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Abstract

We introduce a novel shrinkage methodology for building optimal portfolios in
environments of high complexity, where the number of assets is comparable to or larger
than the number of observations. Our universal portfolio shrinkage approximator
(UPSA) is given in closed form, is easy to implement, and improves upon existing
shrinkage methods. It exhibits an explicit two-fund separation, complementing the
Markowitz portfolio with an optimal complezity correction. UPSA does not annihilate
the low-variance principal components (PCs) of returns; instead, it optimally reweights
them and produces a stochastic discount factor that substantially improves on its

feasible PC-sparse counterparts.

1 Introduction

Efficient portfolios that optimally balance risk and return play a key role in asset pricing.
However, in practically relevant scenarios involving thousands of stocks and hundreds of
factors, classical estimators of the (Markowitz, 1952) portfolio are severely contaminated by
noise. Despite their stellar in-sample performance, they typically fail out-of-sample and are
often dominated by naively diversified portfolios (DeMiguel et al., 2009). The huge wedge
between their in-sample (IS) and out-of-sample (OOS) performance is driven by estimation

complexity: Since the number of parameters entering the portfolio construction typically



exceeds the number of observations, the Law of Large Numbers breaks down (Didisheim et
al., 2023).1

An established way of reducing the wedge between IS and OOS performance is to optimize
the bias-variance tradeoff through shrinkage. However, existing shrinkage methodologies
either excessively constrain the admissible forms of shrinkage or target restrictive statistical
objectives, such as the estimation error of the covariance matrix. Instead, optimal portfolio
shrinkage should be built to target what investors care about: The OOS performance of the
Stochastic Discount Factor (SDF). Our Universal Portfolio Shrinkage Approximator (UPSA)
is precisely designed to tackle these issues. It is tractable, closed-form, easy to implement,
and universal because it encompasses very general forms of shrinkage and easily adapts to
the specifics of a particular economic objective.

To understand the nature of optimal shrinkage estimators developed in our paper, we
start by noting that the Markowitz portfolio always admits an intuitive decomposition as
a portfolio of principal component (PC) returns. Here, each individual portfolio weight is
given by each PC’s estimated risk-return tradeoff, i.e., the ratio of the PC’s average return
and sample variance. Inspired by the Arbitrage Pricing Theory (APT) of (Ross, 1976),
many papers postulate that only top principal components of asset returns enter the SDF.?
Intuitively, if risk premia are compensations for systematic risk, only risk factors that explain
a large fraction of cross-sectional variation in returns should command non-negligible risk
premia. Hence, low-variance PCs should have sufficiently small risk-premia to be safely
ignored for the purpose of SDF construction.

As we argue in this paper, the above intuition breaks down when one has to estimate
these principal components. Indeed, in realistic situations where the number N of assets
is large, estimated low-variance PCs are strongly corrupted by noise. This leads to two
conceptually distinct effects. First, even when some “true”, unobservable low-variance PCs
may offer a very good investment opportunity with a highly attractive risk-return tradeoff,

statistical limits to arbitrage (Da et al., 2022) and limits to learning (Didisheim et al., 2023)

!For example, when the number of IS periods is smaller than the number of assets, the IS Sharpe ratio
of the Markowitz Portfolio is not even finite.

2Following (Chamberlain and Rothschild, 1982), this assumption can be rationalized formally whenever
the maximum Sharpe ratio portfolio investing in the low-variance PCs has a vanishing variance.



make it impossible to precisely isolate these opportunities out-of-sample. Second, incorrectly
estimated in-sample low-variance PCs may also have significant exposure to the “true”,
unobservable high-variance PCs. In both cases, estimated low-variance PCs might offer
important diversification opportunities for generating out-of-sample portfolio performance.
Therefore, they should not be neglected in high-complexity environments where the number
of assets is comparable to (or even larger than) the number of observations.

Granted that low-variance PCs may offer important diversification opportunities, a nat-
ural question is how should estimated PCs be optimally weighted into a portfolio that delivers
the highest out-of-sample economic value? To tackle this question with a good degree of
generality, we start from a broad family of spectral shrinkage estimators. These functions
transform estimated PC sample variances with some potentially non-linear function f. The
first key question we answer in this paper is how to find the optimal, non-parametric shrinkage
function f that mazimizes the out-of-sample portfolio performance. The second related
important question we answer is about the shape of the optimal shrinkage and whether
it gives rise to SDFs with nontrivial exposure to low-variance PCs.

Finding the optimal shrinkage function f without imposing overly restrictive assumptions
on the shapes of admissible shrinkages or on the covariance matrix of returns may be
challenging. Strikingly, we show that a large class of relevant portfolio shrinkage functions
can be efficiently spanned using a tractable Universal Portfolio Shrinkage Approximator
(UPSA), which is built from a basis of Ridge-penalized portfolios depending on a set of Ridge
penalties.®> The tractability of UPSA comes from the fact that its shrinkage function is given
in closed form and that its computation only depends on the eigenvalues and eigenvectors
of the sample covariance matrix of returns. Therefore, it is computationally scalable to even
very large datasets. In addition, UPSA can be naturally modified to incorporate further
desirable shrinkage features, such as strict positivity and monotonicity. Such a constrained
version of UPSA (CUPSA) is built simply by forcing positivity of all weights of the Ridge-
penalized portfolios, forming the basis for UPSA.

The monotonicity of CUPSA’s shrinkage implies SDFs where the order of the variance

3The class of portfolio shrinkage functions universally approximated by UPSA is the class of continuous
functions vanishing at infinity.



of each PC is the same as the one before shrinking. It also means that sample covariance
matrices associated with a larger estimated risk will imply a larger risk after shrinking. Strict
positivity further ensures that no PC gets eliminated after shrinking, i.e., CUPSA produces
as Ridge a soft shrinkage thresholding and SDFs that are not sparse. These properties are
essential for the ability of CUPSA to leverage information in low-variance PCs efficiently. In
contrast, hard shrinkage thresholding violates both monotonicity and strict positivity, giving
rise to sparse SDF's that implicitly assign an infinite risk to some low-variance PCs.

By construction, the CUPSA portfolio is equivalent to an optimal allocation, which
distributes wealth across a family of Ridge-shrunk portfolio funds and is subject to a short-
selling constraint on each fund. Therefore, CUPSA also has the interpretation of a Bayesian
optimal portfolio, which extends the standard interpretation of Ridge-shrunk portfolios in
the literature. While Ridge-shrunk portfolios are the optimal Bayesian portfolios of an
investor with a Gaussian prior with scalar covariance matrix on expected returns, the CUPSA
portfolio is the optimal Bayesian portfolio of an investor with a mixture of Gaussian prior on
expected returns. In this interpretation, the CUPSA weights in each Ridge-shrunk portfolio
are the corresponding probabilities in the Gaussian mixture prior, thus incorporating richer
forms of prior uncertainty about expected returns. From this point of view, the superior
performance of CUPSA portfolios relative to standard Ridge-shrunk portfolios may also be
attributed to their ability to incorporate prior uncertainty about expected returns.

To emphasize the link between CUPSA and SDF estimation in our empirical analysis,
we investigate the performance of CUPSA on a large set of managed portfolios from (Jensen
et al., 2023), which are commonly thought to span a significant part of the risks in the SDF.
We build several natural benchmarks for the CUPSA portfolio. The first is a simple Ridge-
shrunk portfolio, in which the Ridge penalty is optimally selected through cross-validation.
The second one is a Markowitz portfolio with a covariance matrix shrunk following the classic
covariance spectral shrinkage approach in (Ledoit and Wolf, 2017). The third is a portfolio
that incorporates both PC sparsity and Ridge shrinkage following (Kozak et al., 2020). In
all our experiments, we find that CUPSA achieves a higher OOS Sharpe ratio than these
three alternative methods. The associated SDF leads to lower out-of-sample pricing errors

(Didisheim et al., 2023). Furthermore, when stratifying the anomalies in (Jensen et al.,



2023) into 13 themes, the CUPSA-SDF achieves significantly lower pricing errors across all
of them.

To understand the origins of this out-performance, we use random matrix theory and
derive an explicit connection between UPSA and the standard estimator of the efficient
portfolio. The difference between the two is determined by the model complexity ¢ = N/T
(number of assets/number of observations), as in (Kelly et al., 2022; Didisheim et al., 2023)
and the covariance structure of our asset universe. High complexity ¢ > 0 is responsible for
the breakdown of the law of large numbers, leading to a divergence between the in-sample and
out-of-sample moments. We find that CUPSA dominates alternative shrinkage estimators
by diversifying and smoothing out the choice of the optimal shrinkage parameter across the
multiple Ridge-shrunk portfolios from the UPSA basis.

To account for a potential non-stationarity, we train our shrinkage estimators using a
rolling window; as a result, the selected shrinkage parameters fluctuate over time. Interest-
ingly, we find that the time series average of CUPSA weights across Ridge penalties closely
emulates the unconditional distribution of the time-varying optimal Ridge penalty across
time. The single-Ridge-penalty shrinkage naively attempts to adjust to non-stationarity,
with an optimal penalty oscillating substantially throughout the sample. In contrast, CUPSA
shrinkage better adjusts to non-stationarity by diversifying and smoothing across multiple
Ridge penalties to construct the optimal portfolio shrinkage.

To understand the role of low-variance PCs for portfolio performance, we investigate the
behavior of all shrinkage methodologies by gradually increasing the number of estimated
PCs used for portfolio construction. We find that the out-of-sample outperformance of the
CUPSA SDF* monotonically increases with the number of PCs we allow it to incorporate.
This monotonic pattern persists even after including the lowest-variance PCs and highlights
a novel form of shrinkage-based virtue of complexity, consistent with earlier findings in (Kelly
et al., 2022; Didisheim et al., 2023).

This pattern of outperformance is corroborated by a hump-shaped dependence of the

portfolio Sharpe ratios on the number of PCs that we observe for all shrinkage methods.

4Outperformance is measured as the t-statistic of alpha (equivalently, the information ratio) from a multi-
variate regression of the CUPSA portfolio returns on a battery of alternative shrinkage estimators as well as
standard factors.



That is, there exists an ez-post optimal number of PCs (henceforth, the saturation point)
maximizing the out-of-sample portfolio performance. Contrary to previous empirical findings
(see, e.g., (Kozak et al., 2020)), this ex-post “degree of PC-non-sparsity” is large (around
30 PCs). The power of the CUPSA methodology becomes apparent from the behavior
of Sharpe ratios past the saturation point. We find that the performance of alternative
shrinkage methodologies deteriorates quickly once we include lower-variance PCs because
they cannot weigh these PCs efficiently. By contrast, UPSA performance stays essentially
flat, and including lower-variance PCs does not hurt it. These findings naturally lead to the
question: If sparsity is optimal ex-post, can one design an algorithm to find it ex-ante? Our
extensive analysis suggests that empirically finding the “right” degree of sparsity that works
well out-of-sample is challenging. These results indicate that the conventional APT wisdom
advocating SDF-sparsity in the PC space might face significant difficulties associated with
estimating the true factor structure of returns in the presence of complexity; as a result, a
rational investor might be better off using all PCs combined optimally using smart, non-linear

shrinkage.

2 Literature Review

Our work belongs to several large strands of literature that we outline below.

Covariance estimation: By its nature, our UPSA approach builds on a universal
approximation of a large class of nonlinear shrinkage procedures for the covariance matrix of
asset returns, which is directly applicable for optimizing a portfolio formation criterion. As a
by-product of our methodology, we obtain an optimal nonlinear spectral shrinkage estimator
of this covariance matrix, in which a corresponding shrinkage function optimizes the given
portfolio objective.

Spectral shrinkage estimators of covariance matrices have a long tradition in statistics
and have been studied by several authors in a number of important contributions. The main
idea of spectral covariance matrix shrinkage was introduced in the influential lecture notes
by (Stein, 1986) and is based on estimators that only transform the eigenvalues, but not the

eigenvectors, of the sample covariance matrix. A pioneering contribution in this area is the



linear shrinkage estimator of (Ledoit and Wolf, 2004b), with its applications in finance to
the estimation of, e.g., minimum variance (Ledoit and Wolf, 2003) and tracking (Ledoit and
Wolf, 2004a) portfolios. In a series of further path-breaking papers, (Ledoit and Wolf, 2012),
(Ledoit and Wolf, 2015), and (Ledoit and Wolf, 2020) proposed various optimal non-linear
spectral shrinkage estimators exploiting the random matrix theory techniques introduced in
(Ledoit and Péché, 2011). These estimators are designed to be asymptotically optimal (as
N, T — oo, N/T — ¢) for minimizing the Frobenius distance from the unknown covariance
matrix or, equivalently, for minimizing the portfolio return variance (Ledoit and Wolf, 2017).°
They are derived from the optimal shrinkage implied by random matrix theory, which is given
by a function of the limit distribution of sample eigenvalues that are estimated consistently
using nonparametric methods.

We crucially depart from the above approaches by introducing a universal approximator
for a broad class of shrinkage functions that are analytically tractable and easily adaptable to
optimize a quadratic portfolio objective, such as a (Markowitz, 1952)-type criterion®. Instead
of trying to recover the (potentially complex) form of the asymptotically optimal shrinkage
and then trying to estimate it consistently, we directly optimize the out-of-sample portfolio
utility using our universal approximation”. This makes our approach explicitly designed for
portfolio optimization and asset pricing. Importantly, while our optimal portfolio estimator
depends on a corresponding spectral shrinkage estimator of the returns’ covariance matrix,
the associated optimal shrinkage also incorporates information from average returns when-
ever the optimized out-of-sample portfolio utility does. In this way, our approach optimally
adjusts to effectively shrink in-sample estimated asset Sharpe ratios to maximize out-of-
sample portfolio performance. To our knowledge, this portfolio shrinkage approach is novel
and has never been studied in the literature before.

SDF estimation with PCs: Motivated by the emergence of the factor zoo (see (Cochrane,
2011), and (Harvey et al., 2016)), many papers attempted to find a characteristics-sparse

®The Frobenius distance measures the Euclidean distance between two matrices A, B: ||A — B||%, =
(Aij — Bij)*.
67In the context of linear shrinkage for portfolio optimization, (Pedersen et al., 2020) emphasize the
significance of selecting the correct mean-variance objective.

"As (Didisheim et al., 2023) show, when properly defined, minimizing the (Hansen and Richard, 1987)
OOS distance is equivalent to maximizing the Sharpe ratio of the SDF.

2



representation of the SDF.® Recent research, based on the ideas of APT, proposed instead to
look for a PC-sparse representation of the SDF constructed from a few (typically, less than
six) principal components of factors. See, for example, (Kozak et al., 2018), (Kozak et al.,
2020), (Lettau and Pelger, 2020), (Kelly et al., 2020), (Gu et al., 2021), (Bryzgalova et al.,
2023b), (Giglio and Xiu, 2021).

Of particular relevance to us is the paper (Kozak et al., 2020), which argues that a
good SDF approximation can be constructed by selecting the top few PCs of factors and
applying simple Ridge shrinkage to their covariance matrix. Thus, the SDF is sparse in
the space of PCs. In this paper, using a different dataset (we use 153 factors from (Jensen
et al., 2023)), we find that low-variance estimated PCs are important contributors to SDF
performance. The out-of-sample out-performance increases monotonically in the number of
PCs. Furthermore, our non-linear shrinkage methodology dominates the simple Ridge. While
the latter corresponds to a prior with a fixed degree of uncertainty, our optimal shrinkage
may be interpreted as capturing heterogeneous beliefs of investors with varying degrees of
prior uncertainty.

Several recent papers argue that the emergence of the factor zoo is associated with the
existence of the so-called weak factors, whose risk premia are too small to be efficiently
identifiable ¥. To address the weak factor problem, (Lettau and Pelger, 2020) develop a novel
covariance shrinkage methodology called Risk Premium PCA (RP-PCA). This methodology
still advocates a PC-sparse SDF but with PCs computed for the shrunk covariance matrix.
This shrinkage introduces an important bias in the PCs, tilting them towards the vector of
their sample means. In particular, their estimator does not belong to the spectral family. The
RP-PCA aims to correct the bias (induced by complexity ¢ = N/T > 0) in estimating PCs.
(Lettau and Pelger, 2020) prove that this bias correction is indeed efficient for high-variance
PCs but cannot be used to fix low-variance PCs because they are severely contaminated
by noise; hence, they build their SDF from a few bias-corrected top PCs. By contrast,
our approach keeps all of the original PCs (including the low-variance ones) and, instead,

re-weights them optimally through eigenvalue shrinkage. These low-variance PCs matter

8See, e.g., (Fama and French, 1993), (Hou et al., 2015), (Fama and French, 2015), and (Barillas and
Shanken, 2018).
9See, e.g., (Bryzgalova et al., 2023a), (Preite et al., 2022)



precisely because they capture the exposures to the weak factors. Shrinkage corrects some
of the bias in estimating these weak factor risk premia.

Statistical Pricing Frictions and Complexity: Our paper also addresses statistical
limits to efficient estimation in Finance. It is particularly suited for dealing with situations
where the number of model parameters and training samples are of the same order of
magnitude. A sequence of recent papers shows how classical statistical theory needs to
be adjusted when dealing with such situations of estimation complexity. See, (Martin and
Nagel, 2021), (Kelly et al., 2022), (Da et al., 2022), and (Didisheim et al., 2023). In particular,
(Martin and Nagel, 2021) emphasizes the importance of employing both shrinkage techniques
and out-of-sample (OOS) testing in Bayesian high-dimensional models. Similarly, (Kelly et
al., 2022) and (Didisheim et al., 2023) highlight theoretically and empirically the advantages
of complex models in asset pricing for achieving superior out-of-sample performance. This
holds both for forecasting asset returns (Kelly et al., 2022) and constructing SDFs (Didisheim
et al., 2023). Our paper contributes to the literature on complexity by introducing a
robust shrinkage methodology to mitigate high-dimensional noise. Furthermore, we offer
an unbiased estimator for OOS performance, aiding in model selection and helping to bridge

the complexity wedge (Didisheim et al., 2023) between in-sample (IS) and OOS performance.

3 Optimal Portfolio Shrinkage

We consider a set N of assets (factors) whose excess returns follow a stochastic process
F, € RY, t > 0. In a perfect information environment, an economic agent maximizing

quadratic utility*°
s T 1 T\ 2
U<Rt) = R — §<Rt) (1)
of portfolio returns

Rf = 7'F, (2)

10ur analysis is readily applicable to non-quadratic utilities. However, in these cases, the starting point
for shrinkage deviates from the traditional Markowitz solution. Instead, the function f should be applied to
the IS solution derived from the non-quadratic utility.



would select the efficient portfolio

., = E[FF|'E[F], (3)
achieving the expected utility

BIU(R)) = SBIFYEFF)ELEF). ()

A real-world economic agent with access to T in-sample observations of F; can instead

compute finite-sample moments
1
n "o /
E[FF| = — ;FtFt
1
E[F] = = > R,
t=1
and construct a simple, empirical counterpart of (3), given by
7 = E[FF|'E[F]. (6)
The corresponding in-sample (IS) utility is given by
_ 1 - _ _
SSUR]) = SEFVEFF)EIF), (7)
while the out-of-sample (OOS) expected utility is given by
w99 = E[U(R)], t > T. (8)

When N/T # 0, complezxity leads to a breakdown of the law of large numbers, and empirical

and theoretical moments diverge,

E[F] 4 E[F], E[FF'] 4 E[FF]. (9)

10



The exact out-of-sample behavior of (6) depends on subtle properties of the stochastic process
F;. When F; are independent and identically distributed over time, random matrix theory
methods can be used to characterize these quantities in the limit when N, T — oo, N/T — c.
See, (Didisheim et al., 2023). The key insight from these theoretical results is that, for ¢ > 0,

there is a potentially large complexity wedge
Wedge = a4 — u?°% > 0. (10)

(Didisheim et al., 2023) refer to this wedge as limits to learning and show how this wedge orig-
inates in the misestimation of factor moments (9). The common approach in the literature
for dealing with this misestimation is the shrinkage of the covariance matrix.

Let E[FF'] = U diag(\)U’ be the eigenvalue decomposition of the empirical covariance
matrix, and Rf C = U/F; be the returns of these principal components. We also use RI’¢ =
E[RFF] to denote the in-sample mean returns of these PCs. In this case, we can rewrite

portfolio returns as

N —

ZR £ (11)

In other words, the estimated efficient portfolio return is the sum of PC returns, with each
PC weighted by its estimated risk-return tradeoff. Empirically, when N is large enough, we
often observe that these tradeoffs, —— R , are very large for small \;. As a result, the estimated
efficient portfolio severely overwelghts low-variance PCs, leading to poor OOS performance.

A common approach for dealing with instabilities induced by small eigenvalues is to use the

Ridge-penalized covariance matrix (see, e.g., (Kozak et al., 2020), (Didisheim et al., 2023)),
7(2) = (2 + E[FF'))'E[F), (12)

leading to the following decomposition of portfolio returns:

7(2) 2: R pc R 1 PC
Rﬂ-z = v R - . R . 13
t N\ 42 — N T+z/N gk (13)

11



The formula (13) shows how a Ridge penalty acts as a “soft” thresholding of the eigenvalues,

with the shrinkage factor effectively annihilating the contributions of low-variance

_1
1+Z/>\i

PCs. Two limiting cases of Ridge shrinkage are lim z — 0 (the so-called Ridgeless case)

lim7(z) = (E[FF))*E[F] (14)

z—0

where (E[FF'])* is the pseudo-inverse of the covariance matrix. When N < T', the Ridgeless
portfolio is equal to the Markowitz portfolio (11). The infinite Ridge limit z — oo, converges
to the simple “momentum” portfolio (for example, see (Arnott et al., 2023) and (Gupta and
Kelly, 2019)) that completely ignores the covariance matrix and invests proportionally to
in-sample mean returns:

lim z7(z) = lim (1 + z'E[FF))'E[F] = E[F]. (15)
By varying z between 0 and oo, we span a spectrum of potential SDF's. Initially, with no
shrinkage, the covariance matrix and all its associated noise have a direct impact on the
optimal portfolio. As we progress towards full shrinkage, this influence wanes. Ultimately,
in the full shrinkage regime, the covariance matrix is completely disregarded, with only the
means playing a significant role.

Motivated by the Arbitrage Pricing Theory (APT) of (Ross, 1976), some papers (see,
e.g., (Kozak et al., 2020)) use hard thresholding of eigenvalues, only retaining top principal
components in (13) (see (Chamberlain and Rothschild, 1982) for the underlying theory).
This “one-size-fits-all” shrinkage approach is potentially highly inefficient. Ideally, we would
like to have an estimator that optimally defines the contribution of each PC based on its
estimated OOS risk-return tradeoff. The goal of this paper is to develop such an algorithm.

Formally, an estimator that only shrinks the weights of all PCs in (13) without modifying
the PCs themselves is commonly referred to as a spectral shrinkage estimator. This class
of estimators was introduced in the influential paper by (Stein, 1986). A generic spectral

shrinkage estimator is defined by a function f applied to the eigenvalues of the sample

12



covariance matrix, whereby E[FF'] is replaced with

JEIFF)) = Udiag(f(\)U". (16)

Let

m(f) = JE[FF)) E[F] (17)
N———

shrunk inverse covariance matriz

be the f-spectral shrinkage estimator of the (feasible) efficient portfolio E[F F')"'E[F]. Then,

we can rewrite portfolio returns R;(f) = Rf(f ) as
N —
R(f) = #(fYF =)  fO)R RIS (18)

— —_—
=1 shrunk PC weights

We can now formally define the optimal spectral shrinkage estimator.

Definition 1 (Optimal Non-linear Shrinkage) Let Fjs = {F}, -+, Fr} be the in-sample
factor returns. The optimal spectral shrinkage estimator is a function f: R x RV*T R,

such that f(X\; Frs) solves the OOS utility mazximization problem
max EU(R(f))] , t>T. (19)

The key aspect of the optimal spectral shrinkage is the dependency of the non-linear
function f on the in-sample observations Fjg. Thus, while the actual function f(-; Fig)
applied to the eigenvalues of E[F F'] has only one argument A € R, the shrinkage operator, f,
has, in fact, NT'+1 arguments.'’ With stationary data and low complexity, when N/T — 0,
Lemma 7 implies that shrinkage is sub-optimal and, hence, the optimal f(\; Frs) = A is
independent of the in-sample data. However, some shrinkage is always optimal'? when

c=N/T > 0.

11 (Stein, 1986) introduced the infeasible optimal spectral shrinkage for the Frobenius norm objective. This
infeasible estimator depends on both the in-sample data and the true, unobservable covariance matrix of
F. In the online Appendix, we derive an analog of Stein’s infeasible estimator for the portfolio optimization
problem (19).

128ee Corollary 4.
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To approach the problem of finding the optimal shrinkage, we first need to compute
the expected OOS utility in (19), which seems impossible because neither E[F| nor E[FF']
are observable. To overcome this issue, we follow an indirect approach and compute an
approximation based on a classical technique known as Leave-One-Out (LOO). LOO is
based on a simple observation that when F; are independent and identically distributed, one
can compute an unbiased estimate of the OOS performance of a portfolio by dropping any
observation ¢ and then evaluating OOS performance on that removed observation. For any

t, define the LOO estimators of the empirical moments as follows:

_ 1

Ery[FF'| = — > FRF
T#t,1<7<T

1 (20)

Eri[F] = = F,.
T’t[ ] TT#,12<:T<T

Given these LOO estimators of the empirical moments, we can define the analog of the

spectral shrinkage estimator (17):
Tri(f) = [(BraFF])Ery[F]. (21)

The dropping of the observation F; allows us to evaluate the OOS performance, 7r(f) Fy,
while staying within the in-sample data F,,7 € [1,7]. Our ultimate objective is to mea-
sure the expected OOS performance of 7(f). To achieve this goal, we can build unbiased
estimators of OOS moments of R;(f) = @(f)'F; by averaging the realized performance of

7r:(f) Fy across t, as is shown in the following lemma.

Lemma 1 Suppose that F; are interchangeable/exchangeable sequence. Let

Rri(f) = Tru(f)F, t=1,---,T. (22)
Then,
USS() = 3 S UReA1) (25)

14



1s an unbiased estimator of OOS expected utility:

E[UR(])] = E[UL66()] (24)

where, t > T.

The formula (24) motivates the following feasible version of the infeasible problem (19).'?

Definition 2 (Optimal Non-linear Feasible Shrinkage) The optimal feasible spectral

shrinkage estimator is a function f solving the utility mazximization problem
max UE55(f) (25)

The formula (25) defines a feasible, directly observable objective for optimal shrinkage.
However, at first sight, the maximization problem (25) still looks complex. Indeed, even
computing the objective requires evaluating the function f on the eigenvalues of T' different
matrices Ep[FF'], t = 1,---,T. The main theoretical result of our paper is an explicit,

tractable, analytical solution to (25) that we derive in the next section.

4 Universal Portfolio Shrinkage Approximator

We now briefly switch our focus to the Ridge shrunk efficient portfolio. Our first key insight

is that one can rewrite the feasible OOS expected utility estimator (24) for f.(\) = Z}N\ in

terms of the inverse of just one matrix, E[FF']. Let

7. (f.) = (BEr [FF]+ 1) ' Ep,[F] (26)

13 An important theoretical question is whether the estimator Ugoog (f) is consistent: Is it true that, as T —

00, U9SS(f) — E[U(Rr(f))] in probability. Such a result would imply that maximizing USSS5 () directly
is equivalent to maximizing the true out-of-sample expected performance. The literature has established
such a result for LOO estimators for the linear regression problem. See, e.g., (Hastie et al., 2019) and (Patil
et al., 2021). Establishing it for the utility maximization problem in our setting is technically more involved
but can be achieved using the results from (Didisheim et al., 2023). We leave this important question for

future research.
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be the (21) estimator for f,(\) = Z%\ and Ry (f.) the corresponding portfolio return (22).

The following lemma provides an explicit link between LOO and simple in-sample returns.

Lemma 2 (LOO Ridge Performance) We have

Rdf)= o @D - ). (27)
N——— over fit

complexity multiplier

where, R,(f.) is the in-sample return at time T,

RT(fZ) - 7_T(fz)/R” T <T, (28)
and
Ur(2) = ZFL(T + BFF))'F,. (20)

The quantity ¢, plays a key role in our analysis. It is responsible for complexity corrections,
originating in the high dimensionality of F;, when number of assets is comparable to number
of observations. Complexity corrections manifest themselves through the two terms in (27).
The overfit term accounts for the fact that the in-sample mean of the efficient portfolio
return overestimates the true mean. The complexity multiplier accounts for the fact that
the in-sample covariance matrix underestimates the true amount of risk in the portfolio. By
a direct calculation based on the Sherman-Morrison formula, we have that ¢,(z) € (0,1)
and, hence, the multiplier #T(Z) is always above one, showing precisely by how much true

out-of-sample variance is higher than the in-sample variance.'* One can derive the following

bound for ;.

Lemma 3 Let ¢ = N/T be the model complexity. Assuming all factor returns, F;, are

14We have

o = T~'F!(2I + Er,[FF'])"'F, (30)
T 14+ T-F/ (2 + Er,[FF))-'F,

16



bounded by a constant K in absolute value. Then,
V. (2) < min{l,z ' cK?}. (31)

In particular, 1, vanishes when c is small.

The key insight from Lemmas 2 and 3 is that, when complexity is large, estimation errors
accumulate across N factors, leading to a breakdown of the law of large numbers: Even when
T is large, errors may stay significant, proportional to ¢ = N/T. The difference between the
fully in-sample return R,(f,) and the out-of-sample return Ry, (f,) comes from two effects.
First, R.(f.) has a higher mean in-sample return than the OOS Ry, (f.) because of the overfit
term in (27). Second, it has a lower in-sample volatility due to the complexity multiplier in
(27). Both effects imply that, without accounting for complexity corrections, the in-sample-
based estimates might give a biased, overly optimistic view of the performance of efficient
portfolios and their risk-return tradeoffs. The bias and the underestimation of risk can be
severe when the complexity ¢ = N/T is large.

Our next key observation in this paper is that the simple algebraic structure of (27)
allows us to compute all expressions analytically, only involving the full sample covariance
matrix E[FF']. It then seems natural to extend our analysis from the single Ridge function
f-(A) to functions representable as linear combinations of the simple Ridge. One important
issue with combining Ridge portfolios with different values of z is that their scales (and,
hence, volatilities) differ drastically because f,(\) ~ 1/z. In order to deal with this scale

heterogeneity, we introduce normalization constants

~ tr(E[FF')) +
¢, =N 1r< [7 ]), z (32)
v tr(E[FF)
The constant  tr(E[FF']) = + SV IF|? is the average in-sample second moment of
factors. Using the crude approximation E[FF'| ~ + tr(E[FF'])I, we get
_ _ L tr(E[FF]) + 2 1 1
JAE[FF)) = c.(2I+E[FF))™" ~ & - “(2I+— tr(E[FF)))™ =
(33)
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implying that, under this approximation, the scale of c,f,(E[FF']) is independent of z'°

We can now introduce the relevant ridge ensembles.

Definition 3 Let Z = (2;)L, be a grid of Ridge penalties, and W = (w;)~, a collection of
weights.

L
Z+)\ P 34
fZW ; Z w ( )

R'Ldge weight

We refer to F(Z) = {fzw(\) : W € REF} as the Ridge ensemble, and to Fo(Z) =
{fzw(\) : W € SE} as the constrained Ridge ensemble, where ST = {W € RL, SN w;/c,, =

1),

The Ridge ensemble is a rich, parametric family of functions. Since the functions f from
this ensemble are linear in W, the OOS utility estimator (25) is quadratic in these weights,

as is shown by the following result.

Lemma 4 Let

MZ) = (%ZRTt(fz)) c R-
o = (35)

S(Z) = (%ZRT,t(fz)RT,t(fzj)) e RV

,j=1

to be the LOO-based estimators of the OOS means and covariances of the Ridge components

of the Ridge ensemble. Then, we have

RTT fZW ZwZRTT f2). (36)
Therefore, the feasible estimator (25) of the OOS wutility is given by

U9SS (Fzw) = W'R(Z) — 05W'S(Z)W . (37)

15The desired effect could be achieved with any scaling factor ¢, that is proportional with z. Specifically,
choosing ¢, = z aligns precisely with the actions of a Bayesian agent. For further details, see Lemma 6.
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Lemma 4 shows how the OOS utility can be computed explicitly in terms of the estimated
OOS moments (35). As a result, Lemma 4 implies that finding the optimal spectral shrinkage
inside the Ridge ensemble amounts to solving the OOS (based on LOO) Markowitz problem,
with the original N-dimensional vector of asset returns F; replaced with the L-dimensional
vector of shrunk LOO returns, (Rr(f.,))%,, i =1,---, L. This simple asset space transfor-
mation implies that the optimization problem (25) admits an explicit, interpretable, closed-
form solution if we restrict the class of functions f in (25) to F(Z). We refer to this solution
as (Constrained) Universal Portfolio Shrinkage Approximator, (C)UPSA. Formally, we define
the UPSA and CUPSA estimators as solutions to the following (constrained) versions of (25):

fupsa = arg max Upss (f)
(38)
— arg max UY9S
feupsa gfe]—'c(Z) LOO (f)

The key implication of the above discussion is that the non-parametric optimization over

functions in (38) is equivalent to a closed form, explicit optimization over weight vectors W.

Theorem 1 (UPSA and CUPSA) We have

Jupsa(N) = fzwypsa(N),
fCUPSA(A) = fZ,WCUPSA()\)

with

Wupsa = X(2)"'i(2)
] (40)
WCUPSA = arg max (W’ﬂ(Z) - O5W’E(Z) W) .
wesk
The name “Universal Approximation” naturally leads us to the question: How rich is
the Ridge ensemble? What kind of non-linear functions can be approximated with functions

from F(Z) and Fo(Z)? It turns out that these ensembles have a universal approzimation

property, as is shown by the following lemma.
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Lemma 5 Any continuous function f(x) on a compact interval can be uniformly approxi-
mated by a function f € F(Z) if the grid Z is sufficiently large and dense.

Furthermore, for any matriz monotone-decreasing function'® with \f(\) being uniformly
bounded for A\ > 0, there exists a unique constant, k.(f) > 0, such that k.(f)f(\) can be
uniformly approzimated on compact subsets of (0,+00) by a function f € Fo(Z) if the grid

Z is sufficiently large and dense.

Lemma 5 justifies the term “Universal Approximation.” Since any non-linear shrinkage f
can be approximated by a Ridge ensemble, the economic agent maximizing any utility func-
tion can achieve approximately optimal performance by using a combination of shrinkages

from the Ridge ensemble.

Corollary 2 (The Universal Approximation Property) Let

() = argmax{USS5(f): f is continuous}

fa\) = argmax{USS55(f) : f is matriz monotone,sup |Af(N)| < oo, and rk.(f) = 1}

A>0
(41)
Then, for any e > 0, we can make the grid Z sufficiently large and dense, so that
UpSs (fupsa) = UG (ff) — ¢ (42)
Urso (foupsa) > URss (fé) —

Simply put, the Universal Approximation Property implies that the simple Ridge shrink-
age functions can serve as a basis for approximating arbitrary, non-linear shrinkage estima-
tors. The result for CUPSA is particularly important. Indeed, requiring that the shrinkage
function belong to the class of matrix monotone functions imposes natural, economic risk-
taking constraints on the shrinkage estimator. Effectively, it requires that any increase in the
realized risk E[F F'] should be associated with lower risk-taking, represented by f(E[FF']).
The normalization ), w;/c,, = 1 (which is equivalent to x.(f) = 1) ensures that CUPSA

16 A function f is called matrix monotone decreasing if f(A)— f(B) is positive semi-definite whenever B— A
is positive semi-definite. It is known that any function f € Fo(Z) is matrix monotone decreasing. The fact
that the converse is true is highly non-trivial and follows from the celebrated (Lowner, 1934) theorem.
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shrinks eigenvalues by building a convex combination of the rescaled simple Ridge shrinkages
¢z, [ Since foupsa is always positive and monotone increasing in A, it preserves positivity
and the order of the empirical eigenvalues. Economically, this means that estimated PCs with
high in-sample risk are assigned a higher, positive denominator in their “shrunk” risk-return
tradeoffs in the decomposition (18).

The closed-form solution of Theorem 1 provides a tractable characterization of the solu-
tion in terms of the variability in performance among the individual components of the Ridge
ensemble. Namely, non-linear shrinkage is only optimal when the Ridge portfolio returns
Ri(f.,), i=1,---, L exhibit a sufficient amount of variability in risk-return tradeoffs across
z;. It is this variability that produced potential diversification gains, implying that combining
multiple Ridge penalties is beneficial. In other words, provided that the momentum portfolio
(15) and the Markowitz portfolio (14) are sufficiently different (diversification benefits across
assets) then there should also be a benefit to Ridge shrinkage diversification and NLS.

4.1 Implications of Complexity

The gain from using the Ridge ensemble is determined by the diversification benefits from
using the optimal Ridge weights in (40). The formula (27) implies that to understand these
benefits, we need to study the behavior of ¥,(z). Although ;(z) typically varies with ¢, it is
possible to apply asymptotic principles from Random Matrix Theory to eliminate this time

dependence. We will need the following result from (Didisheim et al., 2023) to achieve this.

Proposition 3 ((Didisheim et al., 2023)) Suppose that F; = A + U/2X,, where X, are

1.1.d. mean zero, unit-variance variables with uniformly bounded forth moments, and the

RNXN

eigenvalue distribution of W € converges as N — oo. Then, the limits

m(—z;c) = N7T_>Oloi’mN/T_>CN’ tr((E[FF )+ 21)7") )
W(zye) = lim i (2)

N,T—o00, N/T—c

exist in probability and are independent of t and of the expected risk premia vector .
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Furthermore, the asymptotic overfit is given by
U(zic) = c(l —zm(=z;c)). (44)

4.1.1 Optimality of Non-Linear Shrinkage

Proposition 3 allows us to drastically simplify the calculations of (35) and highlight explicitly
how complexity impacts the optimal non-linear shrinkage. The first consequence is that we

can now show the following Corollary:

Corollary 4 (Non-Zero Shrinkage is Always Optimal) Under the hypothesis of Propo-

sition 3,

sup Ui (f2) > Ui6o (o). (45)
and the supremum is always achieved for some z, > 0. The gains from ridge shrinkage are

(=20(0:0)+4(0,0)%)
bounded from above by 0.5 A-0002

Corollary 4 establishes optimality of Ridge shrinkage, contingent upon a non-zero overfit
¥ (z;¢). By Lemma 3, the magnitude of the overfit is controlled by the complexity ¢ = % > 0.

In scenarios where 1(z; ¢) is close to zero, the benefits of shrinkage evaporate.

4.1.2 Two-Fund Separation

Corollary 4 shows that some form of shrinkage is always optimal. This raises the question:
Do we really need the whole Ridge ensemble to construct UPSA; or is a single, optimally
chosen z, sufficient? The following Theorem provides an answer to this question, deriving

the optimal UPSA weights.

Theorem 5 (Two-Fund Separation) Under the hypothesis of Proposition 3, suppose that
2o = 0+ (so that Ridgeless, (14), is the first element of the Ridge ensemble). Let ¢(Z) =
(1h(zi;¢))f2, be the vector of overfits for different values of z, and X1s(Z) = (E[R(f=,)R(f-,)])F=1
the in-sample Ridge covariance matriz. Let also §,, = (1,0,---,0) € RE, and let D(Z) =

diag( ) € REXEbe the complexity multiplier. Then, for some explicit constants o, 3 >

1
1=9(2)
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Wopsa = ab,, + BD(Z) 'S1s(Z) "(2), (46)

so that the UPSA efficient portfolio return is given by

T(fursa) = a 7@(fo) + 08 jﬁ/ 7 47)
Markowitz complexity correction

where

o= wf) (D2)'Ss(2)(2)(E). (48)

——
2€2 Ridge portfolio (12)

Theorem 5 implies a surprising result: Even in a fully stationary, i.i.d. environment
with constant risk premia, complexity leads to a systematic deviation from the conventional
efficient portfolio theory, with a closed-form correction defined by the vector of overfits, ¥(Z2).
By Proposition 3, this vector of overfits depends exclusively on the eigenvalue distribution
of the true (unobservable) asset covariance matrix, E[FF’|. The extent of this adjustment is
critically linked to the magnitude of the overfit and the corresponding complexity corrections
(see Lemma 2). Greater complexity necessitates a more substantial adjustment to the in-
sample Markowitz portfolio. In the high complexity regime when ¢ = N/T is large, 7% in (47)

dominates, tilting the optimal portfolio further away from the naive, in-sample estimator.

4.2 Economic Interpretations of CUPSA

CUPSA, the constrained version of UPSA, imposes discipline on the individual Ridge weights,
minimizing instabilities due to potential degeneracies in the Ridge covariance matrix :(Z2)
in (35). As we now explain, the constraint of nonnegative weights summing up to one (see
Definition 3) implies an important interpretation of CUPSA as a form of Bayesian posterior,
aggregating a dispersed prior.

We follow (Kozak et al., 2020) and note that the Ridge-penalized optimal portfolio is, in

fact, optimal for an economic agent who (irrationally) believes that the estimated covariance
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matrix E[FF'| — E[F|E[F] is correct (that is, the agent believes that E[FF'| — E[F|E[F] =
E[FF'] — E[F]E[F]'), but is uncertain about the mean vector E[F].}” Here, we extend this

observation to a special case of the F(Z) ensemble.

Lemma 6 Consider an economic agent who (irrationally) believes that ¥ = E[FF'] —
E[F|E[F) = E[FF'] — E[F|E[F]'. She only cares about the mean, building a portfolio
proportional to the posterior mean estimate, ™™ = E[Fr,1|Frs]. The agent believes that
Fy, = pu+ & where e, ~ N(0,%) is i.i.d., and the prior on u is a Gaussian mizture: [ is

sampled from N (0, z 1) distribution with probability (w;/z;)/w, where w = 3 (w;/z;). Then,

ElulFys] = % > wi(al + %) B[] (49)

Note that the behavior of the Bayesian agent in the above lemma is in line with CUPSA

(Theorem 1) when ¢,, = z;. This is because

L.
WlFrs] = > e (il + D) E[F), (50)

Cz;

=1 v
where w; = w;/w. By construction Y-, o+ = 1, hence the constraint for the CUPSA

ensemble, Fo(Z), is satisfied. In economic terms, the rational Bayesian agent’s posterior
should not scale with uncertainty (z;). If uncertainty about the prior is large she should
use the sample mean as the posterior estimate. This rationale guides our decision to design
CUPSA as scale-independent.

The Gaussian mixture prior from Lemma 6 can be viewed as an extension of the simpler,
single—z prior in (Kozak et al., 2020). It is intuitive to expect that a typical market
participant does not have a strong view of the exact degree of uncertainty about the mean
vector pu, justifying the mixture prior. Alternatively, CUPSA can also be interpreted as an
aggregation of beliefs of market participants with diverse degrees of prior uncertainty. One
could imagine that an over-confident hedge fund manager who believes in outperforming

the market would use a small 2z reflecting a tight prior, while a risk-averse retail investor

"In Appendix C, we offer an alternative, richer setting for bayesian updating.
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might have a more dispersed prior. In equilibrium, (49) might represent the “true” expected
returns aggregating these diverse priors and reflecting the strong heterogeneity of market

participants.

5 Empirics

5.1 Data

We utilize the monthly frequency characteristic-managed portfolios (factors) from (Jensen
et al., 2023)'. This comprehensive dataset contains monthly returns for N = 153 factors
F, € R¥3 which are constructed from publicly traded stocks in the United States, covering
the period from 1971-11-30 to 2022-12-31'?. Each factor represents a capped value weighted
long-short portfolio that is based on a distinctive characteristic?’, such as momentum, value,

or reversal.

5.2 Methodology

We estimate portfolio weights using a rolling window of 7' = 120 months (10 years)*" and
rebalance every month. We then use the constructed portfolios and SDFs to price monthly
factor returns. We fix the grid of Ridge penalties,** z € [10" : i € {—10,-9,--- ,—1}] and

construct Ridge-shrunk Markowitz portfolio weights with Z = (2;)L, :

m(fz) = (ml=))ia,
T(fs) = co,(t =T+ 1L, t)(E[FF)(t =T +1,t) + z,I) 'E[F)(t = T + 1,1,

(51)

18The data is accessible online at jkpfactors.

Y0ur findings are robust across different datasets, size stratifications, and construction methodologies.
Many of our checks are available in the appendix.

20The exhaustive list of these 153 characteristics is detailed online in jkpfactors.

21Results are robust to the choice of a rolling window. Many robustness checks are available in the
appendix.

22Qur results are robust to the choice of the grid Z. Results for alternative grid choices are available upon
request. However, optimal outcomes are achieved when the Z grid spans from the smallest to the largest
eigenvalues of the covariance matrix
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where E[F|(t—T+1,t), E[FF'|(t—T +1,t) are sample means (5) estimated with the rolling

window [t — T+ 1,]. The Ridge scaling coefficients are computed by

. Str(E[FF)(t—T+1,t) + 2

T U TGEFFE T+ LY) (52)

where tr denotes the sum of the diagonal elements of a matrix, and N is the number of
factors we use in the portfolio. Results are robust to Ridge scaling. Setting c¢,, = 1 does not
alter results by much. However, we do this to make the shrinkage function scale-invariant
and comparable to (Ledoit and Wolf, 2020)%3. Given a vector of weights W = (w;)L,, we

construct the Ridge shrinkage approximator from Lemma 4:
L
T(fzw) = Zwﬁt(fzi)- (53)
i=1

With the estimates E[F|(t —T+1,t), E[FF'|(t — T +1,t), we compute leave-one-out (LOO)
returns using formula (27). We use these LOO returns to compute ji(Z)(t—T+1,t), ©(Z)(t—
T +1,t) from Lemma 4. Finally, we recover the optimal weight vectors Weypsa (t —T + 1, 1)
and Wypsa (t — T + 1,t) using Theorem 1?*. Everywhere in the sequel, we focus exclusively
on CUPSA. While UPSA also achieves performance superior to that of classical shrinkage
methodologies (such as Ridge), we find that CUPSA strictly dominates UPSA in almost

% The superiority of CUPSA is consistent with the intuitive

every experiment we run.
economic interpretation of the positivity and normalization constraints that CUPSA imposes
on the weights . Indeed, as we explain above, these constraints are equivalent to imposing
monotonicity in risk (more risk = larger estimated covariance matrix) and a normalization
constraint. See the discussion after Corollary 2.

Given our estimated weight vector Weypsa(t — T+ 1,t) for the window [t — T + 1, ¢], we

calculate the out-of-sample return as

Ry (fZ,WCUPSA(t_T"rLt)) = m (fZ,WCUPSA(t_T+1:t) )/Ft+1- (54)

23This is explained in greater detail in (33).
24The code for LOO CUPSA is available here.
25Results for UPSA are available upon request.
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By construction, T(fz,woypea—7+1,4)) only depends on factor returns during the [t—T+1,1
time interval and, hence, portfolio returns (54) are indeed OOS. We compare the performance

of (54) with that of three main spectral shrinkage benchmarks

o LW (Ledoit-Wolf): Ry 1 (frw(t — T + 1,t)), where frw(t — T + 1,t) is the optimal
non-parametric non-linear shrinkage® from (Ledoit and Wolf, 2020), computed using

the data in the [t — T+ 1,¢] time interval.?”

o Best z: Ry 1(f..¢—741,)), the best LOO-based Ridge shrinkage utilizing the optimal
penalty

2(t—T+1,t) = arg max USSS(f.) (55)
zeE

e KNS: Ry 1 (fxns(t—T+1,t)), is the return of the portfolio that applies Ridge shrinkage
(55) to the top 5 PCs* of the covariance matrix. This is similar to (Kozak et al.,
2020) who advocate for the use of a small number of PCs in the SDF.

R (frns(t =T +1,t)) = Riﬁ(& fert—T41,0)) (56)

where, R/ is defined in (60).

To test the statistical significance of CUPSA out-performance, we run the following

26This algorithm minimizes the distance between the true and empirical covariance matrix. Distance is
defined by using the Frobenius norm.

2TWe use the analytical formula of (Ledoit and Wolf, 2020) to do non-linear shrinkage conditional on
Frobenius norm.

28 An alternative could be using least absolute shrinkage and selection operator (LASSO; (Tibshirani,
1996)). These results are available on demand. Furthermore, (Quaini and Trojani, 2022) demonstrate that,
under specific technical conditions, sequential shrinkage—initially employing Ridge followed by Lasso—is
equivalent to the application of Elastic Net shrinkage. This development paves the way for the integration
of Lasso with UPSA. We consider this extension as a topic for future research.
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regression

Rt-i-l(fZ,WCUPSA(t*TJrLt))
= a+ BwRip1(frw(t =T+ 1,t)) + Bo. Resa (fot—141,0)) + BrvsRep1 (frns(t =T + 1,t))
+ BrurrM KT 1 + BsvpSM By + Baymr HM Lty

+ BemaCMA 11 + BrvuaRM A1 + BronMOM4 1 + €441,
(57)

where Ryy1(f.,) is the “Best z” portfolio return; Ry (frw (t — T + 1,t)) is the LW (Ledoit

and Wolf, 2020) shrinkage portfolio return, and Ry 1(fxns) is the portfolio based on the
KNS shrinkage methodology described above, (56). In addition, we use the returns of the

five Fama-French factors, (Fama and French, 2015), and momentum, (Jegadeesh and Titman,
1993), as controls.?’ Their returns are denoted by M KTy 1, SM By 1, HM Ly, CM Ay 1, RM Ay 4,
and M ODM,,1, respectively.

5.3 Non-Linearly Shrinking The Cross Section

The emergence of the factor zoo (Cochrane, 2011; Harvey et al., 2016), and the failure to
find a characteristic-sparse representation of the SDF (Bryzgalova et al., 2023a) has led
many researchers to look for other forms of sparsity. Based on the ideas of APT, several
papers proposed to look for a PC-sparse representation of the SDF constructed from a
few (typically, less than six) principal components of factors. In particular, (Kozak et al.,
2020) argue that both PC-sparsity (annihilation of low-variance PCs) and shrinkage of the
estimated eigenvalues of the remaining PCs are necessary to construct efficient SDF's. In this
section, we provide evidence of a significant PC-based wirtue of complexity of the CUPSA-
SDF compared to alternative benchmarks: The OOS out-performance (measured as the
t-statistic of « in the regression (57)) of the CUPSA-SDF is monotone increasing in the
number of PCs and keeps increasing even when we add very low-variance PCs.

We compute PCs by decomposing factor returns covariance matrix E[FF'](t —T +1,t):*

29The data is from the website of Kenneth French.
30Tt is crucial that we perform the eigenvalue decomposition in-sample and use them to construct the SDF
0OO0S: Using the infeasible OOS PCs would drastically boost performance due to the look-ahead bias. The
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E[FF|t—-T+1,t)=U@{t—T+1,t)diag A\t — T+ 1,1))U(t — T + 1,t)", (58)

where the eigenvalues A are ordered to be decreasing: A; > --- > Ay. Denoting by U;(t — T +
1,t) the i-th column of U(t — T + 1,t), we define the OOS returns on the i — th IS principle

component as
REC(t—T+1,t) = U(t—T+1,t)F,. (59)

Subsequently, we apply the CUPSA and optimal Ridge shrinkage methods to an incre-
mentally expanding subset of PCs. Namely, for each I = 1,---, N, we define RFY(I)

(RPC(t — T+ 1,t))_;, and then compute the in-sample Ridge portfolios based on the in-
sample covariance matrix RFC(I) (computed using 7 € [t — T + 1,]).>> We then apply all
our shrinkage methodologies (CUPSA, LW, KNS, and Best z) to these returns and study

their out-of-sample behavior, defined as
REG(IL [t =T +1,t)) = =" (D)(f) RIS() (60)

where f € {CUPSA, LW, KNS, Best z}. Importantly, all these portfolio returns are
computed purely out-of-sample.

Figure 1 reports the resulting OOS Sharpe ratios. Our first observation is that all
shrinkage methods saturate at around 30 PCs. This number is much higher than that
for the SDF constructed in (Kozak et al., 2020), who argue that 5 PCs are sufficient to span
the SDF.3? Furthermore, the Sharpe ratios for all shrinkage methodologies deteriorate past
the saturation point. By contrast, CUPSA stands out as the unique shrinkage estimator that
is the least sensitive to low-variance PCs: Its performance is close to flat past the saturation

point.

reason is that in a high-complexity regime, in-sample PCs are severely corrupted by noise. See, e.g., (Lettau
and Pelger, 2020).
31Note that this matrix can also be computed directly through U(t — T + 1,t) and diag(A(t — T + 1,1)).
32(Kozak et al., 2020) use a different (much smaller) set of factors; using a larger set of factors automatically
leads to a higher complexity.
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Figure 1: The figure shows the Sharpe Ratio of PCs for CUPSA (Theorem 1), LW (Ledoit
and Wolf, 2020), KNS (56), and “Best z” (z. of (55)), as the number of PCs grows. This
is done by using (59). Results are from the period 1981-12-31 to 2022-12-31. Portfolios are
estimated with a rolling window of 7" = 120 months and re-balanced monthly.



To gain a deeper insight into the nature of the non-linear shrinkage, we run the regression,
(57), for the PC-based CUPSA portfolio returns, gradually increasing the number of PCs
used, as set out in Equation (59). The results of this regression are reported in Figure 2.
The t-statistics of alpha reveal a clear virtue of complexity:*> The t-statistic of alpha keeps
increasing even as we add the lowest-variance PCs.

Some of the observed outperformance in Figure 2 is driven by the divergence between
the performance of alternative shrinkage estimators happening after the inclusion of the
low-variance PCs. This divergence illustrates that a key power of CUPSA lies in its ability
to efficiently weigh low-variance PCs based on their estimated OOS risk-return tradeoff.
By contrast, other shrinkage estimators suffer (sometimes severely) from the associated
estimation noise. These findings have important implications for our general understanding
of factor structure and the search for PC-sparse SDFs motivated by the APT of (Ross, 1976):
Even if some form of PC-sparsity is indeed optimal ez-post, finding the optimal degree of
sparsity that works out-of-sample is difficult. Our extensive experiments suggest that the
in-sample-optimal number of PCs varies over time, is unstable, and leads to inferior out-of-
sample performance.

In Appendix B, we report the results of multiple robustness checks for various alternative
factor datasets and rebalancing frequencies. In all these experiments, CUPSA significantly

dominates alternative shrinkage methodologies.

5.4 Asset Pricing Implications: The CUPSA-SDF

Classic asset pricing theory (see, e.g., (Hansen and Jagannathan, 1991)) establishes an
important connection between efficient portfolios and the tradable stochastic discount factor.
By direct calculation, the infeasible portfolio 7, = E[FF'|"'E[F] (see (3)) can be used to
define the unique tradable SDF

M, =1 — mF (61)

33The virtue of complexity (Kelly et al., 2022; Didisheim et al., 2023) is the fact that the cost of statistical
estimation error for complex models is lower than the gains from their better expressive ability. Formally, it
states that more complexr models work better OOS.
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Figure 2: We plot the Heteroskedasticity-adjusted (with five lags) t-statistics of « of
PC portfolios as the number of PCs grows. The regression is done using (57) with the
corresponding PC portfolios. PC portfolio returns are derived from (59). Results are from
the period 1981-12-31 to 2022-12-31. Portfolios are estimated to have a rolling window of
T = 120 months and are re-balanced monthly.



satisfying the zero pricing errors condition
E[Fi,t+1Mt+1] = 07 Z:]-a aN' (62)

Mechanically, the same calculation implies that the naive IS Markowitz portfolio 7(fy) =

E[FF'|7YE[F] gives zero IS pricing errors: With My 1(fo) = 1 — 7(fo) Fyy1, we have

E[Fi,t-H Mt+1(f0)] = 07 1= 1a T 7N- (63)

However, complexity implies that the OOS pricing errors are non-zero when ¢ > 0. To
minimize OOS pricing errors, we need to build portfolios © that work OOS. Given that
CUPSA is our best feasible counter-part for the efficient portfolio that is specifically trained

to optimize OOS performance, we can build the corresponding SDF"
Mt+1(OUPSA) == ]_ - ﬁ(fCUPSA)/Ft-ﬁ-l . (64)

Intuitively, we expect CUPSA to produce small OOS pricing errors (while at the same time
severely failing the IS pricing equation (63)). The goal of this section is to test this prediction.

Following (Hansen and Jagannathan, 1991), we use the Hansen-Jagannathan distance as
a test statistic for measuring the OOS performance of SDFs. This distance is computed as

follows. Given the out-of-sample period3* of size Tppg, we define

~ 1 Toos
Eoos[X] = — > X, (65)
t=T+1

and then the OOS pricing errors are defined as

PFEoos(i) = Eoos|Fiis1Miv1] , PEoos = (PEoos(i))Y, . (66)

The Hansen-Jagannathan distance is then defined using a weight matrix A (judiciously

34In the complex regime where ¢ = N/T > 0, it is crucial to work only with OOS quantities.
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chosen by the researcher) as
D5bs(A) = (PEoos) A(PEoos) - (67)

If our goal is to price all asset returns F;, 4 jointly, (Hansen and Jagannathan, 1991) advocate
the use of of the weight matrix A = FE[FF'|~'. However, since the latter is not observable,
the computation of a correct HJ distance depends in a very subtle fashion on the choice of
the matrix A.

As (Didisheim et al., 2023) argue, with non-zero complexity ¢ = N/T', the most intuitive
choice of A is the O0OS error matriz A = Epp s[FF']7!. Indeed, given a candidate estimator
m; of the infeasible portfolio m,, we can define the estimated SDF, M, ., = 1 — mF, 1,
and evaluate its performance by computing DAJ. In this case, as (Didisheim et al., 2023)
show, the distance DEJs with A = Epos[FF']™! coincides with a constant minus the
squared Sharpe ratio of the 7 Fy,; portfolio. Thus, the best-performing portfolio OOS also
automatically achieves the lowest OOS pricing errors.

This result of (Didisheim et al., 2023) implies that the large gains in the Sharpe ratio
produced by CUPSA (see Figure 1) should translate directly into significantly lower pricing
errors. In other words, CUPSA-SDF should be better able to price the cross-section of factor
returns. We now take a deeper look into the precise nature of these pricing error reductions.

Our goal is to understand how CUPSA achieves it and where the improvements are most
noticeable. To do this, we use the (Jensen et al., 2023) approach and aggregate the 153 factors
into 13 intuitive themes: Skewness, Profitability, Low Risk, Value, Investment, Seasonality,
Debt Issuance, Size, Accruals, Low Leverage, Profit Growth, Momentum, and Quality. We
follow this approach and compute theme-specific pricing errors for the CUPSA-SDF and its

competitors, defined as

My (f(t =T +1,8)) =1 — a;Rer (f(t — T + 1,1)), (68)
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where f € {CUPSA, LW, KNS, Best z} and the optimal scaling® «a; is

I ?OOS[Rt—i-l(f(t —T+1,1))] (69)
! Eoos[Ri (f(t —T +1,1))%]

For factors i € theme;, we define the OOS pricing error vector for theme; as

PE;(f) = (Eoos|Fiisi My (f(t =T 4 1,1))])ictheme; (70)

where Epog is the expectation over the full OOS sample period. Next, we aggregate pricing

errors using the OOS factor covariance matrix of theme; as weights

Dtl—ilzejmej (f) = PEj(f)/EOOS[Fthemej t/hemej]_lpEj(f>’ (71)

where,

Fthemej = (E)iethemej' (72)

Figure 3 reports these errors for all themes. We make several observations. First,
the pricing error reductions achieved by shrinkage are very large. CUPSA dominates all
alternatives for every single theme. We note that the low-risk and momentum factors
are commonly viewed as difficult to price because they are “anomalies” and do not reflect
compensation for risk. Figure 3 suggests that these results might be driven by inefficient

shrinkage.

5.5 Understanding CUPSA

How does CUPSA achieve its performance? How does it select the optimal weights Wy psa?
To answer these questions, we report in Figures 4 and 5 the dynamics of the weight vector,
Weupsa(t —T + 1,t) and the optimal Ridge penalty z.(t — T + 1,t) over time.

Both z, and the shrinkage values z € Z with non-zero Weoypsa weights seem to be

similar. Both are relatively stable over time around some Ridge shrinkage value. However,

35The optimal calling is derived in (Didisheim et al., 2023)
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Figure 3: This figure shows the OOS HJ distance, (71), using SDF's from (68), for CUPSA
(Theorem 1), LW (Ledoit and Wolf, 2020), KNS (56), and “Best z” (2. of (55)), over the
period 1981-12-31 to 2022-12-31,. Pricing errors are aggregated over themes as in (Jensen et
al., 2023). Portfolios are estimated with a rolling window of 7" = 120 months and re-balanced
monthly.
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Figure 4: Weights for each Ridge portfolio associated with the CUPSA strategy,
Wevupsa(t — T + 1,t). The weights are determined using Theorem 1, computed over the
period 1981-12-31 to 2022-12-31. Portfolios are estimated with a rolling window of T" = 120
months and re-balanced monthly.
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Figure 5: The figure shows the time series of optimal Ridge shrinkage, z,(t — T + 1,t).
Optimal Ridge shrinkage is chosen using Corollary 4 and computed over the period 1981-
12-31 to 2022-12-31. Portfolios are estimated with a rolling window of 7" = 120 months and
re-balanced monthly.



while z, for “Best z” oscillates between different values, CUPSA selects an optimal convex
combination of these same Ridge portfolios. As we argue in Section 4.2, this behavior is
consistent with a time-varying degree of uncertainty about factor risk premia that CUPSA is
able to capture by efficiently blending the different shrinkages together. These effects become
particularly apparent in Figure 6 showing the histogram of the number of times a given Ridge
penalty has been chosen over the whole period, overlapped with the average Ridge weights
for the CUPSA strategy, Weoupsa(t — T + 1,t). As one can see, the two distributions are
almost identical, suggesting that, on average, non-linear and linear shrinkage exhibit very
similar behavior. The critical distinction, however, lies in the fact that non-linear shrinkage
can strategically navigate through different levels of z to secure diversification benefits. In
contrast, the optimal z, is confined to a single shrinkage level, resulting in going back and
forth between different shrinkages in the vain hope of finding the ideal one.

In order to gain a deeper understanding of the optimal shrinkage function, we report
the historical average of 1/fcupsa(A) and 1/f,, (\) in Figure 7. For large eigenvalues,
1/f(X) is approximately linear: Both CUPSA and Best z find it optimal to keep the large
eigenvalues as they are: 1/f(A) =~ A when X is large. By contrast, the two shrinkage
functions differ drastically in the way they treat low eigenvalues. While Best z simply
shrinks them to a constant (completely annihilating information contained in the dispersion
of these eigenvalues), CUPSA implements an optimal, convex shrinkage function that only
flattens for very low eigenvalues. This ability to efficiently and non-parametrically transform

lower eigenvalues is key to the performance of CUPSA.
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Figure 6: Histogram of the number of times a given Ridge penalty, z,(t — T+ 1, ), has been
chosen, overlapped with the average Ridge weights, Weypsa(t — T + 1,t), for the CUPSA
strategy. Optimal Ridge is chosen using Corollary 4, and CUPSA weights are determined
using Theorem 1. Both are computed over the period 1981-12-31 to 2022-12-31. Portfolios

are estimated with a rolling window of 7" = 120 months and re-balanced monthly.



1p-34{ — Bestz /
CUPSA ;

1A)

1_0—4 4

.10._? 15-5 1073 107* Iiol-3

A
Figure 7: Historical averages of 1/ foupsa(A) and 1/f. (A\). Optimal Ridge is chosen using
Corollary 4, and CUPSA weights are determined using Theorem 1. Both are computed over

the period 1981-12-31 to 2022-12-31.

6 Conclusions

Both the problem of finding an efficient portfolio and the problem of finding a stochastic
discount factor (SDF) that correctly prices all securities face the same, purely statistical,
hurdle: Complexity. Whether we deal with thousands of single stocks in an unconditional
setting or with hundreds of factors to construct conditional SDF, we need to estimate the
number of parameters (the vector of means and the covariance) that drastically exceed the
number of observations. Conventional ways of dealing with this statistical complexity involve
imposing a form of sparsity on the data-generating process, reducing the dimensionality of
the problem. While the characteristics-based sparsity has largely failed in capturing the
complex predictive relationships in economic and financial variables (Giannone et al., 2021;
Jensen et al., 2023; Kelly et al., 2022), several papers (see, e.g., (Kozak et al., 2018, 2020))
argue that the cross-section of asset returns can be characterized using an SDF that is sparse
in the space of Principal Components: A PC-sparse SDF obtained through an extreme form

of shrinkage, annihilating all but a few top PCs of the hundreds of factors discovered in
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the asset pricing literature. In this paper, we introduce a novel, non-linear, constrained
universal portfolio shrinkage approximator (CUPSA) that, instead of completely removing
low-variance PCs, optimally weights them, considering their estimated out-of-sample risk-
return tradeoffs. We empirically evaluate CUPSA by using it to construct the conditional
SDF from a large set of factors (characteristics-based portfolios from (Jensen et al., 2023)).
We find that (1) CUPSA significantly outperforms other portfolio shrinkage methodologies;
(2) exhibits a virtue of complezity, with its out-performance (relative to standard shrinkage
estimators) monotonically increasing in the number of PCs used for the SDF construction.
The ability of CUPSA to exploit low-variance PCs depends on its capacity to weight these
PCs efficiently, adjusting for their risk-return tradeoffs. While standard shrinkage estimators
(e.g., Ridge) suggest that the optimal SDF should be PC-sparse when selected ex-post, our
results imply that finding the right degree of sparsity ex-ante might be infeasible due to
estimation complexity. Instead, one should keep the low-variance PCs but shrink them

efficiently.
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A  Proofs

Proof of Lemma 1. Interchangeability implies that the joint distributions ((£})izr1<i<r, F7)
and ((F})i1<i<r, (Ft)i>7 are the same. Hence, the joint distributions of (7r.(f), F;) and
(w(f), (F})¢>7) are also the same. Therefore,

E[U(RT,T(f))] = E[U(ﬁ-T,T<f),FT)]
= E[U(f)F)] (73)

= E[U(R(f)]

and,

E[URSS(N) = Elm D U(Rra(f)

= E[U(R(f)]-
This concludes the proof of Lemma 1. O

Proof of Lemma 2.
Ry (f.) = F] 7ra(f.) = Fi(2 + Er [FF'])" Er,|F]. (75)

Therefore, it suffices to calculate

T
_ _ 1 _
Fl(el + Bro[FP) BrglR] = 3" Fie1 + Er [FF)'F,. (76)
t#T

Placing A = E[FF'| + zI, u = F;, and v = — 1 F, in Lemma 8 gives us:

(1 + B [FF]) = (214 E[FF))-! +%(ZI + E[FF'))"'F,F/(zI + E[FF'])"! )

1 — 2F!(z] + E[FF'])"'F,
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Multiplying F. to both sides gives

Fl(e] + Ep, [FF)™" = F/(zI + E[FF))™" +

1 FJ(21 + E[FF)) "' F,F](2] + E[FF])~"

T 1 — 2F!(zI + E[FF']))"'F,
F!(2I + E[FF'))™!
1 — ZF/(zI + E[FF']))~'F.~

Combining (76) and (77), we get

_ F

T I /,<ZI -+ E [l 1 ,]> ! t
— E F/ Zl + It F, 1F — T E l Zl E F F 17—
Tt ( E s [F ]) t “ 1 1 /( [ /]) 1

If we define 1, (z) = L F/(z] + E[FF'])"F;, this concludes the proof of Lemma 2.
Proof of Lemma 3.

U, (2) = %FT’(21+E[FF’])_1FT

1 - .
FIEPIGT+ E[FE]

1
TFT’FTz_l
lK2Pz—1
T

cK?27!

IN - INIA

IN

and

U, (2) = %F;(ZJ+E[FF’])—1FT

_ TF(2I 4 B, [FF))'F,
~— 1+ T 'F!(z] + Ep,[FF])'F,

Lemma 8

<1

The proof of Lemma 3 is complete.
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Proof of Lemma 4. We optimize directly on U995 (fzw) (Lemma 1), hence

N[ =
[M] =

U (fzw) = U(Rr+(fzw))

3
Il
—

1

SRz (fz)?)

I
S| =
]~

(RT,T<fZ,W)

1

3
Il

(W'Reo(f2) = 5W R (1) R (F2)W) (82)

I
N =
E

\]
Il
-

T T
— W’(% Z Rr:(fz)) — %W/(:lr Z Ry (fz)Rr.(f2) )W

1
= W'n(Z) - §W’Z(Z)W
This completes the proof of Lemma 4. U

Proof of Lemma 5. The proof of the first statement of the lemma relies on an application
of the Stone-Weierstrass Theorem; see, e.g., Rudin (1976). Consider the algebra of functions
generated by the Ridge ensemble {0, : z > 0}, where ©,(x) := (2+x) ! for any > 0. These
functions are bounded, strictly monotonically decreasing, and continuous on R, . Using the

identity
621 (I) - 622 (ZL’) = (22 - Zl)@zl (x)@m (l’), (83)

it follows that on any compact interval [a, b] the linear span of the Ridge ensemble is dense
in the algebra generated by the Ridge ensemble. Moreover, it is easy to see that the Ridge
ensemble separates points on any compact interval [a,b], and it vanishes nowhere. As a
consequence, for any compact interval [a,b] the algebra generated by the Ridge ensemble
is dense in C(a,b) — by the Stone-Weierstrass Theorem — and the claim follows. To prove
the second statement of the lemma, let f be a real-valued, non-negative, matrix monotone
decreasing function on R, so that g := —f is negative and matrix monotone increasing.

Using (Lowner, 1934) Theorem, it follows that there exist constants a € R, b > 0 and a
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positive finite measure p on Ry such that, for A > 0:

(o) o z
A) = Ab d = A(b R,)) — d : 84
o) =at Nt [ Zdule) = e Mp+ R = [ (e (31)
By monotone convergence, 0 = limy_, fooo Z fr 5 dy(z). Therefore,
0= lim g(A\) = lim (a+ A (b+ u(Ry)) , (85)

A—00 A—00

which implies @ = 0 and b + u(Ry) = 0. This gives the representation:

zZ+ A Z+ A

0= [ dne = [T e, (36)

dv

for a positive measure v on R, having Radon-Nykodim derivative m

(z) = z with respect to
i. Hence, function f is the Stieltjes transform of positive measure v. By assumption, Af(\)
is bounded, and hence there exists a constant K > 0 such that:

A
K >supAf(A) > lim
_,\2% f( )_A—m o <+

)\du(z) = /000 dv(z) , (87)

using in the last identity the monotone convergence theorem. Hence, f is the Stielties

transform of positive finite measure v. Equivalently, we can also write:

FO) = v() [T P (53)

using probability measure P := v/v(Ry) on R,. Next, let ¢, be a strictly positive scaling
function such that fooo c;'dv(z) < oo, which is a condition obviously satisfied by any scaling

function such that ¢! is bounded. It then follows:

FOV = /0 T () = /0 T s | (89)

zZ4+ A

for a positive finite measure 7 on R, having Radon-Nykodim derivative %(2) = ¢! with

respect to v. Equivalently, we can also write:

V) = #(R,) / T b (90)
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using probability measure P := #/#(R;) on R,. Pick Ay > 0. By assumption, ¢(z) =
(24 a)/a for some a > 0 and, hence ¢(z) is continuous, and ¢(z) = ¢,/(z + A) is bounded,

¥(z) < Aog(N), and has a bounded derivative for A > A:

- A
e A < ata—AMA"? < atmax(L, e/ — 1At = Ai(No) (91)

W) = o <

Let also A(Xg) = max(Ag(Ng), A1(No)). Then, the integral can be approximated by Rieman
sums. Pick an € > 0. Pick a large constant Z > 0, such that P([Z, +00) < e. Let also
0=2 <-+ <2z, =2, zZy1 = +00 be a partition of [0, Z] with |z;11 — 2| < ¢ for all 7.
Then,

cs Cs,

2Nz —1—2 )\‘ < eA(Xo) ;2 € [z zin]- (92)

Let p; = P([zi, 2i11)). Then,

1 C,
ZE NP Yy

i=1
_ ARy T (93)
n |;/Zl <Z+)\ Zi+)\)dP(z)|

S €A(>\0) .

O

Remark 6 (Remarks on scaling) From the above proof, real-valued, non-negative, mono-

tonically decreasing functions on R, that vanish at +oo have the (pointwise) representation:

F0) = [ ) =) [P (94)

zZ+ A z+

for a corresponding finite positive measure p. If furthermore, f(A\) = O(1/A) as A — oo

then:

) = /OooziAdﬂ(Z)—ﬂ(&) /Om °ap(z) ., (95)

for a finite positive measure i on R, having Radon-Nykodim derivative g—Z(z) = z with
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respect to p. In particular, this shows that function f has various equivalent representations
using different pairs of kernels and finite measures on R, . Furthermore, note that since in
our setting f is the argument of a maximum Sharpe ratio optimization problem, scaling f
by a positive constant does not affect the optimal portfolio solution, i.e., a normalization
is necessary to identify the optimally shrunk portfolio across real-valued, non-negative,
monotonically decreasing shrinkage functions. Since z/(A + z) € [0,1), we adopt the

normalization pu(R;) =1 and write:

FN) = / QR (96)

for some associated probability measure P on R,. The natural discrete approximation to

integral (97) using a discrete grid z1, ..., z, with probability weights wy, ..., w, is:

OEDS wi - (97)
Proof of Theorem 5. Note that E[R(fz)] = E[F)(ZI + E[FF'))"'E[F] while

E[R(f2)R(fz)] = EF]'(Z\I + E[FF'|) " E[FF|(Z,I + E[FF'])" E[F] (98)
Thus, if Zy = 0, we have

(E[R(f2)R(fz))e0)i = E[F) (] + E[FF')" E[FF'|(0I + E[FF'])" E[F]

) i i (99)
= E[F)(zI + E[FF)'E[F] = firs(),

implying that
S15(Z2) ' us(Z) = e, (100)
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so that no shrinkage is optimal.

1

2) N (Zis(2) + (2)W(2) — (us()(Z2) + $(Z)js(2)))  (fs(z)

&
XN
|
=
N
I
S

(
= D(2) M (Sis(2) + W(Z2)(2) — (us(2)W(2) + $(2)ins(2))) " fus(2)
— D(Z) " (Ers(2) + $(2)(2) — (us(D(Z) + ¥(2)us(2))) $(Z)
= D(Z) 'terml — D(Z) 'term?2
(101)
For term?2 we have
term2 = (S15(2) + W(2W(Z) — (as()W(Z) + (Z)is(2))) (2)
_ (S1s(2) - (/us() (2) + (Dius(2)) " v(Z 0
L 2 Eas(Z) — (s ) + W D)) wz) 10
- i(zmw) — (us((2) + B(D)us(z))) " w(2).
Then
(E1s(2) = (us()e(2) + W(2)us(2))) " (2)
= (Cis(2) — mus(x)w(2)) " v(2)
(£15(2) — fus()0(2)) " 0(2)firs(= ><zfs<z> — rs(2)0(2)) " Y(2)
T e T (103)
1—prs(2)(Z15(2) — fus(2)¥(2)) ¢(Z)

(£15(2) = fus(2)0(2)) " w(2)
1= urs(2) (Brs(2) — fus(2)9(2)) " 6(2)
= 1 (Eis(2) = s(2)0(2)) 02,
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Finally,

-1

(215<Z) - ﬂ]s(Z)¢(Z)/) ¢(Z)
= S15(Z2)"(2)

S15(2) " ars(2)0(2)S15(Z) W (2)
= 0(2)S15(Z) Yurs(2) (104)
o c0l(Z)S1s(2) 0 2)
- 2IS(Z) ¢(Z)+ 1—1;(2)’60
o 1 W(Z2)Ss(Z)p(Z)
= Ys(Z2)"¢(Z) + e 151/}(0) :

+

Therefore,

A L V() Sis(2) (2)
term2 = —— (EIS(Z) V(Z)+ e 1—4(0) ) (105)

= e+ BoXrs(Z) M Y(2)

For term1 the calculations will be slightly more involved:

terml = (S15(2) + (2)%(2) — (us(2)0(2) + (2)firs(2))) firs(2)
@m>+wmwm—wMMWWhma

r§{H

h
—
t{]\z:

(2)0(2) — (D) iirs(2)) " fus(2)(Z) (E1s(Z) + W(Z)0(Z) — b(Z)us(2)) " firs(2)
1—y(2)(Z15(2) + ¢ (ZW( ) — ¥(Z2)s(z)) Yirs(2)

(Zrs(2) + W(2)p(Z2) — P(Z)js ( )/) firs ( )
1= (2)(S1s(Z) + W(2W(Z) — W(Z)fs(2)) firs(z

:%@M@+wmww— <haanu

+

(106)
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Next

-1

(S1s(2) + G(20(2) — W(2)us(=)) fus(2)
= (Eis(2) = W Dpus(=))  us(z)

(Zrs(2) - w(Z>ﬁls(z)/)_1¢(Z)w(Z)I(EIS(Z) - 1/1(2),515(2)')_1,515(2)

1

1+0(2)(515(2) — v(2)is(2)) (Z)

=termll — terml2

Note that

(E1s(2) = vDus) VD) L T

_ Yis(2)(2)
1—=9(Z)eo
_ Sis(2)(2)
1—9(0)

Plugging back

S15(Z2) " W(2)p(2) E15(Z) " tinrs(2)
(1-4(0))2
Y(Z)'E15(Z2) "1 9(Z)
1+ 1=$(0)

L S @)
(1= () + (1 - $(0))0
£1s(2) 7 0(2)

DI

terml2 =

Furthermore

termll = (S15(2) — W(2)fus(2)') firs(2)

(o) 4SS D s (Y Sas(2) s (o)
U i w7 TR A

Lemma 8

£15(2)"0(2)

IR R )

o4

(107)

(108)

(109)

(110)



Note that d; is just 1 — ¢(Z)'(term11 + term12). This means

(e o P Ts(2)(Z) W(Z)rs(Z2) " (Z2)1(0)
di = 1—=9(Z)'eo + ] 1—(0) (1 —1(0))? —|—_(1 — () Y(Z)S1s(2) "W (Z)
o) 4 YD Ts(2) () (2)%15(2) "4(2)1(0)
1— 0(0) (1 =4(0))? + (1 = (0)¥(2)%1s(Z) "W (Z)
L qf _ qf¢(0)
= 190+ ¥(0)  (1—v(0)2+ (1 —v(0)qf
L qf B ¥(0)
B A wer iy A Sl w )
L qf 1 -=29(0)+qf
= 1O e T 00 1o
(111)

Hence

P ( | Zs2) ) S15(2)6(Z)6(0) )
A \"TTI=00) T A=) + - 0002 Ts(2) (D)) (119)

= areg + 5 21s(Z) Y(2)

S(Z)'u(Z) = D(Z) Yterml — term2)

i (113)
= D(Z) (e + BE15(2)"1(2))
This concludes the proof of Theorem 5 O
Proof of Lemma 6. First note that
L
Elu|Frs] = Z(wi/zi)/wE[Mi|FIS] (114)

=1

where p; is sampled from N (0, z;1). We know from Murphy (2007), that under a Gaussian

Mixture prior

BllFis) = (L1 + 57757 BF] = a(al + %) BlF) (115)

%)



Plugging back into (114) we get

L

S (w) (=il + 3) " B[F) (116)

=1

ElulFrs] =

S

O

Lemma 7 Let D(Z) = diag(#(z)), be the complexity multiplier. Under the hypothesis

of Proposition 3, we have

i(Z) = D(Z)(ps(z) — ¥(2))

over it
. . over fit (117)
S(2) = D(Z2)(S1s(Z) + »(2)w(Z) - (us(2)v(2) + $(2)ius(2)') ) D(Z)
variance over fit meanﬁ;erfit
where,
firs(z) = E[R(fz)]; (118)

S15(Z) = E[R(fz)R(f2)']
are the in-sample mean and second moment of the Ridge portfolios, respectively.

Proof of Lemma 7. For the mean, using formula (27) and Proposition 3 to replace v, with

its limit that is independent of ¢, we have

%;RT7t(fz) :%; %W(RAJCZ) - 77Z)t(z))
B 1 1 T ‘ 119
= W(T;Rt<fz> - w(ZaC)) (19)
1 _
- e s) — V(0.

In the matrix form, we can rewrite this as

A(Z) = ding( (fus(x) — ¥(2)). (120)

-
1—9(2)
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Similarly, for the second moment matrix

1 < 1 T . )

T;RTyt(fZJRT’t(fzj) B ?; 1 —¢y(z:) (Rulf2) = wt(Zi))W(Rt<ij) — u(2))
1 <& 1 1

- T; ot Bel) = ¥ 0) T (Rilfs) = ()

(121)
In the matrix form, this gives
5(2) = dine(q— g7 (Srs(2) + VZH2) s (262 = U D)jrs () dinal )
(122)
This concludes the proof of Lemma 7. 0

Proposition 7 (In-Sample Shrinkage is Not Optimal) Assume R, (f,) is the in-sample

return at time T,

R.(f.) = #(f.)F,, 7 <T. (123)
Suppose
ﬂIS(Z) = (E[RT(fz)])zL:l 2_3IS(Z) = (E[RT(fzi>RT(fZi)/])iL:1 (124)
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are the IS mean and covariance of the Ridge-shrunk portfolios, respectively. Now define
a(z) = jirs(z) —0.5815(z) — 0.5 (125)

to be the in-sample quadratic utility. o'(z) is negative for z > 0 and a’(0) = a”(0) = 0.

Hence, a(z) obtains its mazximum at z = 0.

Proof of Proposition 7. Let

a(z) = jirs(z) —0.5%5(2) — 0.5
= E[F)(zI + E[FF']) 'E[F] -0.5
— 0.5E[F) (21 + E[FF'))'E[FF'|(2I + E[FF'))"'E[F] - 0.5 (126)
= E[F) (2] + E[FF) (2] + E[FF'| - 05E[FF)E[F] - 0.5
= E[F) (2] + E[FF')) (2] + 0.5E[FF'))E[F] — 0.5.

We compute the derivative of a(z)

d'(2) = Mjs(z) — 0.5874(2)
= —2E[F) (2] + E[FF')) E[F]
+ 2E[F)(2I + E[FF')) *E[FF'|E[F] (127)
= 2E[F)(zI + E[FF'))"*(E[FF'| — (21 + E[FF']))E[F)

— —2E[F)/(z + E[FF)E[F).

Therefore, a'(z) is negative for z > 0 and a’(0) = a”(0) = 0.
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Proof of Corollary 4. We have

d

dz

= %(ﬂ(z) —0.5%(2))

_ i(ﬂls(z) —¥(z0) 0 5215(2) +2(2) — 2firs(2)Y(2; C))
dz" 1-4(z0) ' (1 —1(z50))?

_ i(ﬂIS(Z) —(z;¢) — s (2)Y(2;¢) + ¥ (z; ¢)?
dz (1 —4(z;0))?

. Z:IS(Z) + iﬂQ(Z) — 2ﬂ15(z)w(2; C)
0.5 (EEE)E _ )

_ i(ﬂzs(z) —P(z0) | Ts(z) - ¢2(z)> (128)
dz’ (L=4(z0)? 7 (1=1(z0)

_ i(ljls(z) - 0.52]5(2) — 1/1(2;; C) 4 0'51&2(2))
dz (I=9(z0)

_ i(ﬂls(z) —0.5%75(2) +0.5(1 —2p(z;¢))? — 0.5)
dz (1 —(250))?

i(ﬂjg(z) - 052]5(2) —0.5
dz (1 —1(z0))
_ 4 )

)

where we have defined b(z) = (1 — ¥(z;¢))?. Note that from Lemma 7, a(z) is decreasing in

z and a(z) < 0. Therefore the OOS quadratic utility objective can be written as

(a(2)/b(2)) = a’<z>b<zg(;)z<z>b<z>’ (129)

If we show that the derivative is positive in z = 0, then that means there is a value in

b

shrinkage. It suffices to show % > ‘;,((8)) and b'(0) > 0.

b(0) = =2¢'(2)(1 = 4(z;0)) (130)

Lemma 8 ensures that ¢(z;¢) < 1. On the other hand, from the definition of (z;¢) =
+F/(zI + E[FF'])"'F;, increasing z leads to a decrease 9(z; c). This concludes the Proof of
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Corollary 4. Finally,

Ugss ) ~Ugss = |

< [t (131)

because sup,(—a(z)) = (—a(o0)) = 0.5. O

A.1 Auxiliary Lemmas

Lemma 8 (Sherman-Morrison Formula) Suppose A € R™" is an invertible square

matriz and u, v € R™ are column vectors. Then A+ @' is invertible if 1 +v' A~ u # 0. In

this case,
A7y’ A1
A Nl=At - — — 132
(A + ) 1+vA-1u (132)
Lemma 9 (PCs and Shrinkage) Assume E[FF'] = UDU’ and
7(z) = (E[FF))'E[F). (133)

be the Ridge-shrunk Markowitz portfolio. Define the PC portfolios, F'¢ = U'F, then the
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corresponding Ridge shrunk Markowitz portfolio is

7_TPC<Z) _ (E[FPCFPC’])—IE[FPC]

= (UE[FF1U) U E[F) (134)
= (D)"'U'E[F]
The OOS performances of these two portfolios are equal
Fhos(z) = F55577C(2)
— FhosU(D) U'E[F] (135)

= Foos(E[FF)TE[F]

Lemma 10 (Trace Bound for CUPSA) The sum of shrunk eigenvalues derived from the
CUPSA method (as defined in Equation 3) is constrained to be no greater than the total sum

of the eigenvalues of the empirical covariance matriz.

N

N
AT EDIRY
=1

7=1
Proof of Lemma. We know
L c
A) = ila
fzw (M) ;w S hA
where

Nzi+ 300 A
Z Zjvzl )‘j ‘

By the Cauchy-Schwartz inequality

L

=1 o

L
C,. Zi+)\j
N T 4 >
(E wi )\j)(;:1 wi— ) 2 ('_

(136)

(137)

(138)

L

> wi)?=1 (139)
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Then

N N 1
D Iaiw ) = D e
i=1 i it Wiz Tx,
N L
Zi + A
< NI
”; = N (140)
Nzi_'_Zj:l /\J
- Yo
; Cz,
=1 v
N
=2 N
j=1
O

B Additional Results

B.1 Other Rolling Windows
B.1.1 Monthly Returns Results

In this section, we show performance across other rolling windows 7' for the (Jensen et
al., 2023) value-weighted capped monthly returns. Results are fairly similar across rolling
windows: There is monotonicity in the Sharpe ratio up to a point and then extreme decline

for all shrinkage methods except CUPSA.
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Figure 8: The left plot shows the annualized Sharpe ratio for CUPSA (Theorem 1), LW
(Ledoit and Wolf, 2020), KNS (56), and “Best z” (z. of (55)), as the number of PCs grows.
This is done by using (59). The right plot is the Heteroskedasticity-adjusted (with five lags)
t-statistics of a of PC portfolios as the number of PCs grows. The regression is done using
(57) with the corresponding PC portfolios. Results are from the period 1976-12-31 to 2022-
12-31. Portfolios are estimated with a rolling window of 7" = 60 months and re-balanced
monthly.
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Figure 9: The left plot shows the annualized Sharpe ratio for CUPSA (Theorem 1), LW
(Ledoit and Wolf, 2020), KNS (56), and “Best z” (z. of (55)), as the number of PCs grows.
This is done by using (59). The right plot is the Heteroskedasticity-adjusted (with five lags)
t-statistics of a of PC portfolios as the number of PCs grows. The regression is done using
(57) with the corresponding PC portfolios. Results are from the period 2001-12-31 to 2022-
12-31. Portfolios are estimated with a rolling window of 7" = 360 months and re-balanced
monthly.



B.1.2 Weekly Returns Results

We repeat the PC exercise for (Jensen et al., 2023) value-weighted capped weekly returns.
Weekly returns are calculated by compounding the daily return series 6. Weekly results®”
for CUPSA are quite different from monthly. The Sharpe ratio from CUPSA shrinkage keeps
increasing even with the inclusion of small PCs. We believe this is evidence of CUPSA’s
ability to capture weak factors once they appear in the data. In other words, if the virtue
of complexity (Didisheim et al., 2023) exists in the cross-section of returns, CUPSA is more

capable of capturing it compared to other shrinkage methodologies.
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Figure 10: The left plot shows the annualized Sharpe ratio for CUPSA (Theorem 1), LW
(Ledoit and Wolf, 2020), KNS (56), and “Best z” (z. of (55)), as the number of PCs grows.
This is done by using (59). The right plot is the Heteroskedasticity-adjusted (with five
lags) t-statistics of « of PC portfolios as the number of PCs grows. The regression is done
using (57) with the corresponding PC portfolios. Results are from the period 1972-10-31 to
2022-12-31. Portfolios are estimated with a rolling window of 7" = 50 weeks and re-balanced
weekly.

36These factors are also available on the https://jkpfactors.com.
37For the calculation of t-statistics and Sharpe ratios, weekly returns are aggregated into monthly returns.
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Figure 11: The left plot shows the annualized Sharpe ratio for CUPSA (Theorem 1), LW
(Ledoit and Wolf, 2020), KNS (56), and “Best z” (z. of (55)), as the number of PCs grows.
This is done by using (59). The right plot is the Heteroskedasticity-adjusted (with five lags)
t-statistics of a of PC portfolios as the number of PCs grows. The regression is done using
(57) with the corresponding PC portfolios. Results are from the period 1976-08-31 to 2022-
12-31. Portfolios are estimated with a rolling window of 7" = 250 weeks and re-balanced
weekly.
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Figure 12: The left plot shows the annualized Sharpe ratio for CUPSA (Theorem 1), LW
(Ledoit and Wolf, 2020), KNS (56), and “Best z” (z. of (55)), as the number of PCs grows.
This is done by using (59). The right plot is the Heteroskedasticity-adjusted (with five lags)
t-statistics of a of PC portfolios as the number of PCs grows. The regression is done using
(57) with the corresponding PC portfolios. Results are from the period 1981-06-30 to 2022-
12-31. Portfolios are estimated with a rolling window of T" = 500 weeks and re-balanced
weekly.




B.2 Results for Rank-Managed Portfolios
B.2.1 The Data

We build monthly frequency factors from publicly traded stocks in the US in the style
of (Kozak et al., 2020). We use the dataset from (Jensen et al., 2023), which contains a
comprehensive set of stock-level predictors previously discussed in the Finance literature.
The dataset is populated by 153 characteristics from each stock from 1963 to 2023. We use
NYSE/AMEX/NASDAQ securities with a CRSP share code 10, 11, or 12. We exclude nano
and micro stocks as classified by (Jensen et al., 2023) (stocks with market capitalization
below the 20th percentile). We remove the characteristics with the lowest coverage (this is
especially important for the early parts of the sample). We do this to have homogeneous
portfolios over time and avoid losing many stock-month observations. We kept the 131
characteristics with the least number of missing observations. Furthermore, we drop stock-
month observations where more than 30% is missing. We then follow the exact steps in
Kozak et al. (2020) and build rank-managed factors. In this dataset, we see much more

monotonicity in the PC space, especially for CUPSA.

B.2.2 Small+4Large+Mega Results

Our results are even better with the Kozak et al. (2020) factor construction. The CUPSA
Sharpe ratios are much more monotonic in the PC space, and the t-statistics of « are
larger. In the case of the T"= 360 months (30 years) rolling window, there is clear virtue of

complezity: FEven the smallest PCs are improving performance.

66



— CUPSA

247 — Bestz

—— KNS

o n
=] ]
| I

Sharpe Ratio

| o
@
L

1.6

T T T T T T T T T T T T
10 20 30 40 50 60 10 20 30 40 50 60
Number of PCs Number of PCs

Figure 13: The left plot shows the annualized Sharpe ratio for CUPSA (Theorem 1), LW
(Ledoit and Wolf, 2020), KNS (56), and “Best z” (z. of (55)), as the number of PCs grows.
This is done by using (59). The right plot is the Heteroskedasticity-adjusted (with five
lags) t-statistics of o of PC portfolios as the number of PCs grows. The regression is done
using (57) with the corresponding PC portfolios. Results are from the period 1968-03-31 to
2022-12-31. Portfolios are estimated to have a rolling window of 7" = 60 months and are
re-balanced monthly.
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Figure 14: The left plot shows the annualized Sharpe ratio for CUPSA (Theorem 1), LW
(Ledoit and Wolf, 2020), KNS (56), and “Best z” (z. of (55)), as the number of PCs grows.
This is done by using (59). The right plot is the Heteroskedasticity-adjusted (with five
lags) t-statistics of o of PC portfolios as the number of PCs grows. The regression is done
using (57) with the corresponding PC portfolios. Results are from the period 1973-03-31 to
2022-12-31. Portfolios are estimated to have a rolling window of 7" = 120 months and are
re-balanced monthly.



T=360

2.2
—— CUPSA

2.0{ — Bestz
2.0

1.8 A
154

tstat a

1.6

Sharpe Ratio

1.0+
1.4

0.5 4

1.2

T T T T T T T T T T T T T T
4] 20 40 60 80 100 120 4] 20 40 60 80 100 120
Number of PCs Number of PCs

Figure 15: The left plot shows the annualized Sharpe ratio for CUPSA (Theorem 1), LW
(Ledoit and Wolf, 2020), KNS (56), and “Best z” (z. of (55)), as the number of PCs grows.
This is done by using (59). The right plot is the Heteroskedasticity-adjusted (with five
lags) t-statistics of « of PC portfolios as the number of PCs grows. The regression is done
using (57) with the corresponding PC portfolios. Results are from the period 1993-03-31 to
2022-12-31. Portfolios are estimated to have a rolling window of T" = 360 months and are
re-balanced monthly.



B.2.3 Robustness Check: Mega + Large Results

In this section, We build rank-managed portfolios using the most liquid stocks. I first
remove small stocks®®, then follow the same steps as Kozak et al. (2020) to build a new set
of factors. CUPSA is the superior shrinkage methodology even when limiting portfolios to
the most liquid stocks. Virtue of complexity is also clearly present for the 7" = 360 months

rolling window.

T=60

=
@

—— CUPsSA

g

15
—— Bestz

1 — Kkns
/\_\ Lol

0.5 4

sl =
w o

Sharpe Ratio
=
-
|
tstat a

=
w
L

| 5
8]
L

=
-
I

1.0+
-1.0 4

T T T T T T T T T T T T
10 20 30 40 50 60 10 20 30 40 50 60
Number of PCs Number of PCs

Figure 16: The left plot shows the annualized Sharpe ratio for CUPSA (Theorem 1), LW
(Ledoit and Wolf, 2020), KNS (56), and “Best z” (2. of (55)), as the number of PCs grows.
This is done by using (59). The right plot is the Heteroskedasticity-adjusted (with five
lags) t-statistics of o of PC portfolios as the number of PCs grows. The regression is done
using (57) with the corresponding PC portfolios. Results are from the period 1968-03-31 to
2022-12-31. Portfolios are estimated to have a rolling window of T" = 60 months and are
re-balanced monthly.

38Stocks with market capitalization between the 50th and 20th percentiles, as defined in Jensen et al.
(2023).

69



T=120

2,004 — CUPSA
- w
175 — Bestz /—_———_’/———\ 34
—— KNS S Erian
1.50
\ 5
£ 125 \
g 7 \ =]
8 ®
g 100 B o1
=
w
0.75 1
04
0.50 1
0.25 =1
0.00 - T T T T T T T T T T T T T
(1] 20 40 60 80 100 120 (1] 20 40 60 80 100 120
Number of PCs Number of PCs

Figure 17: The left plot shows the annualized Sharpe ratio for CUPSA (Theorem 1), LW
(Ledoit and Wolf, 2020), KNS (56), and “Best z” (z. of (55)), as the number of PCs grows.
This is done by using (59). The right plot is the Heteroskedasticity-adjusted (with five
lags) t-statistics of o of PC portfolios as the number of PCs grows. The regression is done
using (57) with the corresponding PC portfolios. Results are from the period 1973-03-31 to
2022-12-31. Portfolios are estimated to have a rolling window of 7" = 120 months and are
re-balanced monthly.
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Figure 18: The left plot shows the annualized Sharpe ratio for CUPSA (Theorem 1), LW
(Ledoit and Wolf, 2020), KNS (56), and “Best z” (z. of (55)), as the number of PCs grows.
This is done by using (59). The right plot is the Heteroskedasticity-adjusted (with five lags)
t-statistics of a of PC portfolios as the number of PCs grows. The regression is done using
(57) with the corresponding PC portfolios. Results are from the period 1993-03-31 to 2022-
12-31. Portfolios are estimated with a rolling window of 7" = 360 months and re-balanced
monthly.



B.3 Correlation Across Shrinkage Values

Drawing on the insights from Theorem 1, we know that CUPSA generates performance
benefits by efficiently combining various “simple Ridge” portfolios. Thus, the superior
performance of CUPSA suggests significant diversification gains (i.e., low correlations) across
Ridge portfolios. Figure 19 confirms this intuition: average correlations between low-z (i.e.,

Markowitz) and high-z (i.e., factor momentum (15)) are indeed low.
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Figure 19: Correlation of OOS returns of efficient portfolios with different levels of Ridge
shrinkage, Corr(Ri+1(fz), Ri+1(fz)). Correlations are computed over the period 1981-12-31
to 2022-12-31. Portfolios are estimated to have a rolling window of 7' = 120 months and are
re-balanced monthly.
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C Bayesian Interpretation

Let Fi, ..., Fr be an IID Gaussian random sequence with unknown expectation p and known

positive definite covariance matrix . The unknown Markowitz portfolio is given by:
b:=Y""u (141)
Uncertainty about expected returns is described by a prior 7 such that:
p~e N(0, 9(X)) (142)
for a strictly positive matrix function g. The resulting prior on the Markovitz portfolio is:
b~y N0, 1g(2)2™) (143)

This specification also has a direct interpretation in terms of principal component factors.
Indeed, given spectral decomposition ¥ = QD@ and principal component returns {P, :=

QF:t=1,...,T}, following prior on expected principal component returns holds:

e ~x N(0,9(D)) (144)
The resulting prior on principal component Sharpe ratios are:

SRp =D Y?up ~. N(0,g(D)D™) (145)

This implies following a priori expected maximal squared Sharpe ratio:

B[S Bp|3) = tr(D Enlupiip]) = tr(Dg(D) = 32 207 (146)

Similarly, the a priori expected squared norm of the Markowitz portfolio is:

EL[|[b][5] = tr(E7Ex[up])) = tr(E7%g(X)) = tr(D2g(D)) = )

=1

g9(d;)
dy

(147)
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As a consequence, g implicitly models the contribution of individual covariance matrix eigen-
values to the expected economy’s maximal squared Sharpe ratio and Markowitz portfolio
norm.

Given hyper-parameters g = 0 and Xy = ¢(X) in prior (144) for expected returns,

posterior expected returns are given by:

Elu|Fy, ..., Fr) = (S +TE2 Y S5 wo + TS E[F))
1 _
= (?2251 +I1)"'E[F] .

Therefore, the posterior expected Markowitz weight vector is:

E[b|Fy, ..., Fr] = (%z[g(z)]lx L) B[R] . (148)

This last equation suggests following factorization of ¢, using a strictly positive matrix

function hq:%

o(%) = %Ehl(E)E | (150)
which yields:
E[b|F,, ..., Fy] = (%[m(z)rl +z) BIF] = fi(S)E[F] . (151)

Here, parameter N/T is a complexity multiplier scaling the contribution of [h;(X)]™! to the
total shrinkage f1(3). This contribution vanishes asymptotically in the standard regime
where N/T — 0, but it does not in the complex regime where N/T" — ¢ > 0. This last
feature reflects the not-vanishing prior uncertainty about the Markowitz portfolio in the

complex regime. Whenever h;(X) is monotonically decreasing, then

N —1
A(s) = (I +3) (152)
39 An alternative natural factorization with scaling factor tr(X) is:
1
g(x) = mZhl(E)E ; (149)
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is also monotonically decreasing and can be directly approximated by CUPSA using the
Ridge ensemble. If h; is monotonically increasing and such that h(d) — oo as d — oo, the
monotonicity of f; is ambiguous, but in such a case, we can still approximate [h(3)]~! di-
rectly using CUPSA. Note that the monotonicity properties of h; are equivalent to assuming
in equation (147) an associated monotonicity for the contribution of different eigenvalues to

the a priori expected squared norm of the Markovitz portfolio:

ER[b'b] = i ha(d;) (153)

For instance, g(¥) = 137 for some tuning parameters z > 0 and 1 > 0 yields hy () = 13772,
which is strictly decreasing if and only if n < 2. In the limit case n = 2, the contribution to
the a priori expected squared norm of the Markovitz portfolio is identical across eigenvalues.
In this case, the resulting portfolio shrinkage produces a standard Ridge-type shrinkage:

A(E) = @ZJN + z) o (154)

A natural alternative factorization to (150) is:

1
g(%) = Nzl/%(z)zl/? , (155)

for some strictly positive matrix function hy. This yields:

Eb|F,, ..., Fr] = (g[hg(z)rlz+z> E[F] = f2(2)E[F] . (156)

Whenever hy(X) is monotonically decreasing, then

N

1) = (Flae) s +) (157)

is again monotonically decreasing and can be approximated by CUPSA using the Ridge
ensemble. Here, the monotonicity properties of hy completely pin down in equation (146)

those of the contribution across eigenvalues to the a priori expected squared maximal Sharpe
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ratio:
<[lISRp|[3] Z ha(d (158)

For instance, g(X) = %E” for some tuning parameters z > 0 and 1 > 0 yields hy(2) = X771,
which is strictly decreasing if and only if n < 1. In the limit case n = 1, the contribution
to the a priori expected squared maximal Sharpe ratio is identical across eigenvalues, and
the resulting portfolio shrinkage produces a simple scaling of the inverse covariance matrix

of returns:

f(X) = 1+1 22‘1 : (159)

el

Finally, the following remarks are in order for the above Bayesian motivated CUPSA-type

shrinkages.

1. Function f; is computable also when ¥ is not full rank, even though the derivation

assumes Y to be full rank.

2. The above Bayesian foundation suggests naturally interpretable scaling procedures for

the final shrinkages f1, fa.

3. We can also directly apply CUPSA to hy,hy and study the performance of the as-
sociated fi, fo. This can give insight on the role of different economically founded
prior assumptions about Markowitz portfolio and Sharpe ratio shapes for producing
an improved performance out of sample. It may also help to clarify the discussion

about whether the optimal shrinkage can be sparse.
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