl 1F)’

= 0p(63r) % 72 S (anwzs)HGtH IE G I

sit=1 =1

Since sup(s p);s¢ (Zz]\; witwis) = Op(1), we get
o 3 (Z wiws )Gl G 1] = 0p () (5 2 iG:1 174)°
s,t=1
T
E (

W} )Gl | Fi?

al?)(x 2 IR?) + 95t Z Gl IR,

%
(LS
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that is bounded in probability with our assumptions. We have obtained N ~* ZZ 1 Hrl 1 H2
Op(6% ~.1)- Moreover,

T

1 ~ 1 & R
[P < 7 2, wh(ACi(Za) G x = Y [ - 2R
t=1 t=1
= Op(BLGpsw  swp fi(ELG Z = #]).
t {2'5]z—2"| <h}

The orders of magnitude of Hrg)Hz and N~V Hfr’g)HQ are Op(vyr) since the maps
2 — E[|G¢|*| Zix = 2'] are index-regular of order zero and 6%, = O(h9) by assumption.

By gathering the orders of magnitude we obtained, the convergence rate of Ez(z) for
a given 1 is as follows:

~ . UN,T 1 1 h? UN,T
|Bi(2) =7 Bi(2)[* = Op(— =+ +ht o+ 0r) = Op(550),

ha Th2a(1-1/p) + The

since 2(1 — 1/v) <4(1 —1/v) and 1 < 4(1 — 1/v) because v > 2. Moreover, we have

1 1 h?
+ht

Tth(l_l/l_/)‘i'Thq Th,2‘1 +9NT) = OP(UN,T).

N

1 a ~

< D UBi(:)=7 Bi(2) = Op (onr+
i=1

O]

Proof of Corollary 3. By the definition of the common components Com;.(z), we have

Comi(z) — Comy(z) = Bi(2)TF, — B;(2) " F,
~ Bi(2)"(F,—7"F) + (Bi(z )—7r 'Bi(2)) 7T Fy
— (Bi(2) =77 'Bi(2)) (B, —2TE) + Bi(2) TG )T (B, =72 F) + (Bi(z) =77 'Bi(2)) 7 ..

Due to Lemma 5, it is known that |#[ and |#~!| are Op(1). Moreover, T-' S |F;|? =
Op(1) (Assumption 7) and the loadings B;(z) are bounded uniformly w.r.t. i. Thus,
deduce the statements from Theorem 1, Theorem 2 and the Cauchy-Schwarz inequality.

O

Lemma 3 (Lower bound for Ny). Under Assumption 2 and Assumption 6, for any
couple of positive numbers (c,e) s.t. ¢+ e < £, (z), there exists some positive constant
My that does not depend on (¢,s, N, T') s.t.

]P’(&trgnTig# Nis < eN) < 2T% exp ( — MoNh*%e?),

when N is sufficiently large and h sufficiently small. Moreover, for any couple of positive
numbers (¢, &) s.t. ¢+& < ||K?| ol (2), there exists some positive constant M; that does
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not depend on (¢, N, T) s.t.

P(rtréi%l hINy < eN) < 2T exp ( — M{NhI&?),

when N is sufficiently large and h sufficiently small.

As a consequence, when T is smaller than a power of N and Nh?¢/InN — oo,
P(mins¢<T,s# N < cN) = 0(1). Moreover, when Nh?/In N — oo, P(minth hiNy <
¢N) = o(1). In particular, Lemma 3 implies sup;<; .7 N/Nis = Op(1).

Proof. By direct calculation, for any e > 0 and when s # ¢, we have

E[]Xw;s] _ NllﬂqiE[K(Zith—z)K(Zish—z)]

=1

1 r—z Yy —z
= NHh24q ;JK( h )K( h )fi,t—s(x7y)d$dy

| N
- Z fK(u)K(v)fi7t_s(z + hu, z + hv) dudv
i=1

\Y

N
1
lim inf inf — E inf fit—s(z+u,z+v)—e=£,(z) —e,
N st N S (o)l <h ol <hy """ ( ) (2)

when N > Ny, for some Ny that does not depend on (t,s). Since the vectors (Zy, Z;s),
i € {l,..., N}, are mutually independent, invoke Bernstein inequality (Van Der Vaart
and Wellner, 1996, Lemma 2.2.9): For any positive constant e, we have

N N h
Zit—Z
h

e B LIS e

ZiS—Z

~ E[K( )

)E(

I} > Nh2e) < 2exp (— MyNA¥e?) = An(e),

where the constant My does not depend on (¢, s, N,T') because of (4.4). Thus, we obtain

Nis
P(Nis < eN) < P(5¢ < ¢ [Nos = E[Nes]| < Ne) + P(INys — E[Vis]| > Ne)
E| N¢s
< 1( [Nt ] <c+e) +IP’(\Nts — E[N¢s]| > Ne) <0+ Anr(e),

when N is sufficiently large, h and e are sufficiently small, recalling ¢ + ¢ < £.,(z). This
yields P(min1<57t<T;5;&t Nis < CN) < TQANvT(e).
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In the case s = t, we can lead a similar reasoning: for any € > (0, we have

q N it — 2 u
[0 leﬂZ{E[KQ(Znh)] _ ;;fﬂ(u)ﬁ(zmu)du

> K2 liminf 2 i S 4 ) =€ = I el) =

when N is sufficiently large. When é is sufficiently small, the lower bound is positive due
o (4.3). Again, invoke Bernstein inequality to get

N N
< 2exp (— MiNRIE®) =: Anr(8),

q N, N it — 2 it — % =
P(‘h Nu E[hN; ]’ - é) _ P(’Z {K2(ZT) —E[KZ(ZT)]}’ > theS)
i=1

where the constant M; does not depend on (¢, N, T') by stationarity and (4.6). Thus, we
obtain

h4
(thtt CN) IP)( hq|Ntt — [Ntt]| < Né) + P(hq|Ntt — E[Ntt“ > Né)
E[hINs _
< 1([Nt] g) + P(hI|Nys — E[Nys]| > N&) < 0+ Anr(2),

when N is sufficiently large, h and € are sufficiently small, keeping in mind that ¢ + & <
|K2|ooly(2). This yields P(mini<i<r hNy < EN) < TAn7(E). O

Lemma 4. Under Assumption 2, Assumption 3, Assumption 6 and Assumption 9, if
Nh?1/(In N)? — oo then

N
1 In(V
ONT = Sup; < s<Tt7ésH Z witwis Bi(Zit i(ZZ’S)T_N Z Bz(Z)BZ('Z)TH = OP( ) +
i=1

Proof. Using the maximum norm for matrices, we have

2
P(OnT > €) S T Supi<y s<t,s2t SUP  Guski(€), Where
1<k,l<r

1 N
qtskl kl*NZ )kl|>€)'
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By a standard reasoning, we have for any a > 0

Qis,ki(€) < P(|Nes — E[Nts]| > )

+ IP(|{—

i P(E [NVis] |221wztw23 (Bi(Zi)Bi(Zis)" — Bi(Z)Bi(Z)T)kl’ > g)
N
+ ]P’(! B[N szths (Bi(2)Bi(2)"),, — % Z; (Bi(2)Bi(2) ") | > g)

= q+q+q3+q4.

Note that the quantities g, k € {1,2, 3,4} implicitly depend on (s,t,k,l). First, let us
evaluate ¢, = P(| Zfil{witwis — E[wiywis]}| > ). Note that |wiwis| < | K[%/h* and

Ef(wiwss)?] = f K20 — K2y — ) furs(ary) da dy

K 4
| h2’q Sup fit—s(z +u,z+v).
{(u,v);|lull<h,|v]<h}

- h2qu2 (W) K2(v) fir—s(z + hu, z + hv) dudv <

Due to (4.4) and since the vectors (Zy, Zis), i € {1,..., N}, are mutually independent
from Assumption 6, we have

N N
sup Var Z wltww = sup Z Var(wjw;s) = O(Nh_2q).
(t,8),t#s i1 (t,8),t#s i1

Thus, we can invoke Bernstein inequality (Van Der Vaart and Wellner, 1996, Lemma
2.2.9) and we obtain

o’

CiNh—2a + 02h72qa)’ (A.Ql)

q1 < 2exp( —

where C7 and Cy are two constants that do not depend on (¢,s,k,1,T, N).
For the treatment of g9, note that

N
1
@ P(le - W' X |sz‘twis(3i(2’)Bz‘(2) el > o |Nts — E(Ni)| < )
raMB €
< it Wis =5 Ns —E Ns < ,
Nts N, ;wtw > 35 [ Nis = E(Nis)| < o)

since we supposed that sup; | B;(z)| < Mp. Recalling (4.2), lim inf x inf; s E[N¢s]/N > C.
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for some positive constant C.. Since the kernel K is nonnegative, we obtain

2
roaMp - f) g[P’(

- raM% - Cee
“STEN, T3

N 4

) =0,

when N is sufficiently large, if a/(Ne) — 0.
To manage g3, denote

0Bist := (Bi(Z)Bi(Zis)" — Bi(2)Bi(2)")

forgetting (k,l) for notational convenience. Note that [0B;s:| < 2rM%. Thus, for N
sufficiently large, this provides

1, c.
q3 < ]P)(N‘ Z {witwiséBist — E[witwis(SBz‘gt]H - 86)
=1
LIS CeeN _ 1), @
+ ]P’(N|;E[witwi553ist]\ > 3 ) =:1qy +q5 .

Since t # s, some changes of variables and limited expansions yield

E[wsyw550 Biar] — f K@K ) (Bi(z + hw)Bi(z + ho)T - Bi(2)Bi(2)7),,

X fit—s(z + hu,z + hv)dudv = hJK(u)K(v){BZ(z) (VBi(z),v)T + VB;(2).u Bi(Z)T) ;

+ hO( s VB +  swp VB
{2'||z—2"|<h} {2'|[z—="| <h}
X {fit-s(2,2) + WV fiz—s(z + @, 2 + 0).u+ WV fi—s(z + U, 2 + 0).v} dudv

where @ (resp. 0) satisfies |u| < h (resp. ||| < k), with obvious notations. Due to the
uniform boundedness of the maps B;(-) and their first derivatives (Assumption 3), this
yields

E[witwisdBist| < h203{fi,tfs(za z) + sup IV fit—s(z +a,z+ 5)“}7
{(@,9)||a]<h,||o<h}

since {uK (u)du = 0 (K is even). Under (4.5), this provides

N
1
sup | > E[wiwis6Bist]| = O(h?).
{(s,t);s#t} i=1
Thus, if € > C.h? with a sufficiently large constant C,, then q§2) = 0 for every (t,s),
t # s, when N is sufficiently large.

To deal with qgl), apply Bernstein’s inequality. By invoking the boundedness of B;(-),
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the mutual independence of the covariates and by a usual change of variables, we get

N

N
sup Var(Z wltwls(SBlst) = sup Z Var(witwisd Bist) = O(ﬂ)-

(s,t);s7#t (s,t);87#t j—1

This yields q:(),l) < 2exp(—CgNh?1€?), for some positive constant Cg that does not depend
n (s,t,k,l,N,T).
To deal with ¢4, rewrite

N
1 €
41 < IP)(lw Z{witwis — E[wisws]} (Bi(2)Bi(2) ") | > )
N
1 €
Bi(2)Bi(2)" )y — v 2 (Bi)Bi2) )yl > ) =0 + 7.
b i=1

Note that sup,_., |(wiw;s)/E[Nys]| < 2||K|?/(NR*C,) for N sufficiently large, and
N N N
sup Var 2 Wit Wis (B,(z)Bi(z)T)kl) = sup ZVar(witwis(Bi(z)Bi(z)T)kl) = O(ﬁ)’
(8,t);87t = (s,t);s7#t j=1

by (4.4). Thus, applying Bernstein inequality again provides

21,2q
(1)<2 _ Ne“h
U s exP( CT+Che )’

for two constants C] and C. Denote Dy 4 := Zf\il fit—s(2, z). Thanks to second-order
limited expansions, it can be easily proved that

S e (BB()T) | = OU),

i=1

sup Z E[wirwis] (Bi( )BZ(Z)T)M

s#t,s<T E DNt s

using the fact that sup,_, N~ Zf\il |E[witwis] — fii—s(z, 2)| = O(h?) ((4.5) with k = 2).
Moreover, by Assumption 9 and (4.2), we have

S ot a(BIB ) — % | (BB (2) )l = O0)

i=1

sup_|
1<s<T DNt s

||Mz

Now, set e = Cc(h* + f_lh*qln(N)) that tends to zero. This choice is sufficient
)

(2

to manage ¢3 and g4. In particular, ¢;” = 0 when N is sufficiently large and if C. is

sufficiently large.
Setting v = v/ N In N /A4, check that lim inf y o?h??/{(N+a)In N} > 0 (recall (A.21))
and a/(Ne) — 0. With these choices and when C is sufficiently large, 77 sup,_; g5 = o(1)
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for any v > 0 and every k € {1,2,3,4}. Therefore, we obtained

2
T bup1<t,s<TQts,kl(€) — 0,

Then, we have shown that dy7 = Op(€), i.e. the announced result. O]

~

Corollary 6. Under the assumptions of Lemma 3 and Lemma 4, for anyt < T, 7 —7 =
1t + ot Fy| | Fi[|, where

In(N) 9 1
sup |ritl| = Op(——=—= + h?), and sup |ro| = Op(=).
S 71t P(\/th ) S [r2e = Op(7)
Proof. Since sup; Nj;* = Op(h?/N) by Lemma 3, we have
141 & 1 &
T — T = B ZVBAZ: )T — — , (N Ty -1
B 7= T;l ( N ;wzthsBz(Zzt)Bz(Zw) ~ ;Bz(z)Bz(z) )FF V.
_ In(N) 2 1 o STy —1 1 2 T Ty —1
= OP(\/th +h ) X T;‘FSFS Vo + m;witBZ(Zzt)Bz<Zzt) FF,V,
1 XN
- M;Bz(z)Bi(Z)TFtFtTVzl
_ In(N) o (1 d 2 1 SIS 2\ /2 | Op(h?) < 2 ST
= Op(rpg *h )<T§1“FS <7 2 Il )+ S uiIEE]
+ O(T)”FtFt | = OP(\/th +h?) + || HFtHOP(T)- (A.22)

Note that sup,cp N7! SN w2 = Op(h~9) because = — fi(x) is index-regular of order
zero. Moreover, the two terms Op(-) in (A.22) do not depend on t € {1,...,T} by
recalling Lemma 4 and Lemma 3 respectively. O

Lemma 5. Under the assumptions of Theorem 1, we have
1/2 —1/2
— Q= Vz,éoTIZB /

for some deterministic (r, ) matrices V. o and Y, such that TZTTy =l and V, =V, o+
op(1). Moreover, the matrix 7 converges to ;! in probability, i.e. # = Q! + op(1).

Proof. The proof is similar to the proof of Proposition 1 in Bai (2003). Left multiplying
1 B(2)"B(z)

—-15R _ | - 12mT :
T-'YF =FV, by T( ~ )/“F ', we obtain
1,B(z)"B(2),,,FSF B(2)"B(z),,,FF
= = - A2
T( N ) T N ) T v (A.23)
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Moreover, note that we can decompose any (¢, s)-component of the 7' x T' matrix Y as

N N

= T T o BATZNRA7NT _ & A AT
Sis = —ZFt Bi(2)Bi(2) T Fy + FJ ( N ;wzthsB,(Zn)Bl(Zw) NlZle(Z)Bz(z) )F

+ Z wzths{Bi(Zit)TFtEis + Bi(Zis) Faeit + cincis + unACi(Zis) TG

Nis (5
+ wisAC(Z) TGy + ACHZi) T GAC(Zi) TGy |
B(z) B(z
= FtT(>N(>Fs + [rnvr]es

where [ryr]ss is the (s,t)-term of the matrix ry7 that is composed of the remaining
terms in the decomposition of f)ts above. Note their similarities with the remaining
terms in (A.2), at the beginning of the proof of Theorem 1. Thus, this provides ¥ =
FB(2)"B(2)F"/N + ryr and

(B(Z)TB(Z))I/QFTF(B(z)TB(z))FTF den — (B(Z)TB(Z))UQFTFV (A.24)
N T N T N T

1 B(2)"B(2).,, F ryrF
where dy1 = T( N )12 is a r x r matrix. Moreover, rewrite the r x r
matrix
F'r F 1 I ~ 3 .
% =7 Z Fy (G + e + 71 + Z firg) V2

t=1 k=1

1 < 1
T T
+ 7 S;IFtFt ( N ElwitwisBi(Z,-t) (Zis)T = Z Bi()Bi(2) ) FLF, (A.25)

We will show below that dy7 = op(1). Assume this is the case for the moment.
Deduce from (A.24) the identity

[SN,T + dN,TRX[}T]RN,T = Ry V., with

B(z)TB(z)) B(z)TB(z))l/g F'F (B(Z>TB(Z))1/2
N T’ N T N ’

Note that the diagonal matrix V. stacks the eigenvalues of Sy 7 + dy TRNT Moreover,
every column vector of Ry is an eigenvector of the latter matrix. Rescale the latter

RN,T = (

and SN,T = (

eigenvectors in the matrix Y% , := Ry 1V> Y2 This yields

{Snr + dnT RN e = Yhr Ve (A.26)
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Note that

~T_ B(z)"B(2)

~ AT ~ A~ ~T ~
RipRng =F F( ¥ VFTF/T? = F SF/T —F ryrF/T =V, + op(1).

Indeed, it can be proved that ﬁ’TrNyTﬁ’/T = op(1) in exactly the same way as dy 1 =
op(1). The minimum eigenvalue of Ry 7 is ming 2" R} 7Ry 72/||z|? = min, 2" Viz/|z|?+
op(1) (Litkepohl, 1997, Section 5.5.1). Thus, for NV and T sufficiently large, the prob-
ability that the minimum eigenvalue of Ry 7 is larger than ¢,/2 > 0 (¢, being defined
in Assumption 4) is arbitrarily close to one and RX[}T = Op(1). As a consequence,

dN,TRN}T = op(1). Therefore, because of Assumption 4 and Assumption 3, we have

SN7T + dN,TR]:/,lT = ZlB/QEFEIBQ + Op(l) =5+ Op(l).

By Assumption 4, the eigenvalues of the symmetrical matrix S are distinct and, by
continuity, the matrices Sy have distinct eigenvalues for sufficiently large N and large
T. By (A.26) and the perturbation theory for eigenvalues of Hermitian matrices (Stewart
and Sun, 1990, Theorem 4.11), keeping in mind that Sy 7 + dN7TR]*V1T is a perturbation
of S, the eigenvalues of the former matrix tend to the eigenvalues of the latter. In other
words, there exists a deterministic matrix V, o s.t. V, = V, o + op(1), where V, o is
obviously a diagonal matrix with distinct entries.

Moreover, since RL,TRN,T tends to V, in probability, the matrix of eigenvectors
T3 r satisfies (va,T)Tva,T — I, in probability. Asymptotically, the column vectors
of T3 build an orthonormal basis. Remind they are eigenvectors of Sy + op(1)
and then of the positive definite matrix S asymptotically. Since S has distinct positive
eigenvalues, the column vectors of T3, ,» are essentially unique, apart some multiplicative
factors (—1), by the continuity of eige’nvectors w.r.t. matrix coefficients (Franklin, 2012,
Section 6.12). Thus, there exists a matrix of orthonormal eigenvectors T, such that
IT%. 7 — Y| = op(1). Deduce from the definitions of Ry r and T3 1 that

F'F  B(2)"B(2)
T = N

)PV = 2PV 4 op(1),

yielding the announced result.
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Now, let us show that dy, 7 is actually op(1). From (A.25), we have

B(2)"B(z), FT rNTF
fanr1? < | 2O EEY &
op<1>||vz|\ ) -
< #ZHFt“ XTZHQ
1Y 2
¥ Ewﬁww (Zu) Bi( fz O] * (7 S IBPIE]E )’
N = T St 1
T ~
< 12+ 17 + 171
t=1 k=1
12( 4 d 2 1 d 512
= Op(Sagd +1) (7 X IRE <7 X IRF)
In?(NV)
= OP(UN,T—F N2 +h4) =op(1).

The last equality is obtained thanks to the proof of Theorem 1 and Lemma 4. Finally,
we easily obtain

~T
. _(F F\B(2)"B(2) B
AT =V 1( - ) = VoQaSs + op(1)

= VoIS +op(1) = (@) +op(D),
concluding the proof of the lemma. O

Proof of Corollary 4. The first assertion is stated in Lemma 5 above. Moreover, since

~T
F FB(:)'B
we have 7 := V7! T (Z)N (Z), note first that
~T A~ A~
FF (F-F#%)'F #'F'F (F-F#)'F _+
= = 1 1
T T + T T +7 ( + op( )),

because, under (3.14), FTF/T L I,. Moreover, using the same notations as in the proof
of Theorem 1 and applying the Cauchy-Schwarz inequality, we have

(FF)TF r T (L iy (LR T
|1 = ZF— R)F|? < (T;\Ft|)(Tt:Zl|\Ft— RJ2),

that tends to zero in probability with N and T (Theorem 1). Then, IA;’TFfr/T =aT7(1+

Op(l)).
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Second, we have

1 A~

AT AT
F'Fz F . T .
T - +F) = 2F (Fi—F)+ L = I + op(1),

-~ (F#—
T 7 (F7

)

yielding #"# = I, + op(1). This means 7 is asymptotically an orthogonal matrix so that
its eigenvalues tend to 1 or —1 when T and NN tend to the infinity.
Third, recalling the definition of 7, we have got

. L F'F.B(:)TB(:) ._,.+B(2)"B(2)
T=vY T ) N = V.7 N

+op(1),

that can be rewritten 7V, + op(1) = (B(z)" B(z)/N)#. The latter relationship implies
that # tends in probability to a matrix consisting of eigenvectors of B(z)' B(z)/N.
By (3.13), this matrix is diagonal with distinct eigenvalues. Then each of its eigenvalues
is associated with a unique eigenvector, and each of its eigenvectors has a single non-zero
element in the canonical basis. This implies that 7 is asymptotically a diagonal matrix,
but we already know that its eigenvalues tend to 1 or —1. Without loss of generality,
we can assume all its elements are 1 (otherwise multiply the corresponding columns of
F and B by —1). Finally, this yields # = I, + op(1).

O

Appendix B. Sketch of proofs for some asymptotic normality results

To simplify our arguments, we assume that the innovations are independent white
noises.

Assumption 13. For any i, the sequence €; := (€4)i=1 s a weak white noise, that is
independent of the processes (Fy)i=1 and (Zgt)k=1.4>1. Moreover, the random elements
(€:.)i=1 are mutually independent.

The latter independence assumption could be replaced by conditional orthogonality
conditions. Moreover, the process of innovations could be assumed to be strongly mixing,
at the price of additional complexities.

Asymptotic normality of v/ Nh4 (ﬁ’t — ?rtTFt) Due to (A.3), the result follows if we prove
that v/ Nhin; is asymptotically normal, and

~ . ~ 1
Ct+Tt+M1,t+M2,t+M3,t=0P( th)-

First, V.7, = 7y + Ang + Ang, where

- 7y N T Wi Wi N T wztww T

it = Tzlzl ]EthF Bi(Zis), Ay = ;; (Fs—7) F\)F] Bi(Zsy),
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— 7 EE 1
A77t - ZZI 521 WitWis <Nt m)ethst—I—Bz(z@s)

Assume that the sequences N1 Zf\il fit—s(z,2) tend to some limit fo¢—s(2) uni-
formly w.r.t. (s,t), when s # t. Due to (4.5), this implies sup,_; |E[N¢ s]/N —Llooi—s(2)| =
o(h?). In other words, we can rewrite E[N; 5] = Necgi—s where cri—s = Lo p—s(z) uni-
formly w.r.t. t — s, when s # ¢. Thus,

o~ L Zwe( Z Yis g T B(Z ) LS e,
it€it Ts o s N - 4 WitEitMi,t,
introducing the deterministic quantities
T
o fim X B 12 = B )

s=1,s

Since the vectors (Zj,e4)i>1 are independent by assumption, the CLT for triangular
arrays in Shiryaev (1996, p. 334) can be invoked, to state that v/ Nh4 vazl wit€itNit/ N
is asymptotically normal. Note that 7, = 7 + 0 — p(1) (A.7) and 7 is weakly convergent
(Corollary 4). Thus, 71; and deduce v/ Nhi7; is asymptotically normal.

Concerning A, recall (A.6):

1 1
= Nh2a Th4q(171/V)

|Fy — 2] F,|? = Op(on7), with Oy : + 0% 7 = O(un,r).

The Cauchy-Schwarz inequality and the uniform boundedness of the maps B;(-) yield

T

UN,T
( szthsgzt“F H) _OP(Nth)’ (Bl)
s=1 i=1

T
1 ~ 0]
| An|* < T DLIE =7 F? x
s=1

by calculating the expectation of the second term on the r.h.s. of (B.1). Thus, v NhiAn,
op(1) when oy 1 = o(h?) (particularly when vy 7 = o(h?)).

From Lemma 3 (or (A.20)), it is known that sup,; | Nys—E[Nys]| = Op(In N /v Nh29),
that is not op(1/v/ Nh4) unfortunately. Thus, a rough upper bound is insufficient to
manage An;. Nonetheless, by writing Ny — E[Nys] as a sum of independent random
quantities, the order of magnitude of Var(A;) is the same as

N

T2N4 Z Z wiswitwi’s’wi’tgitgi/t Z (wktwks_E[wktwksD(wk’twk’s’_E[wk’twk’s’])Fngsg]
i,i'=1s,8'=1 k,k'=1
for some (j,5') € {1,...,7}%. The (main) non zero terms of the latter expectation are

related to 7 = ¢/ and k = k’. By usual changes of variables and reasoning, it can be easily

checked that Var(An;) = O(N~2h=34), yielding v Nh1An; = op(1) since Nh?? tends to
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zero by assumption. Since V, is weakly convergent, we have obtained that v/ Nhd7; is
asymptotically Gaussian.

Hereafter and due to (A.20), the denominators Ny will not be a source of worry,
except for the calculations of the exact limiting variance-covariance matrices (what we
will not do here!). Thus, they will simply be replaced with N to analyze the remaining
terms that will be negligible compared to 1/v/ Nhd.

Second, it can be proved as above that the order of magnitude of Ct is the same as

— 2 Z wiswireis FsBi(Zit) T Fy.

1181

The latter term is centered. Its variance depends on conditional expectations of €5k

given some covariates and some factors. Using Assumption 13, such expectations are

zero only when ¢ = k and s = s’. By usual changes of variables and reasoning, it can be

checked that Var(¢;) is of order (NTh??)~!. Therefore, v/ Nhi(; = op(1) and similarly
r VNG

Thlrd, by a similar reasoning, the study of 7; boils down to that of

Ty 1= N Z Z Wit W;sEitEis L.

i=1s=1

The calculation of the variance of 7% is written as a fourfold sum involving the expectations
of terms as €;:€;s€kt€ks- The latter ones are non zero only when there are at least two
identities among the indices i, k, s, s and t. To be specific, it is necessary to impose ¢ = k
and s = ¢/, or s = ' = t, yielding Var(7) ~ 1/(T?h??) + 1/(TNh*) that is o(1/(Nh?)).

A remainder term is

T
1 Po_=x
ATy = ﬁ Z Z wzths5zt5zs s W;FS)'

i=1s=1

Note that

T T N
1 8
”ATtH2 < f 2 HFS - W;FFSHQ 2 Z Wit WisWitEitEis€ktEks-
s=1 s=14,k=

The expectation of the later product may be evaluated by imposing ¢ = k or s = ¢
vielding |A7|? ~ onrh™24(N~! + T71). Thus, Ar; = op(1/v/Nhi) when oy =
o(Th1/N), that we can be imposed.

Fourth, the other terms fi;, j € {1,2,3} are Op(0n,). Once we impose vV N9y 1 =
o(1), they are all negligible. O

Remark 12. Note that Theorem 1 and its proof have been invoked to evaluate some
residual terms in the study of V Nhi(Fy—7] F;). In other words, the orders of magnitude
for consistency purpose obtained in Section 4.2 are essential steps to prove our asymptotic
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normality results.

Asymptotic normality of v/Th4 (Ez(z) — 77 !'B;(z)). Recalling (A.8), the result follows if
we prove that

(1) V/Thaz' Zthl wiei Fy /T is asymptotically normal,
(2) &

(3) ST wyeir(® — 7)) TFy/T = op(1/v/Thi);

(4) Zthl wieui By /T = op(1/v/Th) for all terms coming from the expansion (A.3),

le. v € {Ctaﬁty?t,ﬁl,t,ﬁlta//23,75}3

is weakly convergent;

(5) the remaining terms r;;, j € {1,3,4}, are op(1/vTh9).

First, to prove (1), note that 7 is weakly convergent (Corollary 4). Moreover, simple
calculations show that the variance of the centered random vector Z?:l wiei Fy /T is of
order 1/(Th?). A CLT for strongly mixing arrays (Peligrad, 1996, Theorem 2.2) yields
the convenient tool to state (1).

Second, it has been proved that ; is weakly convergent (A.12). When the limit is
non-zero, this is still the case for its inverse.

Third,

1 & 1 & In N

~  ANT ~ ~ 2
21 wiea(® — 7) TR < — 7 x = Y wileuFi| = O h?),
TH wirei (T — Tp)  Fy 121% 17 — 7| x T wit|€ie Fi| P( + h?)

t=1 t=1 \/th

due to (A.7). The latter rate is sufficient to get (3) if Nh9t* = o(1) and T/(Nh?) =
o(1). Note that the former condition can be difficult to reconcile with vx 7 = o(h?) in
Theorem 2. At this stage, this is the case only when ¢ = 1. Otherwise, (3) has to be
proved with other techniques to evaluate the discrepancies 7; —7 more precisely, typically
with some terms that appear in the proof of Lemma 4. See Remark 8 too. Such refined
developments are left aside for further work.

Point (4) can be checked relatively easily, by evaluating the variance of all the corre-
sponding terms. Therefore, the presence of products as €;:6; multiplied by innovations
associated with other names necessitates some identities between the sets of indices and
the obtained orders of magnitude are sufficient for our purpose. When vThi0y 7 = o(1),
the terms related to i, j € {1, 2,3} are negligible too.

Fifth, the order of magnitude obtained for r;; in the proof of Theorem 2 is not
sufficient. Again, it is necessary to invoke all terms in the expansion of ﬁt — 7] Fy
in (A.3), and to evaluate their orders of magnitude. Typically, this leads us to evaluate
terms such as 71! Zle w; Fy¢,", and then

N T
Lo 1 T T
Ti1 i= MgglgwitwktwksBk(Zkt) Fieps F F
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for instance. The variance of the latter triple sum is written as a sum of expectations
induced by (¢,t',k, k', s,s"), with obvious notations. To get non zero expectations, it is
necessary to impose at least two identities across these six indices, say k = k' and s = §'.
Such a variance is then O(1/(NTh?)) = o(1/(Th9)), that is 7;; = op(1/v/Th9). This
reasoning can be applied to the other corresponding terms, to yield r;; = op(1/v/Th9)
and we omit the details. Concerning r;3, note that \/rhqrg) = op(1) when Thi** = o(1)
and ¢ = 1, recalling (A.19). Revisiting ’I“g) is more painful and recalling the expansion
of (A.3) is again necessary. We skip the details, but the corresponding terms will be
negligible. Finally, by the same technique, it can be proved that ryy = op(1/v/Th9) when
Thi6%, 1 = o(1). O

Appendix C. Definition and uniform convergence of a particular (’Z\’z()

Let us first state a technical lemma that is of interest per se and will constitute the
key tool for proving (3.5). For any vector z € RY, define

T
1
Sir(2) = ), Kno(Zit = 2)Ya,
t=1

for arbitrary random variables Yj;, a kernel K that satisfies Assumption 2 and the pre-
viously defined covariates Z;;. Obviously, the bandwidth hg = ho(T) is a deterministic
sequence of positive numbers that tends to zero with T'. For the sake of simplicity, it does
not depend on 7 and it is the same for all components of Z;;, even if the latter features can
be easily weakened. This bandwidth hg may be different (or not) from the bandwidth h
used for the localized PCA (recall (3.10)). We now prove the weak consistency of S;r(z)
uniformly with respect to z € C, a compact subset in R?, and w.r.t. i € {1,...,N}. To
this aim, we need a few generic assumptions.

Assumption 14. For any i > 1, the sequence (Yi, Zit)i=1 is strictly stationary and
strongly mizing, with mizing coefficients (ty,m)m=1 that satisfy oy m < exp(—Cym), for
some constant Cy > 0.

Note the assumed uniformity of the latter mixing coefficients w.r.t. i. Let C be an
open neighborhood of C.

Assumption 15. For anyi, the density f; of Zi exists, sup; | fillo < o0, inf;inf, 5 fi(z) >
0, and sup;sup, s E[|Yi|® | Zit = 2]fi(2) < o0 for some s > 2. Moreover, denoting f;;
the joint density of (Z; 1, Zit+1), there is some index t* such that, for all t > t*,
sup  sup E[|Yi1Yii1ll Zin = 2, Zig1 = 2] fia(2,2) < 0.
i (z,2")eC?

Note that lagged values of Y;; may be included in Z;;. Define r;(z) := E[Yj| Zi = z].
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Assumption 16. For any i > 1, the map 2’ — (fir;)(2') is twice continuously differen-
tiable on C. Moreover, sup;sup_,.s |[V2(firi)(2')] < o0.

Lemma 6. Suppose that Assumption 2 and 14-16 hold. If N = O(T*%) for some & > 0
and InT/T? = o(hd) for some 0 € (0,1), then

. InT\1/2
sup sup |Sir(2) — (firi)(2)] = Op(ar + h%), with ar := (—q> . (C.1)
1<i<N zeC Thy

Note that the uniform rate of convergence does not depend on N. Thus is due to the
fact IV is assumed to be smaller than a positive power of T'. When the process (Yjt)i>1,>1
satisfies Assumption 14-16, then it is said that (Yit)i>14>1 is Ziz—adapted 3.

Proof. The proof of Lemma 6 is an adaptation of the proof of Hansen (2008, Theorem 2).
For the sake of simplicifity and contrary to the latter paper, we have considered that the
compact subset C does not depend on 7', meaning that its sequence ¢, is replaced by a
constant. In the same vein, we have assumed exponentially decreasing mixing coefficients
instead of polynomially decreasing ones. By carefully inspecting the proof of Hansen
(2008, Theorem 2), its term 71, is in our case NT 7, for an arbitrarily large constant
v > 0, and then tends to zero. Moreover, its term 75, is here replaced by a constant
times NTPay,,/m with m = [aggfs)/(sfl)J and for some constant p. Since s > 2 and hg
is larger than a power of 1/T', m is larger than a power of T7 for some 4 > 0. Deduce
froml Assumption 14 that the corresponding term 75, is here O(T§+p exp(—CyT :V)) =
o(1). This yields

sup sup |[Sir(2) — E[Sit(2)]| = Op(ar). (C.2)

1<i<N zeC

Moreover, Assumption 16 and a limited Taylor expansions of (f;jr;)(-) provides
E[Sir(2)] = E[Kno(Zit — 2)ri(Zi)] = tho (@ — 2)(rifi)(z) dx
2
- fK(u)(rzfl)(z + hou) du = (firi)(z) + % JK(U)UTVQ(T‘ifZ')(Z*)U du,

for some vectors z* s.t. |z — z¥|o < Cphg for some constant Cy. Note that we have
invoked that K is even and compactly supported. This yields

sup sup [E[Siz(2)] — (firi)(2)] = O(h{). (C.3)

1<i<N zeC
The result is deduced from (C.2) and (C.3). O

Now, we focus on the uniform consistency of éz(z), ie{l,...,N} when z € C. By

13WWe keep this terminology even if Y;; does not depend on 1.
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N
i

kernel smoothing, C;(z) is defined here as follows:
Ci(z) == Var(Gy| Ziy = 2) " Cov(Xir, G| Zis = 2), (C.4)
6(;7(Xit7 Gt|Zit = Z) = IE[XMGAZM = Z] — IE[XZAZN = z]@[Gt\th = Z],
Var(Gy| Ziy = 2) = R[GiG] | Ziy = 2] — B[Gy| Zis = 2)B[G] | Zis = 2],
and all the latter quantities are particular cases of the formula

_ Sy Ko (Zi — 2)€a

f['i i Zz = Z|: 9
(Gl =] Sy Kno(Zin — 2)

where &;; is chosen as X, Gy, X;1Gy, GtG;r or even &; = 1 everywhere.

We apply Lemma 6 several times, when Y;; is Xj;, or is an arbitrarily chosen compo-
nent of Gy, X;;Gy, GthT , or even when Yj;; = 1 everywhere. This will straightforwardly
yield the uniform consistency of IE[X“\Z“ = z], I’E[Gt]Zit = z], IAE[Xith\Zit = z| and
IAE[GtGﬂZZ-t = z]. As a consequence, we obtain

sup sup |Cov(Xi, Ge| Ziy = 2) — Cov(Xir, Gi| Ziy = 2)|| = Op(ar + h2), and

1<i<N zeC

sup sup H\//'a\r(Xit, Gi|Zit = z) — Var(Xy, G¢|Ziy = z)| = Op(ar + hg). (C.5)

1<i<N zeC

For any matrix norm (Liitkepohl, 1997, Section 8.4.1, Equation (11)), we have
[Var(Gi| Zie = 2) 7" = Var(Gil Zie = 2) 7! < |Vax(Gil Zie = 2)| 7 [Var(GilZin = 2)| ™!
x |Var(Gi|Zit = z) — Var(G¢| Zy = 2)|. (C.6)
Let us provide a sufficient condition so that the denominators in (C.6) do not matter.

Assumption 17. Let \; ¢(2) be the smallest eigenvalue of Var(Gi|Zy = z). We assume
inf; inf.cc Ai.q(2) > 0.

Under Assumption 17 and recalling (C.5), this provides

sup sup H\//zﬂ(Xit, Gi|Zit = 2)71 = Var(X, G| Ziy = 2)7Y| = Op(ar + hd).

1<i<N zeC
Finally, we get the announced result:

Lemma 7. Suppose that Assumption 2 and 17 hold, and that the processes (Xjt)it,
(Go)t, (XithT)i,t and (G,G/); are Zy—adapted. If N = O(T%) for some & > 0 and
InT/T% = o(hd) for some 6 € (0,1), then

~ InT\1/2
C; - C; =0 — + h2).
s sw|Gi(2) = Gl = Op(g) - +10)
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Apart from a logarithmic factor, the previous convergence rate is standard in kernel

regression. Usual bandwidth selectors can then be safely invoked to choose a convenient
ho.

Appendix D. Figures and Tables
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Figure D.2: A path of actual/estimated factors at 200 dates, in the simulated two factor model of
Section 5.1.
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Figure D.3: Sorted values of the two loadings functions evaluated at z, compared to their corresponding
estimated values
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Figure D.4: An actual/estimated path of the common components, in the simulated two factor model
of Section 5.1.
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Ve Vi Vi Mp  Mp, Mg
r=1 | 1.263 - - 0.082 - -
r=2 | 1.131 1.003 - 0.144 0.092 -
r=3 | 0.999 1.042 0.975 0.135 0.150 0.121

Vlgl V§2 VBZS MBI MBQ MB:;
r=1 | 0.286 - - 0.056 - -
r=2 | 0.384 0.338 - 0.045 0.053 -
r=3 | 0.388 0.298 0.339 0.043 0.063 0.039

VZ Mc,
r=1 0.298 0.070
r=2 0.337 0.081
r=3 0.306 0.071

V)Z( Com
r=1 1.382 0.006
r=2 1.014 0.010
r=3 0.832 0.013

Table D.4: Empirical MSE and variances of factors, loadings and common components.

Monte-Carlo experiment for r € {1,2,3},p = 1 and 100 simulated paths.

Va Vi Vi Mp  Mp Mg
r=1 {0976 - - 0124 - -
r=2 | 1.112 0994 - 0175 0.122 -
r=3 | 1.017 0.971 0.997 0.152 0.169 0.213

Vi, Vi, Vi Mp Mg, Msp,
r=11[0332 - - 0.065 - -
r=2 | 0315 0341 - 0.049 0.055 -
r=3 | 0.386 0.341 0.384 0.126 0.129 0.077

Ve, V&, V&, Mg, Mg, Mg,
r=1 {0335 0.332 0.336 0.074 0.072 0.079
r=2 | 0.341 0.342 0.340 0.081 0.082 0.085
r=3 | 0.304 0.305 0.313 0.076 0.066 0.083

V)Q( Com
r=1 2.612 0.012
=2 2.261 0.017
r—3 2.063 0.016

Table D.5: Empirical MSE and variances of factors, loadings and common components.

Monte-Carlo experiment for r € {1,2,3},p = 3 and 100 simulated paths.
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Figure D.5: Estimated loadings related to the second latent factor, on a grid of mom and ivol values,
for some indexes i (¢ =1 and r = 3)

0.200
0.14
0175
0.12
0.150
0.10
0125
0.08
0.100
0.06
0.075
0.04
0.050
0.02
0.025
0.000 000
~0.0015 ~0.0010 ~0.0005 0.0000 0.0005 0.0010 0.0015 ~0.0015 ~0.0010 ~0.0005 0.0000 0.0005 0.0010 0.0015
mom ivol

Figure D.6: Estimated loadings related to the third latent factor, on a grid of mom and ivol values, for
some indexes i (¢ = 1 and r = 3)

0.0006
0.0005
0.0004
0.0002 -
0.0000 —
0.0000 —_—
~0.0002 ~0.0005
~0.0004
0.0006 ~0.0010
~0.0008
~0.0015
-0.0010
~0.0015 ~0.0010 ~0.0005 0.0000 0.0005 0.0010 0.0015 -0.0015 ~0.0010 ~0.0005 0.0000 0.0005 0.0010 0.0015
mom ol

Figure D.7: Estimated loadings related to the first observed factor (Market excess return), on a grid of
mom and ivol values, for some indexes ¢ (¢ =1 and p = 3)
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Figure D.8: Estimated loadings related to the second observed factor (SMB), on a grid of mom and ivol
values, for some indexes ¢ (¢ = 1 and p = 3)
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Figure D.9: Estimated loadings related to the third observed factor (HML), on a grid of mom and iwvol
values, for some indexes ¢ (¢ = 1 and p = 3)
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