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Abstract

Optimizing portfolios of many assets requires an estimate of a high-dimensional in-
verse covariance matrix. In this paper we promote an estimation approach that exploits
a combination of financial factors and sparsity restrictions. Whereas prominent exist-
ing methods impose sparsity restrictions in the covariance matrix we argue that these
constraints are better suited for portfolio allocation if imposed directly on the inverse
covariance matrix. Such constraints are financially corresponding to regularized hedg-
ing portfolios, which can be estimated using the graphical lasso. In combination with
financial factors this approach also circumvents the explicit high-dimensional matrix
inversion. Empirically, we find that this method tends to reduce portfolio volatility

more than both competing linear and non-linear shrinkage methods.
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1 Introduction

Uncertainty in the estimates of the first and second moments of returns reduces the out-
of-sample performance of the fundamental Markowitz (1952) portfolios. These issues are
critical when portfolios grow to include more assets. However, with the many improvements
in the estimation of high-dimensional covariance matrices and their inverses this is becoming
a viable challenge. In this paper we further contribute to this literature by exploring the
use of sparsity restrictions when factor models fail to capture all co-variation in returns. We
show that the manner in which sparsity constraints are imposed matter greatly for portfolio
optimization. In particular, whereas prominent estimators impose sparsity in the pairwise
relations of returns, we find that simple financial models favour sparsity in the partial linear
relations. Our empirical study concurs with this finding. The method we promote uses the
graphical lasso estimator conditional on a factor model of observed financial factors. We
consider both the case of a priori imposed factors as well as the case where factors have to
be selected from a large number of candidates. This introduces an interesting second model
selection challenge, which can also be approached using sparsity restrictions. We depart
from previous works in the financial literature by emphasizing the benefits of conditionally
sparse system of partial relations and their appeal under common financial return structures.

It is well known that mean-variance optimal portfolios despite being theoretically ap-
pealing often perform poorly out-of-sample (Jobson and Korkie, 1980; Michaud, 1989) and
DeMiguel et al. (2007) show how many estimators fail to outperform an equally weighted
allocation. Restricting attention to minimum-variance allocation often alleviates the issues
by reducing the estimation to only include the covariance matrix of returns. However, as
the number of assets IV grows large this no longer circumvents the main empirical challenge
(Kan and Zhou, 2007). In these large-N allocations the number of parameters to estimate
in the covariance matrix becomes vast, N(NN + 1)/2. In addition, the allocation rule also
requires that the large-N covariance matrix be inverted.

There are several methods that approach these issues to date, prominent among them are
linear and non-linear shrinkage estimators of the covariance matrix, Ledoit and Wolf (2003,
2004) and Ledoit and Wolf (2012, 2015, 2017) respectively. Shrinking the sample covariance

matrix towards a well-conditioned target matrix gives an estimate, which produces a valid



estimate of the inverse covariance matrix. The optimal degree of shrinkage is estimated
such that the estimates retain appropriate properties even in large-N applications. Ledoit
and Wolf (2017) show how particularly non-linear methods are well-suited for portfolio
optimization and how they may be specifically optimized for this task.

Appealing targets for shrinkage estimators can be drawn from the big literature on
expected returns. These representations may be economic, or financial, models such as
the CAPM (Sharpe, 1964), Fama-French models (Fama and French, 1993, 2015), or macro
factors as in Chen et al. (1986). Alternatively, factors can stem from a statistical perspective
such as those of Ross (1976) and Chamberlain and Rothschild (1983). Building on these
factor representations, Fan et al. (2008) explore the asymptotic properties of the implied
covariance matrices in high-dimensional settings. Further, Fan et al. (2013) show how
a combination of non-observed factors and sparse residual relations can inform portfolio
optimization. Decomposing the covariance matrix based on its k leading eigenvalues, the
structure implied by the k eigenvalues is unchanged while a soft thresholding rule is applied
to elements of the residual covariance matrix. Thresholding imposes sparsity in the residual
covariance structure by adjusting some elements to zero. In addition, the sparse residual
covariances enable deviations from the strict factor structure imposed by the leading k
eigenvectors. In optimizing a portfolio this estimate is inverted.

An important issue for these estimators is the economic loss that follows when factor
models may be misspecified. In this paper we show that when the residual covariances
matrix admits an approximately equicorrelational pattern, we can benefit from imposing
sparsity restrictions in the inverse covariance matrix (precision matrix), rather than the
covariance matrix of the residual returns. This builds upon approaches such as Goto and
Xu (2015), Cai et al. (2019) and Callot et al. (2019) that estimate the inverted matrix
directly, thus circumventing the high-dimensional matrix inversion. In particular we focus
on the penalized likelihoods of Yuan and Lin (2007), optimized using the graphical lasso
(Friedman et al., 2008). The graphical lasso regularizes the estimate of the precision matrix
by shrinking all entries and setting small elements equal to zero, thus using shrinkage
to promote sparsity. It accomplishes this by regularizing the estimate of the off-diagonal

element in the inverse under the absolute-value norm.!

!Cai et al. (2019) explores a related high-frequency setting, estimating the inverse directly using the



These methods impose that, conditional on a parsimonious model of factors, the pre-
cision matrix of returns is well represented by a sparse matrix. This form of conditional
sparsity admits clear economic intuitions for portfolio management. The sparsity implies
that only a small number of off-diagonal elements in the conditional precision matrix are
non-zero. The implications of this assumption can be clarified through a regression perspec-
tive. For every asset return, y;, the row/column 4 of the precision matrix is proportional to
the negative regression parameters of y; = Z#i y;7; + €;- Thus, the sparsity assumption
implies that these regressions, for all i, are parsimonious models. Financially, this restric-
tion can be understood as a statement about optimal hedging portfolios since the scaled
negative regression coefficients correspond to optimal hedging weights (Stevens, 1998). E.g.
in a portfolio of IV assets, a long position in asset ¢ is optimally hedged by a short position
proportional to «; in asset j. To promote this sparsity in these hedging portfolios we add
a few factors to the hedge regression. Importantly, the sparsity assumption is imposed on
the partial correlations between assets not the pair-wise correlations. We find that this
distinction is important once the parsimonious factor model may be misspecified.

When factors models are well specified such that the residual covariance matrix is diago-
nal covariance sparsity and precision sparsity restrictions are equivalent. We rather contrast
these restrictions when residuals admit some omitted structure, in this paper we look at
approximately equicorrelational residuals. We find that under such structures the relative
volatility of the minimum variance allocation under covariance sparsity restrictions exceeds
that of the precision sparse models. This finding leads us to an approach that targets the
inverse directly while also exploiting a large number of factors in a manner that remains
empirically viable when N is very large. The graphical lasso is especially well suited for
this task since the regularization can be optimized to ensure estimates that are symmetric
and positive semi-definite. Furthermore, it is straightforward to use cross-validation to cal-
ibrate the regularization in order to specifically minimize portfolio volatility. Financially,
the graphical lasso performs hedging portfolio selection where assets are selected to com-
plement the factor structure. This role is analogous to how the POET and some Shrinkage
estimators enable deviations from the strict factor representation.

We evaluate the portfolio performance using daily returns of the S&P500 companies be-

CLIME estimator of Cai et al. (2011).



tween 2005 and 2017. We maintain a daily minimum-variance allocation based on estimates
that are updated every 30 days. We find that the conditionally sparse inverse covariance
matrix estimated by the graphical lasso reduces the out-of-sample volatility more than com-
peting methods. Varying the estimation window and the number of assets we also find that
these reductions are statistically significant across almost all settings. Our method many
times produces portfolio volatilities that are around ten percent lower than the second best
performing method. Combining performance measures into an accumulated investor utility
we find that our method tends to be favored by investors with high risk aversion.

The rest of the paper is outlined as follows. Section 2 introduces the financial framework
and motivates our approach, in particular the contrast of covariance and precision sparsity.
Section 3 presents the graphical lasso along with a set of closely related estimators. In
Section 4 we evaluate our method empirically on the S&P500. Last, Section 5 concludes

our findings.

2 Minimum variance allocation and sparsity

2.1 Basic allocation and factor model framework

The global minimum variance portfolio of N risky assets is given by the solution to the
following optimization,

min w'Yw subject to Jw = 1. (1)
w

Here 3 denotes the N x N covariance matrix of returns, ¢ is a conforming vector of ones, and
w is an N-vector of portfolio weights. The asset allocation that solves this minimization is

>

N @)

It is well known that the estimation uncertainty of the sample covariance matrix can be
very large. To approach this issue it is sensible to introduce a biased estimator with a lower
variance to improve the out-of-sample mean-squared-error. Sparsity restrictions typically
impose that a significant fraction of elements in the target matrix are zero. However, the
implications of sparsity assumptions in ¥ (covariance sparsity) greatly differ from restric-

tions in 7! (precision sparsity). The difference between these restrictions become explicit



if we express X! as a function of N linear regressions of return g; onto all other returns
y—; in the portfolio such that y; = a + ¢;y—; + u;. With this system of N linear regressions

we can represent the inverse covariance matrix as,
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The off-diagonal elements of the inverse are equal to 0; ; = —¢; ;/ var(u;) and diagonals 91-2’ ;=

L. Thus, precision sparsity restricts the partial linear relations between returns

var(u;)~
whereas covariance sparsity restricts pair-wise linear relations. The degree to which these
assumptions are well suited for portfolio optimization depends on the financial structure of
the asset returns.

An empirically relevant structure is when N returns are represented by a factor model

of K < N common factors,

Y=o+ BF +e, (4)

where F' is a K-vector of factors, y is a N-vector of returns and e is a N-vector of error
terms. The asset exposures B is a matrix of dimensions N x K. Idiosyncratic errors have
mean zero and a covariance matrix A, the factor covariance matrix is ¥. Assuming that
factors are non-traded, the minimum variance allocation requires the marginal inverse of

returns.? By the Woodbury inversion lemma this is,

Y= (BUB + A=A - ATIB(BATIB+ U ) IBATL (5)

The inverse covariance matrix of returns is the difference between the idiosyncratic inverse
and the effect of the marginalization, summarized in the latter term. Since neither ¥ nor

Y1 is sparse the relevant targets are A and A~! under this structure.® Furthermore,

2While the Fama-French factors are traded portfolios we do not consider them as viable investment
options.
3Denoting covariances between factors and returns =, we partition the joint covariance matrix of factors

and returns €2,
v E 14 BU
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for the small-K factor structure, only A and A~! pose non-standard empirical challenges.
Estimating B only requires low-dimensional linear regression for each individual asset and
¥ is low-dimensional. Under a strict factor structure the idiosyncratic covariance matrix
and its precision matrix are both diagonal. Hence the sparsity restrictions are trivially
equivalent. However, when factor models are misspecified the loss under covariance sparsity

and precision sparsity differ.

2.2 Covariance sparsity and Precision sparsity

Whether the loss under covariance sparsity is less or greater than under precision sparsity
depends on the financial structure of returns. There are obvious structures that imply
equivalence between covariance sparsity and precision sparsity, e.g. independent normally
distributed returns. Other forms, such as a Toeplitz structure among covariances gives a

full covariance matrix yet sparse precision matrix.?

However, these structures imply an
inherent ordering of the assets, which is economically restrictive.

An economically appealing framework is equicorrelational (EC) residual returns, i.e.
conditional on some factors there is an omitted structure that is well described by a full

correlation matrix of equal pairwise relations. In terms of the common factor structure this

follows when individual residual returns ¢; are well described by equal loadings and equal

2

error variance such that y; = fb; +u; = fb+wu;, where b is a scalar and u; have variance o;,.

Without loss of generality we consider the framework with only one common factor and no

intercepts. Let 0}20 denote the factor variance and 8 = bt. The covariance matrix is then,
S = o268 + 021, (8)

Assuming uncorrelated error terms, all off-diagonal elements stem from the first term. The

Instead we approach factors and returns jointly. Inverting the covariance matrix of factors and returns
reveals that the joint inverse is sparse as long N grows faster than K,

—A"'B A1 (7)
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Hence, when the number of factors is small we find that Q™' is statistically sparse. The joint inverse
contains all terms needed to estimate X! using (5). Importantly, the partition reveals that the only high-
dimensional estimation challenge is the idiosyncratic inverse. This matrix is conditionally sparse, which
makes it well-suited for regularized estimation.
4In Appendix G we demonstrate that this also holds for grouped Toeplitz structures.



relation between these parameters and the precision matrix is slightly more elusive. For the
above financial model the inverse is,

0280’
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Whereas covariances are linear in O'ch the off-diagonal elements of the precision matrix
are scaled by ¢, which is non-linear in both N and the error variance. The scaling tends to

zero in N at a decreasing rate. Conversely, the scaling tends to zero as the residual variance

2

. increase, the off-diagonal elements of

increase for a given factor variance. Intuitively, as o
the inverse covariance matrix tend to zero; the partial linear relations tend to zero as the
factor structure becomes negligible.

This difference gives clear implications of sparsity restrictions on portfolio volatility. Let
U denote a matrix of zeroes and ones that indicates which elements are set to zero such
that the element-wise product of U and X is sparse yet positive semi-definite. The relative

portfolio volatility of a covariance sparse minimum variance allocation compared to the

precision sparse alternative is then,
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The portfolio volatility under covariance sparsity exceeds that of the precision sparse
allocation if Hw(Uoi)H is greater than ]|w(Uoi_1)H.5

Let the number of non-zero elements in the respective matrices be denoted S, these
elements retain the value from the common factor structure. The second norm of the

minimum variance weights under precision sparsity and covariance sparsity are ||w(Uoi)|]

5This also reveals that the optimal allocation under this framework is an equal weighted portfolio.



and Hw(Uoi,l)H respectively and the ratio of the two is,
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Ry (11)

The term ||w(Uoi)*1|| depends on the sparsity pattern imposed by U. Under spar-
sity restrictions that induce, for example, banded diagonal we attain equal weights under
both covariance and precision sparsity. Among the patterns that imply non-equal weights
|lwgros1)l| is minimized by U = I + (t7' — diag(it’)) where 7 is an N-vector of N — S
ones and the remaining elements zero.® Given those sparsity restrictions we can approach
Hw(Uoi)—IH as a simple partitioned inversion. Equations (8) and (9) gives the respective

allocations along with the relative norm,

RN < (N—S)(o{‘;—I—crj%lﬁé»”)2 +S(0§+0}2cb2)2 >%<03+0]2cb2N*) (12)
v (N = S)(0F + 0Fb?(N = 1))2 + S(0% + 03b?(N — 5))? o2 +0Fb2S*

where S* = (S—S/N(S—1)) and N* = (N —1—S/N(S—1)). The ratio can be shown
to be greater, or equal, to one for S smaller than N. Thus, under the strict EC structure the
precision sparse restrictions reduce portfolio volatility to a greater extent than covariance
sparse restrictions. The degree to which the performance differ depend on the degree of
sparsity S/N as well as the ratio of o2 to 0]2062.

Figure (1) clarifies the implications of this (12), along with the relative portfolio volatility
(10), as a function of the number of assets and the fit of the factor structure. The number
of assets range from 10 to 200 and the univariate fit of the factor structure, R? = R? =
1-02/ (aj%b2 +¢2), from 0.1 to 0.9. For convenience we restrict the figure to three levels of
sparsity (S/N), twenty percent, fifty percent and eighty percent.

Differences are negligible for small N and low R?. However, as R? tends to one and
as N grows large, the norm of the portfolio weights under covariance sparsity exceeds the
norm under precision sparse restrictions. Under less sparse representations where eighty
percent of elements are non-zero the difference is greater. The norm is 60 percent greater
as both N and R? grows large. As we turn to consider portfolio volatility, the difference

is largely offset as R? approach 1. However, for factor structures with large error variance

5For details see Appendix A



Figure 1: RP, and RN,, as a function of N and R?

(a) Relative portfolio norm (RN,,) (b) Relative portfolio volatility (RP,)

The ratio of the relative norm and volatility of a covariance sparse minimum variance allocation to
the error of a precision sparse portfolio allocation in accordance with (12) and (10). The outer surface
denote the ratios when sparsity degree (S/N) is 0.8, the inner denote results for 0.5 and 0.2 respectively.
T}zle ratio is expressed as a function of the number of assets N and the fit of the linear factor model
R*.

we see striking differences in performance between covariance sparse and precision sparse
portfolios.

To gather some intuitive appreciation for the difference between precision sparse and
covariance sparse restrictions it is instructive to consider the relative error when restricting
the matrices to their respective diagonals. Given the EC structure the norm of the variances
grow linearly in N, o2 and a]%. Similarly the norm of covariances grow linearly in 0]20 but
quadratically in N. In all, as N grows and the ratio Jg / JJ% tends to zero, the relative error
RNs, = || — diag(2)||#/||2||F tends to 1. Hence the relative error of the sparsity assump-
tion increase in N and decrease in o2 /0120. This follows intuitively since the commonality
becomes negligible as the variance of the error term increase. Conversely, the off-diagonal
elements of the precision matrix dissipates in the number of assets. As the cross sectional
dimension of assets grows the respective elements tends to zero at a decreasing rate,

de O’chb2

ge__ . 1
ON o2(o? + U%Nb2)2 (13)

The implications are clear in the parameters of the financial factor structure, the ratio



of the two relative errors is,

RNy ||IE—diag®)|lr  (@F)*(N = 1) + (0F + 030 (N — 1))?
RNy, Hf]‘l — diag(i—1)||p (0}62)2(1\7 — 1)+ (o2 + JJZCb2)2

(14)

This ratio is greater than one for N > 1 and all 02, which underscores the previous point;
the relative loss under covariance sparsity exceeds or equals the loss induced by precision
sparsity.

The strict EC model favours the precision sparse restrictions, yet the picture becomes
more nuanced as we allow for deviations exact framework. Relaxing the assumption that
all asset exposures are equal gives different implications than relaxing the assumption of
all error variances equal. The exact effect on the relative performance depends on the
distributional assumptions of the respective parameters. The distinction can be illustrated
by simulating deviations from the EC model. We consider two settings; (1) exposures vary
but error variances are equal, (2) exposures are equal but error variances vary. For the
first case we draw asset exposures b; from a uniform distribution with mean one but range
of either 0.85, 1.7 or 2.55. With all asset error variances are equal and S/N = 0.5 we
measure the relative portfolio volatility as N increase. The draws are repeated 1000 times
measuring the median ratio of covariance sparse to precision sparse volatility.” Likewise,
for the second setting we simulate uniformly distributed error variances of increasing range.
The small deviations are drawn from a range of 0.75, while mid and great deviations are
drawn from 3.00 and 6.75 respectively. Since the distinction between the covariance and
precision sparse restrictions is greatest when the error variance is large relative to the factor
implied variance, we let the average o2 be twenty times greater than a]%bQ. Elements below
the 50 percentile are set equal zero. Results of the simulations are displayed in Figure (2).

Figure 2 presents the relative portfolio volatility as we enable deviations from the EC
framework. As we relax the framework by allowing variation across error variances we find
that the relative gain of precision sparse restriction increase in IV but at a non constant rate.
For small N the differences are largely negligible, however, as N grows large the differences

become more pronounced. The gains diminish as the deviations grow larger.

"Draws that, given the sparsity restrictions, fail to ensure that the covariance matrix is positive semi-
definite are discarded. The ranges of deviations from the EC framework are calibrated such that the numer-
ical imprecision from the covariance matrix inversion should be minimal.

10



Figure 2: Relative portfolio volatility under deviations from EC framework.
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The ratio of the relative error of an covariance sparse minimum variance allocation to the error of a
precision sparse portfolio allocation in accordance with (12). The ratio is expressed as a function of
the number of assets N for two cases of deviations from the EC covariance structure; (a) error variance
varies uniformly across assets, (b) 8 varies uniformly across assets.

Similarly, as we enable deviations from EC by variation in exposures, the relative loss
from covariance sparse restrictions become smaller as the deviations grow greater. Also,
the difference between the restrictions is limited for small V. Yet there are performance
gains from precision sparse representations when N is large. For small deviations the gains
are substantial and growing fast in V.

In sum, we show that under an EC structure precision sparsity constraints are less
restrictive than covariance sparsity constraints. The relative performance gain is greatest
in the presence of weak commonalities. This results underscores the empirical relevance for
portfolio applications where strong observed factors are pre-conditioned. Furthermore, as
we allow for deviations from EC the gains increase in the number of assets in the portfolio,

which highlights the relevance for portfolios consisting of many assets.

3 Estimating the idiosyncratic inverse

Decomposing return variation under a common factor structure lets us estimate the inverse
residual covariance matrix. Targeting this inverse directly circumvents the need for any
explicit large-N matrix inversion. To make this point explicit in our notation we refer to
the idiosyncratic inverse as ©. In this section we present one of the most popular methods
for solving the optimization, the Glasso algorithm (Friedman et al., 2008). We also present
an alternative method not based on the likelihood (15), which estimates the inverse by

performing N nodewise regressions along the representation given in (3). This is known as

11



the neighborhood regularization method (Meinshausen and Biithlmann, 2006). This method

does not impose properties such as symmetry or positive semi-definiteness on the estimate.

3.1 Inverse estimation using Graphical lasso

We estimate the idiosyncratic inverse, conditional on the financial factors, of the assets from
(7). To estimate the inverse we use the negative log-likelihood, augmented by a penalization
on the sum of the absolute elements. The regularization is here imposed on the first norm of
the off-diagonal elements. This estimator was proposed by Yuan and Lin (2007), let © = 0

denote the set of positive semidefinite matrices,
O = argming, ¢ (tr(SO) — log(det(0)) + A[|O]]1), (15)

where § = T-1E E, the covariance matrix of the residuals from (4) conditional on a set of
factors. The estimate © along with the asset exposures Band ¥! gives us an estimate for
the marginal inverse 51 through (5). The factor covariance matrix, VU, is of low dimension
and estimated by the sample covariance matrix does not cause any inversion problems.
We initialize the algorithm by setting the matrix S equal to the sample covariance
matrix of the residuals of the Fama-French factor model. Estimating © we supply a strictly
positive penalization parameter grid, A,.* Under each value of the penalization grid we
estimate an inverse. To find the optimal level of penalization we rely on a 5-fold cross-
validation scheme. Through cross-validation we are able to directly search for the estimate
that provides the lowest portfolio risk. Hence, we implement the cross-validation to find
the allocation that implies the lowest portfolio volatility across the 5-folds. Randomly
assigning observations into one of the five folds such that the folds remain largely equal
in size, the procedure uses four fold as the estimation window to estimate the inverse and
evaluates the estimates against the observations in the omitted fifth fold. Within each
estimation window we estimate the inverse over a grid of regularization. We choose the
level of regularization, which produces the lowest average portfolio volatility across all five

validation folds. Yuan and Lin (2007) first study the properties of the estimator when the

8We follow common practice and select the highest level of regularization equal t0 Az = max (max (S -

I), — min (S — I)) and the smallest level A in, = 0.1\ The grid between these boundaries is composed

of 50 values linearly decreasing in log scale.
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number of variables is fixed and the sample size increases. Rothman et al. (2008) found that
for repeatedly observed i.i.d. multivariate normal variables the graphical lasso is consistent
in the Frobenius norm under sparsity conditions and assuming that the minimum and

maximum eigenvalues of the covariance matrix are bounded. They further show that the

estimator is consistent at the rate O,(y/(N + s)log(N)/T), where s denotes the number
of non-zero elements of the inverse covariance matrix. Ravikumar et al. (2011) further find
that these statistical properties hold for a large class of distributions beyond the multivariate
Gaussian. They show that under irrepresentability conditions the estimator is consistent
and they derive the decrease in the maximum norm of the element-wise error.”-19 Under
the same assumptions they also prove model selection consistency, the estimator uncovers
the true cross-variable relations with the correct sign. In all, for the context at hand these
papers further underscore the importance of accounting for the mutual factor structure
among returns.

With the estimator calibrated, either through cross-validation or the information crite-
ria, we estimate © over the whole estimation window. From a financial point of view this
estimate describes the cross-asset hedging relations that complements the factor models.
Using (5) we combine this estimate with the common factors to estimate the marginal in-
verse, S Using this estimate we form a minimum variance allocation along the lines of
(2). We will hence refer to the portfolio based on this allocation as the Factor-Graphical
portfolio.

With regards to the financial factors we consider two alternatives. A fixed small-K set
up where factors are imposed a priori. Here factor loading and the covariance matrix is
estimated using the sample covariance matrix and the least squares estimator. For this
set up we use the five Fama-French factors. As an alternative to this we consider the
large- K set up where we assume that a parsimonious set of relevant factors can be found
among a large set of candidates. This framework introduces an additional dimensionality
challenge. We approach this challenge under analogous sparsity restrictions as we impose

on the hedging portfolios. To select the relevant factors we estimate the factor loading using

9Similar, but not equivalent to irrepresentability conditions associated with the lasso.

10From a graphical perspective the condition is that non-edges in the graph may not be highly correlated
with the true edge set. In the phrasing of our application, spurious hedging relations may not be highly
correlated with relevant hedging relations.
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a lasso estimator,

~

B; = argmin (Hyi—ai—BiFH—i—)\iHBiHJ. (16)

We estimate the factor exposures for each asset independently. We estimate the precision
matrix, W1, for the active set of factors using the same regularized methods used to
estimate A~!. Combining the estimates of our two stages using (5) provides an estimate of

»-1

3.2 Inverse estimation using Neighborhood Selection

There are several approaches to graphical model selection. An alternative to the graphical
lasso is neighborhood selection (Meinshausen and Bithlmann, 2006). These methods estimate
the inverse covariance matrix through a large number of regression equations. Compared
to the graphical lasso the neighborhood selection methods are computationally faster and
offers some additional flexibility in how we regularize the estimate. Drawback are however
that these methods do not guarantee that the estimate holds properties such as symmetry
and positive semi-definiteness.

Callot et al. (2019) form minimum variance portfolios using an estimator that is related
to the graphical lasso. Their method broadly known as a neighborhood selection algorithm
and may be written as a special case of the graphical lasso. Neighborhood selection esti-
mators rely on different statistical assumptions and it is not clear a priori which is more
restrictive with respect to portfolio allocation.

Let e; denote a column of the residual covariance matrix T-'E'E. The neighborhood
selection method is an estimator based on a set of N node-wise regressions, e; = e_;p_; +¢&;,
where ¢_; is a parameter vector of (N — 1) elements. Since the number of parameters to

estimate far exceeds the historical return they implement a regularized estimator,
%) = argmin (Hei —e—ip—il| + Ai”‘b—i”tﬂ) (17)

where gg(_oé) = {qg@p; p=1...N, p#i}. For our purposes we implement this approach un-
der two alternative penalization terms, (1) the least absolute shrinkage selection operator

estimator (lasso) and (2) the ridge estimator. The ridge estimator regularizes the estimate

14



through shrinkage without promoting sparsity in the inverse while the lasso also promotes
sparsity. Setting the parameter a equal to one puts the penalization on the absolute pa-
rameter vector, this corresponds to a lasso estimator. Alternatively we put the penalization
onto the f9 norm of the parameter vector, which provides the ridge estimator. This ap-
proach is a straightforward implementation of hedging portfolio estimation as discussed by
Stevens (1998). The lasso will promote portfolios of few assets while the ridge estimator
will attenuate the portfolio weights but keep hedging portfolios large.

Using either estimator we use the point estimates of (17) to construct the inverse co-
variance matrix. The regression of the i:th asset return onto all other returns identifies the

~

i:th row of the inverse covariance matrix, ©.

07, 612 01,p

. Oy, 62 6

@ _ 2,1 2‘,2 2,p (18)
Op1 Opo 02,

Let é; denote the residual of the i:th regression under the parameter vector qg(j) Using
these residuals we find the elements of the inverted covariance matrix as éfl = var(g;) !
and éi,j = —(ﬁgz)/var(éi). Here the non-zero entries of the i:th row are said to be in the
neighborhood of the i:th asset. By the sparsity imposed by the node-wise lasso estimates qg(j)
we also impose sparsity on the estimated inverse. Sparsity is here defined on the cardinality
of the parameter vectors S; := {j;¢_; # 0}. In this context implies that each return is
associated with a small neighborhood of assets, where small is defined in relation to the time
dimension 7. We calibrate the regularization parameter through K-fold cross-validation.
Specifically we use a five fold cross-validation of the nodewise predictive performance to
calibrate the regularization.

Meinshausen and Biithlmann (2006) also provide the theoretical properties of this ap-
proach when applied to the lasso regularization. They find that under normally distributed
i.1.d. variables the nodewise lasso estimator is consistent for model selection under beta-min

and irrepresentability conditions (Zhao and Yu, 2006).!! The irrepresentability conditions

"The beta-min condition implies that the linear relation between the weakest relevant predictor is bound
from below.

15



established by Zhao and Yu (2006) for the univariate regression setting restrict the covari-
ation between relevant and irrelevant predictors. For the type of neighborhood selection
we consider these conditions applies for all N nodewise regressions. Hence, the restriction
applies to N covariance matrices of dimensions (N —1) x (N —1). Just like the Graphical es-
timator, Meinshausen and Biithlmann (2006) find that the initial Gaussian assumption does
not appear to be crucial but can be replaced by more general conditions on the tail behav-
ior of the variables. Wainwright (2009) for example finds that the lasso remains consistent,
with some conditions on the sample growth rate, under sub-Gaussian error terms.

The neighborhood selection estimation approach, under all regularizations, suffer from
drawbacks. None of these estimators impose expected properties such as symmetry and
positive semi-definiteness on the estimate. To ensure that the resulting empirical concen-
tration matrix is positive semidefinite we need to rely on eigenvalue cleaning procedures.
Hautsch et al. (2012) propose a cleaning procedure based on separating the noise-driven
eigenvalues from those arising due to signal in the financial markets. The latter eigenvalues
remain unaffected while noise-driven values are adjusted away from zero. Let v; denote an
eigenvalue and V; the corresponding eigenvector. We apply a procedure that adjusts all

negative eigenvalues to equal to the smallest positive value,'?

Vi if v; >0
b = (19)

v, otherwise

where ¥ = min (vz| (vi > 0)) Using the vector of cleaned eigenvalues, 0, along with corre-
sponding eigenvectors we can project a semidefinite inverse, 0=V diag(9)V 1. Using this
estimate we may again proceed with the portfolio allocation under the minimum variance
allocation (2). In our empirical evaluation we refer to the portfolios allocated under these

estimators as Nodewise ¢1 and Nodewise {s.

2Gince there is no need to invert this matrix we do not need to worry about possible numerical issues
associated with small eigenvalues.
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4 Minimum variance allocation of the S&P500

In this section we evaluate the performance of the Factor-Graphical method of portfolio
allocation using S&P500 companies. We first introduce our data and the financial perfor-
mance measures we use to assess performance. The main results that follow compares our
financial performance against the main alternative methods: Shrinkage (Ledoit and Wolf,
2004), Non-linear Shrinkage (Ledoit and Wolf, 2015), POET (Fan et al., 2013), Neigh-
borhood selection and 1/N. Full details of how we implement the Shrinkage and POET
approaches are presented in Appendix E. The 1/N rule allocates the total wealth equally
over all assets. While seemingly naive this allocation rule has often proved difficult to out-
perform empirically (DeMiguel et al., 2007). Following our main performance comparison
we analyze whether our performance stems disproportionately from the factors or the hedg-
ing portfolios by contrasting our performance against two restricted versions of the method.
The first is a strict factor model. The second applies a graphical lasso directly to the returns

without conditioning on factors.

4.1 Data and performance measures

Daily asset returns are collected from the CRSP database spanning the years 2010 until
2018. Since the companies comprising the S&P500 vary over time we include all companies
that at some point were included during the period 2005-2017. This provides a set of
almost 800 assets. From this set of assets we form 6 balanced panels of N assets. We
consider the sample dimensions N = {50, 100, 150, 300, 400, 500}. For each given number
of assets portfolios the estimates of -1 are updated very 30 trading days. At the point of
re-estimation the respective procedures are provided an estimation window of one among
three sizes, ¢ = {50,150,250}, of historical daily returns. The estimated allocation is
maintained under daily re-balancing until the next re-estimation. For our basic Factor-
Graphical specification we condition on the five Fama-French factors. For our large-K
specification we consider the 50 anomaly characteristics used by Kozak et al. (2019), which
also includes the Fama-French factors. Total number of returns are denoted 7. Basic

descriptive statistics and individual asset performance measures are presented in Appendix

D.
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We compare the performance of all the estimation methods by the out-of-sample volatil-

ity, Sharpe ratio, turnover and investor utility under a quadratic utility function including

transaction costs. With allocation updates every 30 days we get M = (17" — t)/30 portfolio

allocations, indexed m = 1... M, each used over it respective following 30 days. The port-

P

folio weights wy,

are estimated using observations preceding the month m. We compute

the realized average daily return and portfolio volatility for each method P,

M 30
pp =T =)D whr, (20)
m=1 d=1
M 30 9
op =\ [(T=T=1)1 >3 (Whry = itr) (21)
m=1 d=1
where W,,IZ are weights and r;, 4 is a vector of returns at day d. With the realized returns

and the portfolio volatility we compute the Sharpe ratio SRp = fip/6p. Due to transaction
costs on financial markets an important performance metric is how much trade is required
to maintain a portfolio allocation. Let the turnover of forming the portfolio at day d of

month m be denoted (5:;7 4+ The average turnover is,

N
Z ‘Ap o 14 7im,d+1 (22)
' ,m 1 _|_ wﬁlrm,d—i-l 9

The vector ry, 441 denotes the returns on d+1 of month m and the weights @;‘ ., are defined,

N wf, ., ifd=1
wi,m = (23)
wl,, ifd>1

We present basic descriptive measures for portfolios, including weight dispersion, range
and fraction of negative weights in Appendix F.
4.2 Factor-Graphical portfolio performance

This subsection presents our main results. The Factor-Graphical portfolio performance is
compared to the principal methodologies of the literature. Additionally we consider the

neighborhood selection estimators of the idiosyncratic inverse. We summarize the financial
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performance of the respective portfolio allocation in Table 1. With daily portfolio returns
we ultimately observe almost 1500 out-of-sample daily volatilities. Since this is a relatively
large sample of observations we make use of the test derived in Ledoit and Wolf (2011), to
test the null hypothesis that the volatilities of two return series are equal. The p-value of
this test is computed under HAC standard errors.

We find that the Factor-Graphical method consistently produces very low portfolio volatility.
Considering the cases where N < £, the method produce annualized volatilities as low as 9.57
percent while competing methods never produce volatilites below 10 percent. Generally, the
non-linear shrinkage method of Ledoit and Wolf (2015) is the most successful alternative.
However, the volatility reductions produced by the Factor-Graphical method are statistically
significant at 5 percent level for all cases except for the case where both N and ¢ both equal
50. Further, the two Nodewise estimators perform at a level comparable to the prominent
covariance estimators of the literature when the estimation window grows or the portfolio
sizes increase to 100 or 150 assets.

Turning to the case where N > t we find stark differences in performance between
the methods. In these settings, the Factor-Graphical method significantly outperforms the
alternatives at a 1 percent significance level for all cases except for when N is 500 and £ equals
50. The differences are particularly striking for the larger estimation windows. For example,
with N equal 500 and  is 250 the Factor-Graphical method gives a portfolio volatility of
8.16 percent, annualized, compared to the Non-linear shrinkage approach which gives 9.51
percent. We also find that the nodewise estimators provide compelling alternatives for
these high-dimensional portfolios. However, surprisingly we do not find any big differences
between the ¢; and 5 regularization.

A somewhat surprising result is the portfolio volatility often increase slightly as we in-
crease the estimation window from 150 to 250 observations. We speculate that the decrease
in performance at larger sample windows is the result of a bias-variance trade-off. Parame-
ter instability in the true covariance matrix along with time-varying factor exposures would
render older historical returns less informative than recent. The optimal sample window
size considers both the rate of decay in the informativeness and the rate of convergence in
the estimator. This is a big empirical question, which is beyond the scope of this paper.

The portfolios allocated relying on the covariance estimates of the Linear shrinkage and
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Table 1: Financial Performance 2010-03-31 until 2016-12-28.

t =50 t = 150 t = 250
M = 30 R VL & p/e 0 & ple o
Factor-Graphical 12.49 0.93 1.87 | 10.89* 1.36 1.83 | 10.85** 1.19 1.80
2 | Nodewise /; 1348 0.80 1.71 | 11.96 1.28 1.37 | 11.62 1.38 1.30
I | Nodewise ¢ 13.56 096 1.76 | 11.91 1.14 1.36 | 11.44 1.47 1.32
7, | Shrinkage 13.24 1.05 2.34 | 11.60 1.46 2.39 | 11.39 1.18 2.17
NL-Shrinkage 12.77 1.11 2.02 | 11.14 1.50 2.14 | 11.15 1.23 2.04
POET 12.49 092 1.61 | 11.70 1.23 1.75 | 12.23 1.09 1.78
Factor-Graphical 11.82** 0.86 2.31 9.97** 1.46 2.41 | 10.03** 1.45 2.41
S | Nodewise ¢4 12.66 0.87 2.49 | 1098 1.22 1.52 | 11.10 1.20 1.52
T Nodewise /5 12.59 0.86 2.49 | 11.09 1.28 1.52 | 11.01 1.24 1.49
. Shrinkage 12.86 0.77 298 | 11.29 1.32 3.86 | 11.13 1.32 3.67
NL-Shrinkage 12.38 0.83 2.37 | 10.70 1.45 3.30 | 10.68 1.38 3.00
POET 13.32 0.71 1.79 | 13.04 1.05 2.05 | 14.15 1.01 2.15
Factor-Graphical 11.41** 0.96 2.78 | 9.57** 1.74 2.97 | 9.80** 1.43 2.99
2 | Nodewise 2 11.82 1.00 2.93 | 11.00 1.30 1.87 | 10.80 1.34 1.76
T Nodewise /5 11.84 1.05 291 | 11.18 1.15 1.86 | 11.06 1.32 1.76
. Shrinkage 1245 098 3.34 | 11.09 1.72 5.04 | 11.26 1.45 5.08
NL-Shrinkage 12.10 1.00 2.63 | 10.15 1.86 3.41 | 10.66 1.38 3.92
POET 1291 0.76 1.85 | 12.88 1.15 2.06 | 13.67 1.10 2.12
Factor-Graphical 10.92** 1.24 3.21 8.78%** 1.94 3.65 9.16** 1.82 3.82
§ Nodewise /1 11.25 1.22 3.23 9.89 1.67 242 | 10.13 1.46 2.12
I Nodewise /5 11.23 1.22 3.23 9.88 1.69 241 | 10.16 1.55 2.10
. Shrinkage 11.90 1.04 3.37 | 1041 190 5.88 | 11.31 1.42 7.16
NL-Shrinkage 11.70 1.02 2.84 9.59 1.93 3.88 | 10.11 1.70 4.16
POET 12.25 0.82 2.01 | 12.22 1.26 2.30 | 13.14 1.15 2.40
Factor-Graphical 10.72** 1.21  3.24 8.41** 1.94 3.86 8.77** 1.79 4.05
§ Nodewise /1 11.17 1.22 3.30 9.59 1.81 2.86 9.87 1.68 2.34
I Nodewise /5 11.15 1.23 3.30 9.58 1.68 2.88 9.86 1.54 2.35
. Shrinkage 11.79 1.00 3.35 995 1.75 5.76 | 11.02 1.50 7.45
NL-Shrinkage 11.62 0.98 2.90 9.31 1.77 4.02 9.84 1.37 4.57
POET 12.06 0.81 2.02 | 11.90 1.26 2.32 | 12.64 1.15 241
Factor-Graphical 11.24 1.15 3.32 8.10* 2.04 3.99 8.61*"* 1.77 4.26
% Nodewise #; 11.59 1.07 3.35 9.07 2.06 3.39 | 10.04 1.44 2.62
I Nodewise /5 11.59 1.07 3.35 9.28 1.82 3.39 | 10.02 1.57 2.62
> Shrinkage 11.65 1.21 3.32 944 1.59 562 | 1042 1.44 7.30
NL-Shrinkage 11.54 1.19 2.94 9.03 1.68 4.12 951 1.38 4.54
POET 12.09 0.86 2.08 | 11.72 1.33 2.41 | 12.54 1.20 2.52

The table presents the out-of sample performance for portfolios using one of five alternative
estimation approaches. The parameters N, M and ¢ refer to the number of assets, re-estimation
frequency and the estimation window length, respectively. The volatilities &, turnover § and
Sharpe ratios ji/d are all annualized through a /252 or 252 scaling. The portfolio volatilities are
scaled by 100, (*) and (**) indicate that the volatility is significantly lower than all competing
methods at 0.05 and 0.01 percent significance levels, respectively.
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POET methods, do not reduce the portfolio volatility to the same extent as the Factor-
Graphical nor the Nodewise estimators does. We find that the portfolios based on the POET
estimator produce volatilities varying between 11.90 and 13.14 percent. The reason for this
comparably poor performance is not fully understood but can likely in part be attributed
to the dual estimation challenge of having to estimate the leading eigenvalue as well as
the variances of the residuals to those leading k factors. Of the covariance estimators the
Non-linear shrinkage approach provides the lowest portfolio volatility in almost all cases.

As a secondary consideration to the portfolio volatility we compute the Sharpe ratios.
For the Factor-Graphical method we find that the annualized Sharpe ratios vary between
0.86 and 2.04. Across the portfolio sizes we find little evidence of a single dominating
method. However, generally the POET seems to provide lower Sharpe ratios than the
alternatives. As we consider the especially high-dimensional cases of N = {300,400, 500}
we mostly find that one of the inverse covariance estimators provide the highest ratio. The
Linear and Non-linear shrinkage methods appear largely comparable in terms of Sharpe
ratios.

As a third performance measure we consider the portfolio turnover. What is striking is
the often high-turnover associated with the Linear shrinkage approach. In some cases when
the number of assets grow large the annualized daily turnover of this method is above 7
percent. The Factor-Graphical portfolios are generally among the more costly allocations
to maintain, but they never exceed an annualized daily turnover of 4.26 percent. The Non-
linear shrinkage approach also tend to be costly to maintain. For the longer estimation
windows of 150 and 250 observations we find that the nodewise estimators tend to produce
the most stable portfolios. Furthermore, the portfolios based on the POET estimator also
incur relatively low trading costs. This, together with the relatively high volatility of these
portfolio allocations, could indicate that this method tend to impose excessive sparsity.

In sum, we have found that the method we propose in this paper appears to have
strong volatility reduction properties. The Factor-Graphical method reduces risk beyond
alternative inverse estimations, nodewise ridge and lasso, as well as the main covariance
estimators of the literature. Also the Nodewise estimators provide very competitive volatil-
ity reductions, which seems to imply that there are significant gains to be made from

circumventing the large-N matrix inversion that occur in large minimum variance port-

21



folios. Among the covariance estimators we find that the most competitive alternative is
the Non-linear shrinkage approach. However, the volatility reductions associated with the
Factor-Graphical method are statistically significant in all but a few cases. In Appendix 4.4
we bring all measures together into investor utility we find that the risk averse actors tend
to prefer our Factor-Graphical, or the nodewise implementation of our method, despite the

higher trading costs.

4.3 Decomposing the Factor-Graphical portfolio and the large-K chal-

lenge

The Factor-Graphical portfolio combines financial factor and sparse hedging portfolios to
form the minimum variance allocation. In this section we explore how these two components
emerge empirically and whether we can achieve a similar level of financial performance while
restricting one of the two components. In addition we consider the large-K case of many
candidate factors but no prior assumptions on which of them are relevant.

Our first evaluation is with respect to the implementation of the factors. Do the factors
increase sparsity in the inverse, and how are the hedging relations developing over time. The
factors must be sufficiently predictive of expected returns in order to induce sparsity in the
inverse matrix. To give an indication of the factor potential, while avoiding the statistical
issues of high-dimensionality, we randomly select 10 assets of the S&P500 observed over
24 months following a random date between January 1st 2010 and December 31st 2015.
Estimating the idiosyncratic inverse under the Fama-French 5-factor model we find a clear
attenuation of the off-diagonal elements.'®> Repeating this random selection and estimation
L times provides two smooth densities for the estimates absolute off-diagonal elements.

Figure 3 displays the densities of the absolute off-diagonal elements of the two inverses.
The factors induce a shift in the distribution of hedging relations, hence aiding our sparsity
assumption.

The second question we address is how the level of sparsity varies over time. We estimate the
inverse covariance matrix monthly with the graphical lasso. Each of the estimates provides

hedging portfolios for every asset. Allowing three estimation windows of 50, 150 and 250

13The estimate of the inverse is based on the sample covariance matrix which works well for this purpose
since the number of asset is very small.
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Figure 3: Off-diagonal elements © and X!
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Empirical density of absolute off-diagonal elements from low-dimensional estimates of © and %, Off-

diagonal elements of idiosyncratic inverse ©(dotted) and off-diagonal elements of £~ (solid). The two
inverse covariance matrices are estimated based on historical financial returns. One thousand times, ten
assets are randomly selected from the S&P500 and observed during 24 months period with a random
start date between 2010-01-01 until 2015-12-31.

observations we find that the estimator tends to omit between 85 and 100 percent of the
possible hedging coefficients. In the larger sample of 250 historical returns we find the most
stable level of sparsity with between 5 and 10 percent of the available hedging relations
used. Figure 4 displays the fraction of hedging coefficients that are set equal to zero by the
graphical lasso.

If the fraction is consistently equal to one the estimator is simply reduced to a strict
factor structure. However, with the largest estimation window there is only one instance in
which the estimator omit all possible hedging relations. Under smaller estimation windows
this is a much more frequent event, but the sparsity generally varies within the range of 85
to 100 percent. In all this implies that a strict factor structure may be too simple.

In the same way we follow the fraction of hedging relations in the whole portfolio, we also
track the distribution of hedges per asset. Figure 5 display the median along with the 10th
and 90th percentile of hedging relations per asset. The median number hedges per asset
varies largely between 65 and 0, when the estimation window consists of 250 observations.
During the last months of 2015 zero hedging relations are included; all off-diagonal elements

in the idiosyncratic inverse were set to zero.
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Figure 4: Realized hedging portfolio sparsity over time.

06

0T

0S¢

2012 2014 2016

Fraction of hedging coefficients omitted by the graphical model selection under 3 sample windows,
t = {50,150,250}. The total number of potential hedging relations is N(N — 1)/2. The graphical
lasso performs model selection to set the irrelevant relations equal to zero.

Figure 5: Distribution of non-zero hedging relations per asset over time.
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Number of hedging relations per asset. Based on estimate using window # = 250. The solid line
denotes the median number of hedging relations selected by the graphical model selection procedure.
The shaded area displays the range between the 10th and 90th percentile of the number of hedging
relations selected for an asset.
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The shaded area of Figure 5 denotes the interval between, and including, the 10th and
90th percentile. From this plot we find that the number of assets in the hedging portfolios
largely varies between 80 and 25. Apart from the anomaly of the last months of 2015 it
appears that the estimated optimal number of assets necessary to hedge the residual risk is
largely stable.

Next we evaluate whether variations of the Factor-Graphical allocation can achieve
similar performance. We consider three alternatives to the basic approach. We evaluate
whether performance stems from the combination of factors and the sparse hedging. For
this we introduce two restricted alternatives to our method. First, a strict factor portfolio,
where the estimate is based on a linear combination of the factor covariance matrix, scaled
by the asset factor loadings, and a diagonal residual covariance matrix. Second, a sparse
hedging portfolio, which is based on a graphical lasso estimate but does not partition or
make use of any financial factor structure. This portfolio is allocated using the graphical
lasso to directly estimate the inverse covariance matrix of financial returns; the marginal
inverse covariance matrix. We refer to the first portfolio as the Factor and the second as
the Graphical allocation. We also evaluate whether the more flexible factor structures can
further improve the conditions for sparsity. For this we expand the set of factors K to include
50 candidates. This Large-K Factor-Graphical approach still relies on regularization but in
two stages, first selecting relevant factors then selecting relevant hedges. Lastly, we include
an allocation of equal weights, 1/N, to evaluate the gains made by any Factor-Graphical
variation compared to a ‘naive’ allocation rule.

The outcome of this comparison is summarized in Table 2. The comprehensive Factor-
Graphical method achieves the lowest portfolio volatility and outperforms the restricted
versions. For all allocations of 300, 400 and 500 assets we find that the volatility reductions
are statistically significant at the 1 percent significance level across all alternative specifi-
cations. It also consistently produces higher Sharpe ratios. However, both the Factor and
Factor-Graphical allocations tend to produce higher turnover than the other estimation
methods.

Comparing the two reduced forms we find that the strict Factor structure produce
lower volatility compared to the Graphical allocations when the estimation window remains

small. This turn in favor of the Graphical approach when the window is increased. The
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only exception to this is when the portfolio is restricted to only 50 assets. While both
of these methods reduce volatility and increase Sharpe ratios to a greater extent than the
1/N allocation rule, neither improve performance to the same extent as the methods that

combines factors and regularized hedging.

Table 2: Financial Performance 2010-03-31 until 2016-12-28.

t =50 t =150 t =250
M =30 6 pleg 6 & ple 6 & ple 6

o | Factor-Graphical 1249 093 1.87 | 10.89 1.36 1.83 | 10.85** 1.19 1.80
@ | Large-K Factor-Graphical 12.75 0.62 1.53 | 10.98 1.05 1.64 | 11.05 1.11 1.57
'] Factor 12.67 0.88 197 | 1143 1.27 197 | 11.77 1.09 1.92
~ Graphical 13.06 1.03 0.79 | 11.84 1.22 0.82 | 11.91 1.26 0.85

1/N 16.67 0.94 0.86 | 16.09 1.01 0.85 | 16.18 0.91 0.86
o | Factor-Graphical 11.82 0.86 231 | 9.97* 146 241 | 10.03** 1.45 2.41
= Large-K Factor-Graphical 12.00 0.40 1.76 | 10.17 0.83 2.26 | 10.27 1.04 2.38
II'| Factor 12.40 0.74 2.20 | 11.57 1.24 2.37 | 12.41 1.14 2.39
Z | Graphical 1247 093 0.89 | 10.99 1.23 0.97 | 11.18 1.29 1.03

1/N 1540 094 0.84 | 1484 1.03 0.83 | 1493 0.93 0.83
o | Factor-Graphical 11.41** 0.96 2.78 | 957 1.74 297 | 9.80* 1.43 2.99
= Large-K Factor-Graphical 11.83 0.44 1.91 9.62 1.20 2.70 | 10.00 1.13 2.98
II'| Factor 12.19 0.92 241 | 11.56 1.54 2.76 | 12.56 1.20 2.84
Z | Graphical 1257 096 096 | 11.02 1.26 1.08 | 11.15 1.30 1.15

1/N 16.55 0.86 0.89 | 1593 094 0.89 | 16.05 0.85 0.89
o | Factor-Graphical 10.92** 1.24 3.21 | 8.78* 194 3.65 | 9.16"" 1.82 3.82
R Large-K Factor-Graphical 11.53 0.45 2.11 9.03 1.13 3.14 9.38 1.25 3.65
Il'| Factor 1171 1.05 2.62 | 10.96 1.68 3.26 | 11.86 1.30 3.47
Z | Graphical 1261 1.05 1.23 | 1069 1.28 1.30 | 11.01 1.30 1.43

1/N 1744 085 093 | 16.75 094 092 | 16.84 0.86 0.92
o | Factor-Graphical 10.72** 1.21  3.24 | 8.41* 1.94 3.86 | 877" 1.79 4.05
S Large-K Factor-Graphical 11.52 0.52 2.16 8.83 1.16 3.19 9.10 1.23 3.75
Il Factor 11.59 1.07 2.64 | 10.64 1.67 3.34 | 11.42 1.25 3.60
Z | Graphical 1273 1.04 134 | 10.71 1.32 141 | 11.07 1.28 1.54

1/N 1768 0.84 097 | 1697 092 0.96 | 17.06 0.83 0.96
o | Factor-Graphical 11.24** 1.15 3.32 | 8.10" 2.04 3.99 | 8.61** 1.77 4.26
3 Large-K Factor-Graphical 11.79 0.56 2.19 8.53 1.29 3.24 8.84 1.30 3.84
Il Factor 11.92 1.07 266 | 10.26 1.78 3.41 | 11.14 1.34 3.73
Z | Graphical 1289 1.03 139 | 10.73 141 148 | 10.97 1.41 1.65

1/N 17.88 0.85 0.98 | 17.17 094 097 | 17.27 0.84 0.98

The table presents the out-of sample performance for portfolios using one of five alternative estimation
approaches. The parameters N, M and t refer to the number of assets, re-estimation frequency and

the estimation window length, respectively. The volatilities &, turnover 5 and Sharpe ratios fi/6 are all

annualized through a /252 or 252 scaling. The portfolio volatilities are scaled by 100, (*) and (**) indicate
that the volatility is significantly lower than all competing methods at 0.05 and 0.01 percent significance
levels, respectively.

We find that the Large- K setting does not produce the same level of volatility reduction

as the basic Factor-Graphical method. This could be due to the additional estimation
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uncertainty or the need to perform a K dimensional matrix inversion when forming the
allocation. The differences are not statistically significant in all small-N allocations, but
across all large-N portfolios we find significant differences. Also, Sharpe ratios tend to be
lower under this allocation method, but turnover also remains lower.

The last of our main results concern a recurring question for statistically driven meth-
ods of portfolio allocation; does the method outperform an equal 1/N allocation across the
assets. This is an especially relevant consideration as the number of assets grows large. The
performance measures in Table 2 makes clear that there are significant gains in variance
reduction and Sharpe performance to be gained from a more involved estimation scheme.
The volatility of our Factor-Graphical allocation is only 35 percent of the volatility achieved
by the 1/N benchmark. As for the Sharpe ratio, our method more than doubles the perfor-
mance of the 1/N portfolio. The caveat is predictably in the occurred transaction costs. The
Factor-Graphical portfolios have higher turnover and are therefore more costly to maintain.

In all it appears that the performance of the Factor-Graphical approach stems from
the combination of the data-driven hedging portfolio selection together with the financial
factors. Neither of the reduced form approaches provide the same level of volatility reduc-
tion. Expanding the set of factors beyond the five Fama-French factors does not provide
improvements to volatility reductions, but still remains comparable when the estimation

window and portfolio dimensions remain low.

4.4 The economic value of precision sparsity

To provide a measure that combines the turnover, portfolio return and the volatility, we
use a utility based approach similar to Fleming et al. (2001, 2003). Assuming a quadratic

utility function for an investor with risk aversion , we get the realized utility
2
UrI;,d =1+ WT]_:er,d - C5£,d) - T((l + Wirm,d - 052@)) ; (24)

where T = k/(2(1 + k)) and x denotes the relative risk aversion. The parameter ¢ denotes
transaction costs, which are imposed proportionally to the turnover. We follow Garlappi
et al. (2007) and set the costs equal to 50 basis points. To compare the different methods

we compute how large a constant daily fee must be for investors to become indifferent
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between two methods. Specifically, we find the fee, x, such that the utility gain under
the F actor—Graphlcal method equals that of the competing method, "M 730 ¢F ( )=
St e Uk 4 with.

UEG00 = (14 whOrey = eah—x) = (14 whOra— b —x) . (25)

Finding that x is negative implies that the realized utility of the Factor-Graphical method
is lower than the competing method. These pair-wise comparisons are carried out between
the Factor-Graphical portfolios and all alternative estimators.

Table 3 reports the annualized estimated fees in percent. Positive fees implies that
the Factor-Graphical portfolio holds the higher utility while a negative implies that the
competing method is higher.

First we contrast the utility gains for high risk aversion investors. Under high risk
aversion the Factor-Graphical approach tend to outperform the covariance estimators when
the number of assets increase beyond 50. The highest implied fees are associated with
the comparison between the Factor-Graphical approach and the Linear shrinkage method.
This is likely due to the excessive turnover these portfolios incur. Turning to the inverse
covariance estimators based on nodewise estimation we find that these estimators appear
generally well on par with our main estimation approach. Again, this is likely attributable to
turnover, since these allocations generally provide lower volatility reductions but, however,
tend to incur less trading costs.

As for the investors with lower risk aversion, x = 1, the Factor-Graphical method never
provides the best alternative. The volatility reductions are generally not large enough to off-
set the additional costs. For this level of risk aversion the highest utility tend to be provided
by either the Nodewise alternatives or the Non-linear shrinkage approach. Restricting the
comparison to the covariance matrix estimators we see that the comparison often shift in
favor of the Factor-Graphical when the portfolios grow larger and with estimation windows
above 50. There are some exception to this, notably associated with the POET estimator,
which due to its very low turnover sometimes provides higher utility than the Factor-
Graphical method even when both portfolios and ¢ are large.

Estimating the fees necessary to create indifference among highly risk averse investors
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Table 3: Estimated equalization fee () on Factor-Graphical portfolio

t =50 t =150 t = 250
M = 30 X1 X5 X10 X1 X5 X10 X1 X5 X10
NW ¢, 0.69 1.21 1.86 | —0.94 —-0.45 0.16 | —3.60 —-3.26 —2.82
R NW /5 —-1.40 -0.84 -—-0.14 0.72 1.19 1.78 | —4.38 —4.12 —-3.79
I Shrinkage -1.62 -123 -0.75 | —1.38 —1.05 —-0.65 0.01 0.24 0.54
'z,  NL-Shrinkage —2.37 —-2.22 -2.04 | —1.48 -1.37 —-1.23 | —-040 -0.27 -0.10
POET -0.29 -0.29 -0.29 0.45 0.81 1.27 | —0.28 0.36 1.16
NW ¢, —0.60 -0.19 0.33 0.14 0.57 1.10 0.18 0.63 1.20
S NW 4, —0.45 -0.07 0.40 | —0.71 —-0.24 0.36 | —0.15 0.26 0.78
‘W Shrinkage 1.13 1.64 2.29 1.61 2.17 2.88 1.53 1.99 2.58
. NL-Shrinkage —0.01 0.26 0.60 0.27 0.57 0.95 0.55 0.82 1.16
POET 0.13 0.88 1.82 0.69 2.11 3.88 0.38 2.38 4.88
NW ¢, —-0.63 —-0.44 —-0.20 1.15 1.74 248 | —1.88 —1.47 —-0.94
2 NW 4, —-1.18 —-0.98 —-0.73 2.55 3.22 4.06 | —2.06 —-1.53 —-0.87
‘W Shrinkage —0.39 0.10 0.72 0.32 0.95 1.74 0.47 1.09 1.87
. NL-Shrinkage —-1.24 -0.92 -0.52 | —1.62 -1.39 -1.10 0.58 0.94 1.39
POET 0.19 0.91 1.82 1.14 2.63 4.50 | —1.73 0.10 2.39
NW ¢, —-0.13 0.01 0.20 | —0.96 —-0.55 —-0.02 | —0.16 0.22 0.69
c% NW /5 —0.17 -0.04 0.14 | -1.12 -0.71 -0.19 | —-1.13 —-0.74 —-0.25
I Shrinkage 1.42 1.87 2.43 0.22 0.85 1.63 5.08 5.97 7.08
. NL-Shrinkage 1.19 1.55 2.00 | —1.18 —-0.87 —-0.50 0.05 0.42 0.88
POET 2.04 2.66 3.44 0.31 1.76 3.58 0.22 2.00 4.24
NW ¢, —-0.53 -0.34 -0.10 | —2.26 —-1.83 —-1.30 | —2.98 —-2.56 —2.04
§ NW /5 —-0.52 -0.34 -0.11 | —0.91 —-0.48 0.05 | —1.56 —-1.16 —-0.64
I Shrinkage 1.53 2.01 2.61 1.45 2.02 2.74 3.62 4.51 5.63
. NL-Shrinkage 1.26 1.67 2.17 0.08 0.40 0.80 2.91 3.31 3.81
POET 1.90 2.51 3.27 | —0.32 1.10 2.88 | —0.47 1.19 3.28
NW ¢, 0.66 0.82 1.02 | —2.85 —2.51 -2.09 | —1.19 -0.66 0.01
ugn NW /5 0.62 0.78 099 | —-1.04 -0.63 -—-0.11 | —2.41 -—-1.88 -1.21
I Shrinkage —-1.11 —-0.92 —-0.68 3.74 4.22 4.81 4.29 4.98 5.84
> NL-Shrinkage —1.26 —-1.12 —0.95 1.62 1.94 2.34 2.53 2.86 3.27
POET 1.13 1.53 2.03 | —0.69 0.75 2.55 | —1.61 0.06 2.16

Nodewise 1 and 2 procedures are abbreviated NW. The estimated constant daily fee sufficient to equate
the Factor-Graphical portfolio with the competing methods. Here x.—1 denotes the estimated fee when
investors have low risk aversion. A negative value implies that the equalizing fee is imposed on the competing
method, while a positive entries imply that the fee is put on the Factor-Graphical portfolio. As such,
negative values imply investor utility under the competing method exceeds that of the Factor-Graphical
portfolio.
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we find that the Factor-Graphical method in almost all cases provide higher utility gains
than the strict Factor model. The results are much more inconclusive with regards to the
Graphical and the Large- K methods. The Graphical approach in particular tend to provide
high utility for this investor due to its very low turnover.

Table 4: Estimated equalization fee () on Factor-Graphical portfolio

t =50 t =150 t = 250
Monthly X1 X5 X10 X1 X5 X10 X1 X5 X10
2 Large K  —3.16 —3.03 -286 | -234 -231 -226| 049 058  0.69
| Factor 055 064 076 | 051 075 1.05| 036 078  1.30
. Graphical —3.18 —2.89 —253 | —0.80 —0.37 0.17 | —3.10 —2.62 —2.01
1/N —4.66 —223 083 | —2.04 077 429 | —231 057 4.8
8 LargeK —190 —-181 —170| 047 055 0.65 | —0.42 —0.32 —0.19
j Factor 083 1.11 146 | 027 097 1.84| 058 1.65  3.00
~ Graphical —3.19 -288 -248 | —-0.70 -027 026 | —149 —1.00 —0.39
1/N —5.80 —3.85 —1.40 | —2.07 034 338 | —0.80 1.65  4.72
2 LargeK —175 —-156 —1.31| —0.63 —0.61 —0.59 | —1.43 —1.35 —1.24
j Factor —0.65 —0.29 017 | —121 —0.37 069 | —0.92 032  1.88
~ Graphical —327 -2.72 -202 | 050 110 1.85| —2.62 —2.06 —135
1/N —498 —211 150 | —0.15 311 718 | =150 1.73  5.79
S Large-K 049 077 111 | 070 079 091 ] 067 075  0.85
°|’|° Factor 055 091 137 | =166 —0.79  0.30 | 1.09 223  3.66
~ Graphical —2.04 -1.24 —024| 050 125 219 | —047 027 121
1/N -3.30 041 505 | —122 285 796 | —0.36  3.64  8.65
S Large-K  -0.77 —-042  0.03 | -0.17 -0.03  0.15 | —0.01 0.11 0.27
|| Factor —0.06 033 082 | -197 -112 -—005| 111 218  3.53
. Graphical —242 -148 -0.30 | —-0.76  0.12 123 | —1.46 —0.55  0.60
1/N -365 031 526 | —197 238 783 | —-136 293 830
S LargeK  —156 —130 —098 | -084 —070 -052|-0.93 -0.85 —0.74
| Factor —0.56 —0.25 015 | —2.31 —151 —0.50 | —0.06  0.95  2.20
. Graphical —2.63 —1.83 —084 | -145 —046 079 | —=3.29 -236 —1.20
1/N —4.26 —0.39 446 | —2.17 242 817 | —2.21 228  7.90

Nodewise ¢1 and {2 procedures are abbreviated NW. The estimated constant daily fee sufficient to
equate the Factor-Graphical portfolio with the competing methods. Here x.—=1 denotes the estimated
fee when investors have low risk aversion. A negative value implies that the equalizing fee is imposed
on the competing method, while a positive entries imply that the fee is put on the Factor-Graphical
portfolio. As such, negative values imply investor utility under the competing method exceeds that of
the Factor-Graphical portfolio.

In terms of investor utility we again find that risk averse actors still favor the Factor-
Graphical method. These investors accept very high fees, between 6 and 10 percent, on the
Factor-Graphical portfolio before becoming indifferent. The investors with medium levels
of relative risk aversion also favour the Factor-Graphical portfolio. The low risk aversion

investors prefer the equally weighted portfolio. Comparing the implied indifference fee of

Table 3 to the results reported in Table 2, it is clear that the portfolio delivering the highest
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utility for low risk aversion investors is the 1/ portfolio. For these investors, direct inverse
estimation only outperforms the 1/N allocation under the largest available window length,

in which case they prefer the nodewise ¢; portfolio allocation.

5 Conclusions

In this paper we make use of statistical regularization to improve the performance of min-
imum variance portfolio allocation. With these methods we are able to circumvent the
explicit high-dimensional matrix inversions while also reducing the impact of the noisy re-
turns. The method we propose targets the inverse covariance matrix directly but relies on
sparsity assumptions. We motivate these assumptions through a common financial factor
structure. This structures partitions the minimum variance allocations into parsimonious
factor exposures and sparse hedging portfolios. This is an appealing framework since it
places the assumption of sparsity onto the partial correlations of residuals to the factor
model. We contrast this approach under common financial structures to the alternative of
using sparsity restrictions in the pairwise linear relations, which we find are more restrictive.

The method we promote adds to the large literature of methods that attempt to tackle
the high-dimensional portfolio allocation, among them Ledoit and Wolf (2004), Fan et al.
(2008), Fan et al. (2013) Fan et al. (2015), Goto and Xu (2015), Ledoit and Wolf (2015)
and Cai et al. (2019). The crucial method we make use of is the graphical lasso of Yuan
and Lin (2007) and algorithm from Friedman et al. (2008). The advantage of this approach
is that it circumvents the issues associated with high-dimensional matrix inversion while
remaining computationally feasible. In addition to the large-N framework we also consider
the large- K, which is the large potential set of candidate factors that are available.

We evaluate the method on a data set consisting of companies that at some point since
2005 were part of the S&P500 index. Observing these assets on a daily frequency over
seven years following 2010 we optimize the portfolio either every 30 days. The portfolio
allocation we explore is a minimum variance strategy over three estimation windows, 50,
150 or 250 days. We compare the performance of our Factor-Graphical method against the
prominent alternatives in the literature and find statistically significant volatility reductions

across most portfolio dimensions. In addition we find that the gains we make are due to
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the combination of financial factors and data-driven model selection, with neither tool
separately able to create the same level of volatility reduction. Furthermore, we find that
performing model selection among within a large set of factor candidates does not tend
to further improve performance beyond what is achieved by the five Fama-French factors.
This finding further emphasizes the importance of circumventing the explicit large matrix

inversions when forming minimum variance portfolios.
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A The second norm of non-equal portfolio allocations

In this section we demonstrate that for non-equal portfolio allocations the second norm is
minimized by assigning two unique weights within the allocation. For an N-vector of two

non-equal, non-zero, weights (w; and wy) assigned to S and (N — S) elements we have,

[wl| = Varw = /(N — Syw? + Su, (26)

Forming any three weights by adjusting a subset of the elements assigned weight ws

gives,

(]| = Vo = /(N — Syw? + S + $us, (27)

where S = S + S and since the allocation should remain fully invested in risky assets

we have 511/2 + S*ub = Swo, which implies that wy = w Re-writing the above norm

gives,

[w*|| = Varw = /(N — S)w? + 8 + $03 + Suj — Su?

= (V= Syw? + Sud + (S + S — Sui). (28)

Through substitution we can write the terms within the parenthesis as,

(S + 8)S02 + (S + 5)Sw2 — S22 — 523 — 28 Siyy

N S+8 (29)
SSw2 + SSw?2 — 28 Sioiis

T 313 (30)
S8 (g — 1y)>

= e 1)

Since this term is greater than zero for all non-equal w,w we have that (26) is greater
than (27). Hence, the second norm of a non-equal portfolio allocation fully invested in risky

assets is minimized when there are two unique weights in the allocation.
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B The graphical lasso

For the purposes of financial portfolio allocation for large N we propose solving the like-
lihood optimization of (15) by using the Glasso algorithm of Friedman et al. (2008). To
introduce their algorithm define a partition of the inverted target covariance matrix, in this
case ©, and for later notational convenience the inverse C = 071,

o_ 011 012 o= Cii ci2 , (32)

021 699 C21 (€22
where ©17 has dimensions (N — 1) x (N — 1), 612 and 691 are both of (N —1) x 1 and 63 is
scalar. Analogously define the same partition of the covariance matrix and the elements-wise
sign matrix, I' = sign(©),

S11 S12 't me
s="" R . (33)

S$21 S22 Y21 722
The algorithm uses these matrix partitions to optimize penalized log-likelihood (15), @ =
— log(det(©)) + tr(80) + A||©]|;. Friedman et al. (2008) start by considering the first order

conditions,

—07'+ S+ AT =0. (34)

In order to separate these conditions along the lines of the partitions of (33) it is convenient
to express the partition of C' as a function of the elements of ©. Hence write this partition

as,

o (O11 — 01205 091) ! —C1101205 (35)
(—C11612055") (a2 — 02107 012) 7"

As we separate the normal equations (34) into their respective blocks we immediately write

the condition on the N:th row/column under the partition (35),
C1161205; + 512 + Ay12 = 0. (36)

Here it is convenient to define 5 = 61292_21. With the normal equations rewritten in this

manner Friedman et al. (2008) point out that these conditions are the optimality conditions
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of the minimization problem,

B = argmin (;5’0115 + B's12 + A\B[). (37)

Initializing the algorithm under some initial C' they solve this optimization for an estimate
B and update cj2 using the partition in (35). Iteratively changing the target column the
algorithm updates the estimate column-by-column until the adjustments fall below a given
threshold. Upon convergence they ultimately update the estimate of the inverse, fgy =

(co2 — c’mﬁ)_l and élg = —Bén . There are some known drawbacks to this algorithm.

Algorithm 1 The Glasso algrorithm (Friedman et al., 2008)
1: Initialize:

C=5+A

2: Perform following steps until convergence:
3: Rearrange columns/rows such that the target is last.
4: Compute and save solution to (37), update row/column cj9 = —C11 8

5: For every column/row update diagonal elements 62 and recover 615 from B,

fas = (cag — i) 7!

é12 = _Bé22

Mazumder and Hastie (2012) show that unless the algorithm converges there is no guarantee
that the estimate of © will be positive semi-definite. This approach is ill-suited to situations
where the we seek a computationally fast approximation of a high-dimensional inverse. This
is the case where the dimensions of the data are so immense that there is no practical
way of reaching convergence. It is from this observation they develop an algorithm that
constructs a positive semi-definite inverse at every iteration. However, for our purposes the
computational cost is not high enough to warrant an implementation of their algorithm.

Therefore, we will continue under the framework outlined above.

C Illustrating the Factor-Graphical approach by simulation

To illustrate the difference between estimating the inverse of the marginal covariance matrix

and the inverse of the idiosyncratic inverse we set up a simple simulation study. We use

38



Equation (4) to represent the returns of a set of IV assets.

y=DBf+e f~N0,¥), E~N(0,4), B~Uqy), (38)

where y denotes a N-vector of returns, and f is a K-vector of factors. The loading matrix,
B, is N x K. The covariance matrix of returns is ¥ = BUB’ + A, with elements 0;;. For
our purposes we set the number of factors to K = 20. The factor covariance matrix ¥
is a diagonal matrix with variances drawn from a uniform probability distribution from 1
to 4.5, diag(¥) ~ U(1,4.5). We select these values based on the standard deviations of
the five, daily, Fama and French factors observed from from 2005 until 2015. We take the
asset specific sensitivities, B, from a uniform distribution from 0 to 2. At last, we calibrate
the covariance matrix of the error terms A. We consider a diagonal matrix where the
univariate fit of the factor model provides an R? equal to 0.5, hence the error variances are
62 = (02 — 0.502)/0.5. We draw T = 200 observations from this framework.

We deviate from the strict factor structure and introduce misspecification through the
error covariance matrix. We let the residual correlation matrix follow symmetric Toeplitz

structure. The pairwise correlation coefficients decay linearly in the log-scale to 1075,

Hence, the correlation coefficients are all in the sequence p, = exp (ln(l) — ((]7\’,111)) In (10%8)>
where p=1...N.

1 p2 p3s ps ... pn
p2 1 p2 p3 ... pna
ps p2 1 p2

pa p3 p2 1

Pn Pr—l oo e e 1

This correlation structure implies that the inverse covariance matrix is tri-diagonal, which
means that the fraction of off-diagonal elements that are non-zero tends to zero as N tend
to infinity.

The important property is that the conditional correlation between assets is not all non-
zero. Without that structure featuring sparse hedging portfolios is redundant beyond the

common factors. Consider misspecification in the factor model. We refer to a well-specified
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model as a model that includes 19 out of 20 relevant factors. The severely misspecified
model instead omits 19 relevant factors.

The idiosyncratic and marginal inverses are estimated using the graphical lasso,
argming, o f(©) = — log(det(0)) + tr(SO) + A||6)]]1, (40)

where § = T~ 1E E, the covariance matrix of the residuals from (4) conditional on a set of
factors. Both estimates require regularization parameters A. To reduce the computational
cost of the simulations we calibrate the regularization using the extended Bayesian Infor-
mation Criteria(e BIC) (Foygel and Drton, 2010). Denoting the number of non-zero entries

in the matrix as E and v € [0, 1] the information criteria is defined as,
eBICy, = —2l7(0) + Elog(T) + 41 log(N)E, (41)

where inverse is denoted © and the sample covariance matrix S. The log likelihood of the
inverse is Ip(0) = %(log(det(@)) - tr(659)).

We simulate a set of N = 100 assets under a factor model of K = 20 observed factors over
T = 200 observations.'* The decaying correlation pattern generates a inverse covariance
matrix that conditionally on the factors is sparse. Factors are drawn from independent
normal distributions with the respective loadings uniformly distributed. We calibrate the
error variance such that the univariate fit of the factors is equal to 50 percent. Thus, the
simulation setup is not a strict factor structure but there are strong commonalities in the
covariation of the series.

Using this setup it is possible to estimate the marginal inverse either directly or through
the idiosyncratic inverse and (5), which is the Factor-Graphical method. Estimating the
marginal inverse using both approaches we plot the distribution of off-diagonal elements
and compute the accuracy of the respective estimates using the Frobenius norm. Figure 6
display the respective distributions of absolute off-diagonal elements.

The distributions are computed over L = 1000 simulations. The frequencies are scaled

such that the counts correspond to the frequencies per simulation and the off-diagonal ele-

41n our empirical application we make the dimensionality issues even more severe by allowing N to far
exceed T'.
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Figure 6: Off-diagonal elements of estimates %71
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Distribution of absolute off-diagonal elements. Frequencies are averaged over L = 1000 simulations.
Factor-Graphical (solid) and the direct marginal inverse estimate(dashed) is plotted along the
actual simulated distribution (dotted). Both estimates employ regularization that promotes sparsity.
Off-diagonal elements are multiplied by 1000. The simulations are performed using a fixed design.

ments are multiplied by 1000. The distribution of the off-diagonal elements in the estimate
based on the idiosyncratic inverse is denoted by the solid line. This distribution follows
the pattern of the actual simulated distribution pretty closely. The estimator that targets
¥ ~! directly fares much worse. The two-dashed line denotes the off-diagonal elements of
this estimator and fails to replicate the distribution of the actual data. Since this estimator
regularizes X! using a penalization that promotes sparsity we find that the distribution of
elements deviates much from the factor structure. The sparsity of the estimate is far too
extreme compared to the actual distribution of off-diagonal elements. Figure 6 provides a
view of the bias of the respective methods. Next we turn to the uncertainty in the esti-
mate as measured by the standard errors. Figure 7 shows the distribution of the Frobenius
distance between the estimated inverse and the actual inverse covariance matrix over the
simulations.

The estimate based on the idiosyncratic inverse and the factors provides a more precise
estimate of the actual inverse. It appears that the factors creates an inverse that the estimate
of the direct marginal inverse cannot recover. Specifically, the common factor structure

works against the sparsity assumption of the regularized estimators. The idiosyncratic
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Figure 7: Fit of the estimate -1 to actual £1

Frequency

0.08 009 0.10 011
[aEull:

Frobenius norm of difference between the simulated marginal inverse(X ") and estimates (£~'). Dis-
tribution of norm over L = 1000 simulations using the Factor-Graphical(solid) estimate and using the
direct marginal inverse estimate(dashed). Both estimates employ regularization that promotes sparsity.

inverse, however, is sparse. Therefore we find that the accuracy of the Factor-Graphical
approach is always more accurate than directly estimating the marginal inverse in all of the
L simulations.

In reality the factor model is unknown and to some degree misspecified, which is partly
reflected in our simulation set up.!> Clearly, if all factors of a model are redundant the
Factor-Graphical approach is reduced to the method of targeting ¥ ~! directly. However,
under non-redundant factor structures the partition improves the risk reduction, increas-

ingly so when factors fit the returns more closely.

C.1 Regularization: Shrinkage to promote sparsity

While the idiosyncratic inverse appears to be a good target for regularized estimation it is
not obvious which for of regularization is optimal. One type of regularization is through
the form of Shrinkage, where estimates are attenuated. However, in addition to attenuation

we can regularize to set estimates exactly equal to zero, in other words regularization to

15The issue of factor model misspecification is interesting with respect to what type of regularization
is optimal. A full treatment of that issue is beyond the scope of this paper but Appendix C.1 provides a
motivation for the choice we pursue here.
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promote sparsity. It is not obvious which form of regularization is best suited to estimate
the idiosyncratic inverse when the factor model omits relevant factors. To illustrate the
issue consider the same simulation setup as before with 100 series each of 200 observa-
tions. The idiosyncratic inverse is approximated using two estimators, the first estimator
induce shrinkage and sparsity, ¢; regularization, while the second estimator only induce
shrinkage, £5 regularization. To simplify the implementation we estimate the inverses using
the neighbourhood selection approach of N nodewise regularized regressions. We consider
two cases, the first case is that of a small number of omitted factors and the second case
of severely misspecified models. The first model omits 1 of the 20 relevant factors. The
severely misspecified model omits 19 of the factors. Repeating the simulation L times we
compute the Frobenius norm of the difference between the estimated idiosyncratic inverse
and the actual inverse. Figure 8 displays the norms of the two estimators, £; and ¢, using
the factor model that omits one of the relevant factors. The level of regularization in the

respective estimates is calibrated using 5-fold cross-validation.

Figure 8: Fit of the estimates O to A~! with single omitted factor.
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Frobenius norm of difference between the simulated idiosyncratic inverse(A™") and two estimates (©).
The estimate is either regularized with a ¢; or 2 penalty. The solid line denotes the norm achieved
using the /2 regularization. The two-dashed line denotes ¢; regularization. Based on L = 1000
simulations using a fixed design.

The dashed line denotes the density of the sparse estimate while the dotted represents

the shrinkage estimator. The regularization that promotes sparsity in the estimate of the
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idiosyncratic inverse also achieves a better fit to the actual inverse. In relation to the ¢
regularization the Frobenius norm is reduced by more than half. The second case, where

the factor model omits 19 out of 20 factors is displayed in Figure 9.

Figure 9: Fit of the estimates O to A~! with single included factor.
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Frobenius norm of difference between the simulated idiosyncratic inverse and two estimates (©). The
estimate is either regularized with a ¢; or f2 penalty on the off-diagonal elements. The solid line
denotes the norm achieved using the ¢5 regularization. The two-dashed line denotes ¢1 regularization.

Based on L = 1000 simulations using a fixed design.

We find that the accuracy of the ¢; regularization strictly dominates the estimator using
the £5 penalization. However, the relative gain under the severally misspecified model is less
compared to the first case. In all, imposing sparsity in the estimate in addition to shrinkage
improves the accuracy of the estimated idiosyncratic inverse. This is found both when the
factor model is severely misspecifed and when the model only omits one factor. These
results guide us in the direction of the ¢; penalization but we have not yet evaluated the
relative portfolio performance under the two estimators. Hence, for our central empirical
analysis the main focus will be on regularizations that promote sparsity. Based on these

results we expect these estimators to generate the best portfolio performance, but we shall

also consider estimators under {o regularization.
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D S&P500 financial data

All the data we use for the empirical exercise is collected from CRSP. We restrict the sample
to assets of companies that at some point were part of the S&P500 companies between 2005
and 2017. This ensures that the stocks we allocate for our portfolios are of significant market
capitalization and traded on a regular basis. Below follows basic descriptive statistics of the

returns in excess to the risk-free rate including annualized volatilities and Sharpe ratios.

Table 5: Descriptive statistics of S&P500 firms

N =500  Mean St.Dev. Min. QI Q2 Q3 Max

Returns 0.16 0.08 —-0.16 0.12 0.16 0.20 0.56
Volatilities 0.29 0.10 0.14 0.22 0.27 0.33 0.72
Sharpe Ratios  0.61 0.31 —-0.35 0.45 0.62 0.82 1.54

Descriptive statistics of the average annualized daily returns, annualized return
volatility and annualized Sharpe ratios of the S&P500 companies during 2010-2017.
Mean refers to the arithmetic average, St.Dev the standard deviation, Q1, Q2 and
Q3 denotes the first quartile, median and third quartile. The number of assets is
denoted N.
The summary statistics displayed in Table 5 indicate that the annualized return volatil-

ities range from 0.14 to 0.72 centered around 0.29. Table

Figure 10: S&P500 Composite Index and Return, 2010-2017
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Figure 10 shows the development of the index. It is clear that there have been significant
positive development from 2012 to 2016, however, the years preceding and following that
growth period saw significant volatility in the index return. Analogously to the previous
descriptive statistics Table 6 below presents summary statistics of the financial anomaly

returns we use as candidate predictor of the cross-section of stock returns.
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Table 6: Descriptive statistics of anomaly characteristics

K =50 Mean St.Dev. Min. Q1 Q2 Q3 Max

Returns 0.01 0.06 -0.13 -0.03 -0.01 0.02 0.14
Volatilities 0.12 0.02 0.08 0.11 0.12 0.13 0.18
Sharpe Ratios —0.08 044 -1.12 -0.27 -0.11 0.17 0.84

Descriptive statistics of the average annualized daily returns, annualized return volatil-
ity and annualized Sharpe ratios of the S&P500 companies during 2010-2017. Mean
refers to the arithmetic average, St.Dev the standard deviation, Q1, Q2 and Q3 denotes
the first quartile, median and third quartile. The number of assets is denoted V.

E Linear shrinkage, Non-linear shrinkage and POET

The shrinkage estimators of Ledoit and Wolf (2003, 2004, 2012, 2015) are among the promi-
nent methodologies for high-dimensional covariance estimation. These estimators are based
on the convex combination of the unconditional empirical covariance matrix and a prior
target matrix. The target can be implied by a set of economic factors or, alternatively, a
numerically well-behaved statistical construct. In this paper we make use of to shrinkage
estimators adopted from Ledoit and Wolf (2004) and Ledoit and Wolf (2015). The former
imposes linear shrinkage on the eigenvalues of the unconditional covariance matrix toward
the mean eigenvalue. This is the same as shrinking the covariance matrix towards the iden-
tity matrix. The second method of shrinkage we implement is simlar to the former with the
exception that estimated eigenvalues are non-linear transformations of the sample eigenval-
ues. This approach is generally found to provide improvements over its linear counterpart,
both statistically and in terms of financial performance (Ledoit and Wolf, 2017). In addition
to the shrinkage estimators we also consider the method of Principal Orthogonal complE-
ment Thresholding (POET) of Fan et al. (2013). This estimator serves in our application as
a statistical factor model analogue to the shrinkage estimator. The POET methodology also
builds upon a parsimonious latent structure of the asset returns, but expands particularly
on the case where factors are unobserved. Let [vy...v] and [V;... V] denote the first &k
eigenvalues and vectors of returns respectively. Choose the number of factors to include,

K, through the information criteria of Bai and Ng (2002), as is standard in the literature,

. K(N+T NT
i>K
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With the number of factors chosen we may express the covariance matrix as

k N

S=Y wViVi+ Y wViV/ (43)
i=1 i=k+1

The POET methodology replaces the latter term, U = sz\ik 41 v;V;V/ with the term U

defined,

o X Uy, =]
U = (Gij)nxn, Ui = (44)

sij(tij) @7 ]
One choice is to specify the function s;; as a soft thresholding rule where s;; = (;; —
Tij)+, where the parameter 7;; = ( (ﬂii&jj)l/ 2. The constant C is typically set to 0.5 when
using soft thresholding rules, but can be varied over a grid until the final estimates matrix

is well-conditioned. With the thresholding imposed on the residual covariance matrix we

can estimate the covariance matrix of the returns.

k
S =6t} + U (45)

i=1
This estimate is non-singular and well-conditioned. This is clearly not a comprehensive
overview of the literature regarding high-dimensional covariance estimation. However, these
two methodological alternatives tend to be favored in the broader portfolio allocation lit-
erature and are therefore given priority here to contrast the performance of our Factor-

Graphical estimator.

F Portfolio composition

Table 7 summarizes some of the basic characteristics of the portfolios, such as Range,
Fraction of negative weights and Dispersion. The fraction of negative weights is the sum
of negative weights divided by the number of weights assigned by the respective methods.
The Range indicates the average difference between the smallest, non-zero, weight and the
largest weight in the portfolio. This overview of the distribution supply lets us discover

methods prone to taking extreme positions. We measure the dispersion of the portfolio
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through the sum of squared weights.

In order to be more concise we restrict our attention to the two most extreme empir-
ical settings. The first setting being the one containing the most lenient dimensionality
challenge, which is when N is 50 and the estimation window equals 250 observations. The
second case is the most demanding challenge, when portfolios hold 500 assets allocated

using an estimation window of 50 observations.

Table 7: Portfolio composition

N =50 =250 N =500 {=50

S"w?  Range  p_ SSw?  Range  p_
Factor-Graphical  18.96 30.32 42.63 5.40 9.58 44.01
Large-K Factor-Graphical 16.22 27.22  38.28 2.70 6.87 33.75
Nodewise ¢;  17.46 35.02 32.74 5.29 9.41 43.93
Nodewise ¢5  17.17  34.50 32.39 5.31 9.50 43.91
Shrinkage 22.16 32.43 40.37 2.60 4.92  35.43
NL-Shrinkage  19.48 30.29 38.78 2.05 4.38 33.61
POET 1449 20.93 42.69 2.08 4.72  41.37
Factor  19.59 29.48 44.41 3.45 7.18 42.74
Graphical 5.16 11.61 18.13 1.39 3.77 3211

The table presents summary statistics of the portfolio weights. The comparison is re-
stricted to the empirically most demanding setting (N = 500,¢ = 50) and the least de-
manding (N = 50, = 250). Range denotes the average difference between the smallest
non-zero weight and the largest. The average proportion(%) of negative weights assigned
by the estimator is denoted p— and the mean sum of squared weights is >~ w?. The columns
> w? and Range are multiplied by 100.

The portfolios exhibit large similar characteristics across methods with the exception of
the Graphical method. This estimation imposes much more strict sparsity in the estimated
inverse covariance matrix and thus creates much less dispersion in the portfolio weights.
The fraction of negative positions in this portfolio is also much lower than the alternatives.
Apart from this special case, portfolio exhibit largely comparable dispersion, range and
negative weights. The number of short positions varies between 32 and 42 percent.

Through Table 7 we also find that the none of the methods appear more or less likely to
produce negative weights. The fraction of negative weights is, for all methods, around 35

percent and largely stable across sample sizes and with only marginal differences between

estimators.
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G Conditional sparsity in the inverse

We deviate from previous methods that emphasize conditional sparsity in the error covari-
ance matrix by shifting the assumption to a conditionally sparse inverse covariance matrix.
In this section we outline an example of a model under which our assumption provides a
better representation than does the traditional sparse covariance assumption. We expand
model (4) to include a set of k unobserved local factors f that provides smaller blocks of

co-varying returns,

y=a+ BF +bf +u. (46)

The covariance matrix, A, of the error term is diagonal. For simplicity assume that one
asset only is exposed to one local factor. Thus, columns of the exposures b contain many
zeroes and multiple factors do not load onto the same asset. Those returns exposed to a
local factor have a loading of one. Thus, b contains only zeroes and ones. The k factors
thus load onto disjoint subsets of the assets. Thus, we refer to them as local factors. We
define the covariance matrix of the local factors as decaying in the off-diagonal elements

such that,

1 1,2 Clk
C2,1 1 C2.k—1
w) = (a7)
Cr Ck—-12 --- 1

Where ¢; j = cl=il where i,j =1...k and 0 < ¢ < 1. This is known as a Kac-Murdock-
Szeg6 matrix. Hence, assets are exposed to local factors where the factors are correlated
but in a decreasing fashion. While the covariance decay along the off-diagonal elements,
the inverse \I/JI1 is tridiagonal. With this structure, for a small number of local factors, the
covariance matrix ¥, = 0'¥ b+ A is only approximately sparse as ¢ approach zero. The

inverse covariance matrix,

AT = (0T + A) T = AT - AT AT+ O ) T AT (48)
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The local factors create block structures within the financial assets. Since the correlation
between the local factors is decreasing so is also the correlation between the blocks of assets.
Ultimately, both ¥, and 3.1 are full matrices, however, the rate of decrease across the off-
diagonal elements of the two matrices are potentially very different. The decay of the

elements away from the diagonal is determined by the decay in the term (b’A~1b+ \IIJTI)*l,

-1

Lhi+tee e
—cC b2—|- 14c2
(b/A—lb + \I’J:l)_l — 1—c? Z 2 1—c2 (49)

—c
1—c?

—c 2 1
1—c2 EbN + 1—c?

The decrease across off-diagonal elements in the covariance is constant at ¢~!, when re-
turns belong to different local factors. In X! the rate of decrease is non-constant. Following
Meurant (1992) the non-constant rates of decay in this matrix is,

(EAT+ T )™, (1= @)dj

(A= +wrh=1), c

(50)

The term d_ is the diagonal elements of a upper triangular decomposition, which here is

expressed as a recursion along with a terminating condition,

DR s IR

di = : (51)
Sb? + i=N

1—c?

Following the results of Meurant (1992) we find that the elements of our inverse is
strictly decreasing. Together the rate in (50) along with the term (51) gives us the rate of

decrease in A™1,

«UA—HF+W;U—W
(A=l +w )~

02/(1 — 02)
djy1

rateji 1 =

Y] :cfl(l—f— (1 —02)21)?“ +c -
ij+1

)@m

From this rate we find that the off-diagonal decay in the inverse covariance matrix always

exceeds the decrease in the covariance matrix if d;j+1 > 1/(1 — ¢2). This clearly holds for
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j = N — 1. With the rate of decrease in the covariance matrix of ¢! we find,

1
-1
’I“Clt6j+1 >c B < dj+1 > m (53)
Starting from the end of the recursion we take j = N — 1,
1+ (e/(1—c?))?
_ 2
dN_1 —ZbN_1+ 1—62 - dN . (54)
Applying the necessary inequality we find,
2
1+ (/1= ¢?) 1
b3 - : 55
ZN_1+1—02 dn >1—02 (55)
We can simplify the formulation to,
2 1— 62)
I S SA Gt B 56
(- W = (56)
The inequality holds if,
2 1— 2
2 — M > 1, (57)
dn
dy > — (58)
YTa-ay

Since dy > 1/(1 — ¢?) for all non-zero local exposures we have that dy_1 > 1/(1 — ¢?).
Along the same lines for j = N — 2,
1+ (¢/(1—c?))?

dn-2=) byt i—g— g (59)

and,

/(1 —c?)

(1=c)Y bRa+1+c" -
N—1

> 1 (60)

we require,
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1

dn— — .
N—1 > =)

(61)

Which we know holds from the previous case. Hence for all j = 1,..., N the rate of
decrease in the inverse covariance matrix exceed ¢!, the rate in the covariance matrix.

Reviewing the off-diagonal decrease as a function of the parameter ¢~! we find that as
¢ tends to zero the rates in the two matrices is identical. However, as ¢ approaches one, the
difference between the rates increase in favour of the inverse. Similarly difference between
the rates of decrease also grows as the exposure to the local factor increase increase.

This implies that while both the covariance and inverse covariance are full matrices, the
elements of the inverse tend to zero faster as N increase. Thus, the local factors of this form
provides a circumstance where the sparsity assumption is more suitable in the inverse rather
than the covariance matrix. Hence, a sparse estimate of the inverse covariance matrix is

more suitable than a sparse representation of the covariance matrix.
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