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Abstract 

Rational anomaly explanation should be tested out-of-sample. The importance of the approach is demonstrated 

by showing that isolated risk testing has led to inaccurate conclusions regarding the importance of recession 

and crash risk for cross-sectional stock anomalies. Isolated risk testing is grounded in a popular misconception 

that passive and active bets are substitutes. Adopting the complements interpretation also challenges results in 

comparison studies of factors and traditional investing as well as findings in investigations that rely on excess 

returns rather than alphas. The paper develops personal asset pricing to motivate the use of benchmarks when 

the overlapping equilibrium model is not testable and derives the conditions under which anomalies are a free 

lunch in a frictionless world.  
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1. Introduction 

Rational anomaly explanations are frequently tested by regressing the performance of a single anomaly on a 

new ‘rational benchmark’. Combined with risk model mining, this form of isolated risk testing has led to 

erroneous conclusions regarding the relevance of risk models. The paper proposes assessing rational models 

on alternative anomalies or portfolios of premiums as an out-of-sample test and empirically demonstrates the 

importance of the approach. For example, when it comes to (cross-sectional stock) momentum, it is often 

argued that it is subject to extreme crashes (Barroso & Santa-Clara, 2015; Daniel & Moskowitz, 2016) or that it 

performs poorly in recession states (Chordia & Shivakumar, 2002). Using the out-of-sample approach shows 

that crashes and recessions are anomaly specific and not valid risk explanations for cross-sectional stock 

anomalies. Multi-premium portfolios manage to curtail crash risk to passive investing levels and to significantly 

improve recession performance. The empirical investigation demonstrates the importance of out-of-sample 

testing for assessing new rational explanations. Moreover, it shows the effectiveness of portfolios as a simple 

universal tool for reducing idiosyncratic premium risks.   

The paper argues that the frequent use of isolated risk testing arises due to an often-held belief that 

anomalies are substitutes rather than complements to passive investments. A belief that has also motivated 

comparison investigations between factors and traditional investing. Even more problematically, it has 

promoted widespread use of excess returns rather than alphas as an anomaly assessment metric in the literature. 

The paper shows that well known findings in the literature no longer hold under the complements interpretation 

which is more consistent with the purpose and historical development of anomalies. For example, anomaly 

alphas do not show strong signs of decay. This is contrary to evidence of excess returns decay in McLean and 

Pontiff (2016). Alternatively, the results show that passive-active premium combinations are superior to passive 

investing across all performance assessment dimensions. This is contrary to findings in Idzorek and Kowara 

(2013) who compare active to passive investing to obtain inconclusive evidence. The objective of the empirical 

investigation is to show how the substitutes interpretation has motivated the use of imperfect methods in the 

literature that meaningfully alter analysis conclusions.  

Finally, the paper develops personal asset pricing to show why benchmarking is still relevant even when the 

overlapping equilibrium model is not readily testable. By adopting personal asset pricing, investors can 

circumvent equilibrium non-testability by assess anomalies relative to investor specific evaluation criteria. The 

personal asset pricing approach gives an investor specific interpretation to standard anomaly results and 

provides unambiguous investment recommendations. When taken to its logical conclusion, investor 

heterogeneity, which is the fundamental building block of personal asset pricing, implies that active investing 

is not necessarily a zero-sum game for counterparties as is commonly assumed (French, 2008).  

The premium investment framework and personal asset pricing encapsulate two related contribution topics.  

The premium investment framework argues that passive and active bets are complements. It then tracks the 

implications of the claim and shows how adopting the alternative view has led to speculative conclusions in the 
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literature. Personal asset pricing contributes by giving a new interpretation of anomaly results under 

heterogenous preferences as a method to circumvent equilibrium non-testability. Moreover, it motivates the 

use of benchmarks in empirical settings and follows the implications of investor heterogeneity to the logical 

conclusion that active trades can be welfare improving for all counterparties.  

 

2. Understanding anomalies  

2.1. Anomalous in relation to what? 

Over the past four decades, researchers have uncovered a variety of profitable rule-based active investment 

strategies. These strategies have been given a multitude of names depending on the setting in which they appear; 

anomalies, return predicting signals, factors, active bets and smart beta are just a few well suited and widely 

used names that this paper will also interchangeably adopt. And when it comes to academic work, these 

anomalies are truly widespread (Green, Hand & Zhang, 2013; Harvey, Liu & Zhu, 2015).  

The historical development of anomalies is inexorably intertwined with the empirical testing of the 

conditional CAPM. The returns to portfolios created by sorting assets on some specific characteristic were 

considered anomalous because they were not associated with a commensurate rise in risk. In the CAMP, the 

beta of a security with respect to aggregate wealth is synonymous for risk. Consequently, the absence of beta 

was considered anomalous (Cochrane, 2011). In this respect, the first generation of anomalies was initially 

developed as CAPM (with equity proxy) anomalies. Whenever researchers ‘test’ the CAPM with a proxy, they 

are testing if adding anomalies to the equity premium improves performance. Intuitively, time series alphas 

imply that the inclusion of anomalies will increase the risk-adjusted performance of a portfolio consisting of 

the right-hand side assets in a regression (Ferson, & Lin, 2014). Therefore, the historical development of 

anomalies suggests that they should be complements rather than substitutes to passive investments. 

 

2.2. CAPM failures and the rising acceptance of data reduction techniques 

Early tests of the CAPM discovered a wide variety of characteristic sorted portfolios that provide significant 

equity beta adjusted returns (Ball, 1978; Stattman, 1980; Banz, 1981; Basu, 1983; Rosenberg, Reid, & Lanstein, 

1985; Chan, Hamao, & Lakonishok, 1991). This collection of first generation anomalies was eventually 

subsumed by two characteristics: (1) book to market (value) and (2) market capitalization (size) (Fama & French, 

1992). Not long after, momentum joined center stage (Jegadeesh & Titman, 1993; Grundy & Martin, 2001) to 

form the Fama-French (FF)-Carhart model (Carhart, 1997).  

Regardless of Roll’s critique (Roll, 1977) and the inherent non-testability of the CAPM2, over the years, 

researchers have used a variety of approaches in the hope that they will resurrect the underlying logic and 

                                            
2 The fact the true market portfolio cannot be observed implies that tests are conducted on the mean variance efficiency 
of the proxy portfolio. Regardless of the inherent inability to observe the true market portfolio, a correlation higher than 
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intuition of the model. Their hope was to obtain a positive coefficient on market betas and insignificant 

coefficients (alphas) for all the other factors (anomalies) in cross-sectional (time series) tests. This strand of 

work has mainly centered on better Bayesian estimates of betta (Vasicek, 1973; Karolyi, 1992), better proxies 

for the portfolio of aggregate wealth (Stambaugh, 1982; Jagannathan & Wang, 1996) and beta conditioning 

(Ferson & Harvey, 1999; Avramov & Chordia, 2006; Lewellen & Nagel, 2006).  

Even when successful at resurrecting the significance of beta, most studies failed to account for the 

anomalous alphas associated with core anomalies. For example, Avramov and Chordia (2006) find that the 

conditional CAPM cannot explain size, book to market and momentum. Similarly, Lewellen and Nagel (2006) 

show that if the conditional CAPM truly holds, then deviations from the unconditional CAPM should be 

smaller than the ones observed empirically. Since early tests of the conditional CAPM failed to convincingly 

account for the main factors (size, value and momentum), they became accepted in the literature and formed a 

new benchmark. Latter studies had to face a higher hurdle; they needed to remain significant after controlling 

for the FF+ Carhart factors.  

The resulting empirically motivated FF+ Carhart model did not last long. An extensive second generation 

of anomalies soon followed (Sloan, 1996; Pontiff & Woodgate, 2008; Ang, Hodrick, Xing & Zhang, 2006; 

Asness, Frazzini, & Pedersen, 2015) and their excess returns could not be explained by a proportional rise in 

value, size, market or momentum betas. Consequently, they were considered anomalous also in relation to the 

benchmark anomalies. And the ink was not yet dry on the five-factor model (Fama & French, 2015), when a 

third generation of anomalies started to appear and gain in prominence. Even more disturbingly, the ability of 

the five-factor model to subsume or even dominate the existing multitude of anomalies remains highly 

questionable (Green, Hand, & Zhang 2014).  

Empirically motivated models often do a reasonable job at data reduction, but they do not explain the 

underlying causes of anomalies. Resultantly, failure to resuscitate the CAPM has separated investigations into 

data reduction techniques that summarize signal information in a concise format useful for out-of-sample 

prediction but devoid of economic content (such as the Fama-French models or models based on principal 

component analysis) and investigations that try to explain anomalies. The next section summarizes the later 

strand of work which is of more interest in this paper.  

 

2.3. Revisiting anomaly explanations  

Our inability to subsume anomalies via CAPM modifications has driven the emergence of five strands of 

anomaly explanations. They are broadly group into (1) errors in estimation stories, (2), rational stories (3) 

behavioral stories, (4) implementation stories and (5) persistence stories.  

                                            
0.7 of the chosen proxy with the true unobserved market would imply that a rejection of the proxy is a rejection of the 
true CAPM (Kandel & Stambaugh, 1987; Shanken, 1987).  
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Error in estimation stories focus on faults with the data or construction process. In effect, errors in 

estimation stories do not explain anomalies but question their existence. Consequently, the validity of error in 

estimation concerns can eliminate the predictive significance of anomalies and cast doubt on their true historical 

population relevance. To deal with error in estimation, out-of-sample tests in other markets (Fama & French, 

2012), asset classes (Ang, Hodrick, Xing, & Zhang, 2009; Assness, Moskowitz, & Pedersen, 2013) or time 

frames (Davis, 1994; Chabot, Ghysels, & Jagannathan, 2014) are often employed. Alternatively, to account for 

extensive data-mining, it is also possible to adopt the complementary multiple hypothesis testing approach 

which requires profitable strategies to pass a higher t-statistic hurdle (Harvey, Liu, & Zhu, 2015). Assuming the 

evidence is strong enough to pass the existence hurdle, a key issue that needs to be examined is why the average 

investor prefers a particular side of a bet. Behavioral and rational stories are competing explanations for 

anomaly existence.  

Rational stories rely on the key concept of high marginal utility states. Investors prefer a particular side of 

an active bet because it has positive realizations in periods of high marginal utility. In a sense, the CAPM is the 

ultimate rational story and it designates periods of low aggregate wealth as high marginal utility states. 

 Behavioral stories on the other hand, claim that the average investor chooses a particular side of the bet 

because: (1) he derives non-monetary utility from his bet (non-standard preferences), (2) is subject to some bias 

that leads him to wrongfully assess the probabilities of the bet (errors in expectations) (Daniel, Hirshleifer, & 

Subrahmanyam, 1998; Barberis, Shleifer, & Vishny, 1998) or (3) prefers a particular side of the bet due to 

constraints (rational but constrained; segmented markets) (Frazzini & Pedersen, 2013; Blitz & Vilet, 2007). 

Behavioral stories suggest that mispricing can be seen as a source of excess income for unconstrained investors 

that do not share the same non-standard preferences. 

When it comes to non-standard preferences, the distinction between rational and behavioral becomes 

blurred. Is a preference for ‘moral dividends’ irrational? In a sense, all preferences are behavioral; people prefer 

safer cash flows over riskier cash flows. Having mentioned this caveat, it is useful to keep the accepted 

terminology ‘rational’ to refer to a commonly acceptable set of normative preferences. The distinction between 

rational and behavioral is particularly relevant when normative preferences are ‘tested’ against behavioral 

explanations in which investors make errors.    

Assuming we have established that an anomaly exists, and we have a good story to justify its existence, an 

important question to consider is anomaly implementation. Even if anomalies exist and have a behavioral 

explanation, can they still be traded profitably? Implementation stories examine if executing an anomaly bet is 

impossible due to (1) transaction costs (Frazzini, Israel & Moskowitz, 2012; Novy-Marx & Velikov, 2016), (2) 

shorting and leverage constraints, (3) high variance and unfavorable higher moments3 (Barroso & Santa-Clara, 

                                            
3 Refers to idiosyncratic crashes that do not occur in high marginal utility states. Consequently, crashes are not ‘rational’ 
explanation in the traditional sense. However, a valid implementation concern is whether idiosyncratic crash risk can be 
diversified properly in a portfolio.   
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2015) or (4) an inability to execute in real time (Lewellen, 2015). In this respect, implementation stories do not 

explain why anomalies arise which is what the rational-behavioral debate tackles. Rather implementation stories 

can motivate why anomalies persist; that is, market prices do no adjust as shrewd investors face difficulty placing 

offsetting bets.  

Finally, persistence stories argue that anomalies are disappearing over time even though they may have 

existed historically. Such an outcome can be consistent with all the explanations for anomaly existence such as 

data-mining (error in estimation), market learning (behavioral), changeless in preferences (rational) and 

reductions in transaction costs (implementation). This paper focuses on the rational-behavioral debate and the 

next section lays out some general concerns about existing rational and behavioral theories.  

 

2.4. Common difficulties to rational and behavioral theories 

A commonly expressed concern with behavioral theories is that they have difficulty explaining the 

comovement between stocks in portfolios sorted on anomalous characteristics (Cochrane, 2011). Comovement 

and behavioral explanations are not inconsistent. Nevertheless, as Cochrane (2011) points out, theoretical 

behavioral models that motivate both alpha and the comovement pattern are rare.   

Rational theoretical models on the other hand, have difficulty accounting for the lack of comovement across 

anomalies. The various active bets seem unrelated (or even negatively correlated) which makes fitting a single 

rational model difficult. To understand the intuition of this statement, consider the extreme case whereby two 

tradable portfolios with positive excess returns are perfectly negatively correlated. Such a setting would lead to 

an arbitrage opportunity which cannot be explained by any rational asset pricing model. More generally, the 

more independent anomalies researchers discover the closer we are moving from model mispricing to violations 

of the law of one price; that is, developing a rational model becomes more difficult as we move from a single 

anomaly with extensive idiosyncratic risk to uncorrelated multi-premium combinations.  

This reasoning is well understood thought the Hansen-Jagganathan bound which places a high hurdle on 

rational theories (Appendix A develops the argument formally). If we find the magnitude of the equity premium 

puzzling (Mehra & Prescott, 1985), consider fitting something four times as large, which is what the passive-

active combination in this paper implies. Yet, the literature is full of papers claiming they can rationally explain 

anomalies; usually by matching individual anomalies with specific environment mapping variables. The next 

section turns to pitfalls in reasoning and testing which can cause this overabundance of rational explanations.   

 

2.5. Pitfalls in the empirical testing of rational models 

Empirical investigations of rational models face two issues: (1) risk model mining and (2) testing of models 

in isolation. Risk model mining occurs when a researcher looks at anomaly performance to identify loss periods 

and then proceeds to test environment mapping variables that would define them as high marginal utility states. 

The anomalies aren’t arbitrage opportunities. Inevitably there will be periods in which losses are made. What is 
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really needed is a clear normative a-priori argumentation as to why a variable is used. We want to test 

explanations rather than forming them ex post for each premium by conveniently splitting the sample. 

Analogous to the standard arguments against data mining (Harvey, Liu & Zhu, 2015), testing for an array of 

rational anomaly explanations will inevitably lead to a significant finding by chance.  

The problem of model mining is exacerbated by the second issue which is the tendency to test risk 

explanations in isolation. In the absence of market segmentation, pricing needs to hold for all valid assets (‘for 

all assets i’ in asset pricing models). We do not have one model to price stock A and another to price stock B. 

Consequently, rational explanations ought to explain all valid anomalies and portfolios of anomalies (as the HJ 

bound also implies). At the very least, new rational models should not make other anomalies even more 

anomalous; that is, they should not prescribe expected returns for other anomalies that are even further from 

observation.  

A valid out-of-sample test for existing premium specific rational explanations is their ability to explain 

alternative anomalies. Following this reasoning, the paper show that recessions and crashes are anomaly specific 

which is contrary to previous conclusions in the literature (Chordia & Shivakumar, 2002; Barroso & Santa-

Clara, 2015; Daniel & Moskowitz, 2016). The empirical investigation demonstrates the importance of out-of-

sample testing for new rational explanations. Assuming testing is properly executed, the next section turns to 

general concerns about the inherent testability of rational and behavioral explanations.  

 

2.6. Obstacles to equilibrium testing 

Currently, the biggest stumbling block for anomalies is our inability to determine whether they are rational 

or behavioral in an equilibrium context. The intuition of the impasse can easily be understood though the 

following simple setting. Suppose that the true data generating process follows: 

(1) 𝑅𝑖𝑡 = ⍶𝑖 + 𝜆𝑖𝑅𝑞𝑡 + ⍷𝑖𝑡   for all 𝑖 

Where 𝑅𝑖𝑡 and ⍷𝑖𝑡 are respectively the the excess return and disturbance term for asset i in period t. 𝑅𝑞𝑡 is the 

true equilibrium price determinant and ⍶𝑖 is asset specific mispricing.  

A rational benchmark would imply that the true determinant (𝑅𝑞𝑡) captures a risk that investors should 

normatively price. Above and beyond that, and for obvious reasons, a rational benchmark implies the absence 

of asset specific mispricing (⍶𝑖 = 0).  

A behavioral benchmark can be modeled as: (1) systematic mispricing, by assuming that 𝑅𝑞𝑡 is behavioral 

(like sentiment)4, or as (2) asset specific mispricing, if alphas in the true model are not zero (⍶𝑖 ≠ 0). In fact, 

there is nothing excluding the possibility that mispricing is both systematic and asset specific. 

                                            
4 See for example Baker, & Wurgler (2006), Stambaugh, Yu, & Yuan (2012) or Jacobs (2015) for empirical evidence on 
sentiment and anomalies. 
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 Suppose in practice researchers run a regression of the form: 

(2) 𝑅𝑖𝑡 = 𝛼𝑖 +  𝑏𝑖𝑅𝑧𝑡 + ἐ𝑖𝑡    

where they utilize a different benchmark and discover positive and significant alphas.  

Claiming equilibrium mispricing in this setting is problematic given that there is always the possibility that 

researchers are omitting the true rational factor which if included would annul anomaly alphas. Stated 

alternatively, alpha and the benchmark are simultaneously tested (Fama, 2014). Unfortunately, the joint 

hypothesis problem is not the only obstacle to resolving the rational-behavioral debate.  

To make things worse, absence of alphas does not imply rational pricing as the utilized benchmark could 

also capture systematic mispricing5. Therefore, even if we discover a benchmark that annuls anomaly alphas we 

would still be unable to settle the rational-behavioral debate. The fact that a common factor can capture both 

rational and irrational pricing is the benchmark ambiguity problem. 

To summarize, significant alphas do not imply mispricing (joint hypothesis problem) and absence of alphas 

does not imply rational pricing (benchmark ambiguity problem). For alphas to be informative about the 

rational-behavioral debate, we would have to know both the true benchmark and its nature! Understanding the 

nature of the true benchmark requires inferring the preferences and thought process of the representative 

investors. Are ‘his’ preferences ‘rational’? Is there an error in his pricing process? As we presently do not know 

neither the true benchmark nor its nature, equilibrium interpretations of anomaly results are speculative.  

Benchmark ambiguity is particularly problematic when explanations are reverse engineered, empirically 

motivated or lack economic content. Nevertheless, even explanations coming from ‘deep theory’ could have 

an ambiguous interpretation. For example, the pricing of recession risk can capture either a systematic error 

where agents wrongly expect bad times to last too long (behavioral story) or agents experiencing recessions as 

low consumption states (rational story). Given the testability issues of the rational-behavioral debate, the next 

section turns to personal asset pricing as a method to give alternative meaning to benchmarks.  

 

2.7. Personal asset pricing 

The controversy surrounding benchmarks has pushed researchers into widespread use of excess returns as 

an assessment metric. In addition, our inability to presently test the rational-behavioral debate does not change 

the fact that investors need to make choices regarding investments in anomaly replicating funds on a regular 

basis. And if alphas and other assessment criteria are not informative about equilibrium pricing, then what can 

they tell us? 

                                            
5 Kozak, Nagel & Santos (2017) present a similar argument in parallel work that strong comovement can be consistent 
with sentiment. In their case, the possibility is used as criticism to data reduction techniques. Here it is also argued that the 
issue is general to any benchmark.  
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To circumvent the issues inherent to the rational-behavioral debate, results can also be interpreted through 

personal asset pricing whereby the benchmark and evaluation criteria are personal, and alpha follows. As 

investors are aware of their own benchmark and performance assessment criteria, they can evaluate investment 

strategies relative to their own personal asset pricing model. Under this interpretation, the second specification 

(equation 2) is not an attempt to model the true data generating process but rather an independent 

predetermined personal benchmark. By fixing the benchmark, the approach circumvents the joint hypothesis 

problem and allows for unambiguous investor specific recommendations. In fact, even if we do end up knowing 

the true benchmarks and their nature, investor specific recommendations remain valid in the presence of 

investor heterogeneity. 

Let us express personal asset pricing formally. Suppose the premium investor is a price taker and has a 

stochastic discount factor (SDF) independent of the data generating process; that is, assume his SDF is 

independent from the SDF of the representative investor and has the following beta representation:  

 

(3) 𝑀𝑡+1
𝑝

=  𝑎 −  𝐵𝑖𝑅𝑧,𝑡+1 

 

Where 𝑅𝑧,𝑡+1 is the relevant investor specific pricing factor and 𝑀𝑡+1
𝑝

 is the resulting personal SDF. For 

example, if the benchmark portfolio 𝑅𝑧,𝑡+1 captures personal wealth, then marginal utility will be high when 

personal wealth is low (a personal CAPM if you will). It follows (see Campbell, 2000 or Cochrane, 2009 for a 

more detailed derivation):  

 

(4) 𝐸𝑡
𝑝

[𝑅𝑖,𝑡+1
𝑒𝑥 ] =  𝑏𝑖𝐸𝑡

𝑝
[𝑅𝑧,𝑡+1

𝑒𝑥 ]  for all i  

 

Where 𝐸𝑡
𝑝

[𝑅𝑧,𝑡+1
𝑒𝑥 ] is the price of risk, 𝑏𝑖 is the quantity of risk and 𝐸𝑡

𝑝
[𝑅𝑖,𝑡+1

𝑒𝑥 ] is the conditional expected 

return for asset i in the personal model; the 𝑝 here stands for personal, as in belonging to a specific investor.  

The quantity of risk (𝑏𝑖) can also be interpreted as the regression coefficient of an asset’s return on the return 

on the factor.  

Assume a worst-case scenario whereby the SDF of the representative investor is rational (no equilibrium 

alphas) and different from the SDF of the premium investor and takes the form6: 

 

(5) 𝑀𝑡+1 =  𝑐 − 𝜆𝑖𝑅𝑞,𝑡+1 

 

Analogous to before, we obtain: 

                                            
6 We can always construct a single (multiple factor) representation of the SDF when the law of one price holds (Hansen, 
& Jagannathan, 1991; Cochrane, 2009).   
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(6) 𝐸𝑡[𝑅𝑖,𝑡+1
𝑒𝑥 ] =  𝜆𝑖𝐸𝑡[𝑅𝑞,𝑡+1

𝑒𝑥 ] for all i 

 

The key ingredient is the difference between the SDF of the representative investor and the personal SDF 

regardless of their specific form. In practice, the preferences and benchmark of the representative investor are 

unobservable. This raises misspecification concerns when standard regressions are interpreted as attempts to 

model the data-generating process. However, prices and average returns can be observed. This allows investors 

to compare market expected returns to personal expected returns and to obtain investor specific alphas: 

 

(7) 𝐸𝑡[𝑅𝑖,𝑡+1
𝑒𝑥 ] − 𝐸𝑡

𝑝
[𝑅𝑖,𝑡

𝑒𝑥] =  𝜆𝑖𝐸𝑡[𝑅𝑞,𝑡
𝑒𝑥 ]  − 𝑏𝑖𝐸𝑡

𝑝
[𝑅𝑧,

𝑒𝑥]  = 𝐸𝑡
𝑝

[𝛼𝑖
𝑝

] 

 

Where 𝛼𝑖
𝑝
 is the alpha of investor p for asset i, and it captures the difference between the expected return for 

the representative investor and the personal investor. This is something we can take to the data. In this setting, 

𝐸𝑡
𝑝

[𝑅𝑧,
𝑒𝑥] is given while 𝑏𝑖 can be estimated. Moreover, market expected returns (𝐸𝑡[𝑅𝑖,𝑡

𝑒𝑥]) are observable 

assuming average realized returns are not systematically different from expected returns.  

Defined in this manner, personal alphas provide unambiguous investment recommendations; that is, we can 

provide partial normative statements with the new alpha interpretation. Regressions defined using investors’ 

benchmark do not suffer from misspecification concerns as the preferences of a single investor can easily be 

elicited. Finally, even if the SDF of the representative investor becomes observable, the conclusions continue 

to hold under fixed heterogeneous preferences.   

The idea that investors are heterogeneous and care about different attributes of financial assets is intuitive. 

For example, investors could care about different covariances as they must hold fixed non-tradable assets. 

Differences in preferences can also manifest themselves as higher marginal utility from returns in specific states 

of the world. For example, investors could care more about returns in recessions due to their labor income risk. 

Even non-standard preferences, such as a preference for socially responsible firms and moral dividends, can 

cause differences between personal and equilibrium valuations. For example, some ethical investors would not 

hold ‘sin stocks’ regardless of market prices (see Renneboog, Horst, & Zhang 2008 for a review on SRI 

investing). As these examples illustrate, personal asset pricing and heterogeneous preferences are inherently 

neither rational nor behavioral but can be consistent with both.  

The use of investor specific criteria is not novel. On the contrary, the approach is quite intuitive and often 

implicitly used in practice when developing client specific solutions. This is what practitioners are doing when 

regressing on clients’ portfolios. A similar approach can also be found in Ferson & Lin (2014) who derive 

investor specific alphas in the SDF setting as a reliable buy/sell signal in the presence of investor disagreement. 

In their case, they use the intuition to analyze fund flows. In this paper, personal asset pricing is used to 
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understand and interpret anomaly results as well as to motivate the use of benchmarks in the presence of non-

testability.  

Personal asset pricing is not without its own shortcomings. A key valid drawback of personal asset pricing 

is that it provides investor specific conclusions. Every preference structure requires a new investigation. The 

next section continues exploring some of the unique concerns specific to personal asset pricing.  

 

2.8. When will anomalies be risky under personal asset pricing? 

Having analyzed anomalies from a personal perspective, a pressing question remains; what are the 

conditions required to make investors worse-off on average when they make anomaly investments? This section 

derives the consequences of completely ignoring the pricing process of the representative investor and the 

conditions under which they become relevant.  

When will alphas disappear? If asset specific mispricing in the data-generating process is zero (⍶𝑖 = 0)7, 

then personal alphas are zero when the SDFs are equivalent:  

(8) If  𝑀𝑡
𝑝

= 𝑀𝑡 then  𝐸𝑡
𝑝

[𝛼𝑖
𝑝

] = 0 

This can occur as a structural break in preferences ex-post because of the interdependence of utility functions 

between the representative investor and the personal investor. Analyzed from this angle, alpha decay can be 

interpreted as an alignment between the preferences of the personal and representative investor.   

For the active trade to be utility reducing for the buyer, we need the sign of alpha to switch in our beta 

representation (assuming 𝜆𝑖 is positive). Stated alternatively, we would also need the personal investor to 

demand a bigger premium for bearing factor risk than the representative investor. If the personal and 

representative investor agree about the quantity of risk, it follows: 

 

𝐸𝑡[𝑅𝑖,𝑡
𝑒𝑥] − 𝐸𝑡

𝑝
[𝑅𝑖,𝑡

𝑒𝑥] =  𝜆𝑖𝐸𝑡[𝑅𝑞,𝑡
𝑒𝑥 ] − 𝜆𝑖𝐸𝑡

𝑝
[𝑅𝑞,𝑡

𝑒𝑥 ] = 𝐸𝑡
𝑝

[𝛼𝑖
𝑝

]   

 

(9) If 𝐸𝑡[𝑅𝑞,𝑡
𝑒𝑥 ]  <  𝐸𝑡

𝑝
[𝑅𝑞,𝑡

𝑒𝑥 ]  then  𝐸𝑡
𝑝

[𝛼𝑖
𝑝

] < 0 

 

If the personal investor demands a bigger premium for a risk, then he will find the asset overpriced for him. 

Alternatively, if the new personal SDF is a mix of the old personal SDF and the representative SDF: 

 

If  𝑀𝑡+1
𝑝

=  𝑎 − 𝐵𝑖𝑅𝑧,𝑡+1 − 𝜆𝑖𝑅𝑞,𝑡+1 

 

                                            
7 This is a weaker assumption than rational pricing which also requires absence of systematic mispricing (𝑅𝑞𝑡 ≠ 

behavioural).  
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𝐸𝑡[𝑅𝑖,𝑡
𝑒𝑥] − 𝐸𝑡

𝑝
[𝑅𝑖,𝑡

𝑒𝑥] = (𝜆𝑖𝐸𝑡[𝑅𝑞,𝑡
𝑒𝑥 ] − 𝜆𝑖𝐸𝑡

𝑝
[𝑅𝑞,𝑡

𝑒𝑥 ]) − 𝑏𝑖𝐸𝑡
𝑝

[𝑅𝑧,𝑡+1
𝑒𝑥 ]   

 

𝐸𝑡
𝑝

[𝛼𝑖
𝑝

] = 𝜆𝑖(𝐸𝑡+𝑇[𝑅𝑞,𝑡
𝑒𝑥 ] − 𝐸𝑡+𝑇

𝑝
[𝑅𝑞,𝑡

𝑒𝑥 ]) − 𝑏𝑖𝐸𝑡
𝑝

[𝑅𝑧,𝑡+1
𝑒𝑥 ]   

 

(10) 𝐸𝑡
𝑝

[𝛼𝑖
𝑝

] < 0  if   𝑏𝑖𝐸𝑡
𝑝

[𝑅𝑧,𝑡+1
𝑒𝑥 ] < 𝜆𝑖(𝐸𝑡[𝑅𝑞,𝑡

𝑒𝑥 ] − 𝐸𝑡
𝑝

[𝑅𝑞,𝑡
𝑒𝑥 ]) 

 

Personal alpha will be negative when the difference in premiums demanded for the common risk cannot offset 

the unique personal risk of the asset.  

To summarize, the true riskiness of anomalies from a personal perspective is in the probability that all three 

conditions are satisfied: (1) other investors must be pricing an additional unaccounted-for dimension of 

performance (regardless of whether it is rational or behavioral), (2) the premium investor must realize that he 

also cares about this other dimension of performance and that (3) he cares about the new dimension strongly 

enough such that the expected improvement on his initial dimension is not enough to compensate. If all 

conditions are satisfied, then the personal investor will experience an ex-post utility loss having realized he was 

trading on a pricing model inconsistent with his ‘true’ preferences. If we believe that the probability of a sign 

shifting structural break is negligible, then personal riskiness is non-existent. In short, completely ignoring 

equilibrium pricing and the representative investor is perfectly fine for agents who are confident about their 

preferences.  

The final concern for personal asset pricing is measurement error. The personal investor has identical 

preferences as the representative investor. However, he estimated a positive alpha because he underestimated 

beta: 

 

𝐸𝑡
𝑝

[𝛼𝑖
𝑝

] =  𝐸𝑡[𝑅𝑞,𝑡
𝑒𝑥 ] [𝜆𝑖 − 𝜆𝑖

𝑝
]  

 

(11) 0 < 𝐸𝑡
𝑝

[𝛼𝑖
𝑝

]   if  𝜆𝑖 < 𝜆𝑖
𝑝
  

 

The price of risk in this example (𝑅𝑞,𝑡
𝑒𝑥 ) is common by the identical preference assumption. Measuring the 

true quantity of risk would have shown absence of alpha. Consequently, the measurement error problem can 

hurt the personal investor only to the extent that it induces him to excessively trade what he evaluated as 

incorrectly priced securities. Measurement error is more difficult to completely rule out (an equilibrium analog 

is testing whether beta conditioning can revive the CAPM). However, measurement error is also less 

problematic as it cannot flip the sign of gross alphas. We need a personal misspecification for the price and 

type of risk to obtain an alpha sign switch. Moreover, in frictionless markets with fixed preferences, if the 
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investor places a positive probability that his estimated beta is the true beta, then personal alphas will be positive 

ex ante.  

To summarize, ignoring equilibrium pricing can hurt the personal investor if: (1) he has a structural break 

in his preferences that puts him on the opposite side of the pricing process of the representative investor or (2) 

if it induces him to trade excessively properly priced assets due to an underestimation of the true quantity of 

risk. Having mentioned these unique risks, personal asset pricing provides a valid alternative for result 

interpretability given the testability issues inherent to the rational-behavioral debate. The next section explores 

the implications of heterogeneous agents on the equilibrium welfare pay-off to counterparties. 

 

2.9. Heterogeneous agents and the zero-sum game property of anomalies 

Anomalies represent zero-sum active bets across characteristics. These bets do not eliminate recession risk 

or directly generate wealth; rather, they shift it among market participants. Consequently, analogous to the way 

investors use active positions to earn an alpha, they can also use active positions to remove a risk. This zero-

sum game property of active bets is not an empirical regularity but a fundamental property of markets. 

Theoretically, both outperformance and diversification of any risk can be achieved by a subset of investors at 

the expense of other market participants. However, anomalies are not necessarily zero-sum games when it 

comes to welfare as other market participants need not have a preference along the underperforming 

dimension. In fact, everyone may end up better off if agents have preferences across different dimensions. The 

following simple example illustrates.  

Suppose there are two agents each holding two apples. If agent A trades away a fresh apple for a stale apple 

from agent B, and if both agents only care about apple freshness, then we have a zero-sum game in terms of 

both characteristics and welfare. Agent A got rid of the stale apple at the expense of agent B. This is the standard 

zero-sum game in terms of characteristics. With homogeneous preferences, it also implies a zero-sum game in 

terms of welfare among the counterparties8.   

However, if agent B only cares about another apple attribute such as color, then the exchange could be 

beneficial for both counterparties if the stale apple has agent B’s preferred color. Both agents will find the 

apples personally mispriced relative to their preferences. Moreover, if the signals predicting freshness or color 

are changing over time, we will have continuous active trading that raises welfare. As the example demonstrates, 

showing this is trivial; for the two-agent case, simply consider a standard price-quantity diagram whereby supply 

and demand overlap for a range of prices. The goal of this stylized example is to show that anomalies need not 

be zero-sum games in terms of welfare for the counterparties as it is commonly believed in both academia and 

practice. The conclusion follows logically form the assumption of heterogeneous preferences.  

                                            
8 Focus is on the effect on counterparties. Active traders can also generate a positive social externality by 
contributing to price discovery (French, 2008).  
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In the chapters that follow, the paper empirically shows how the various discussed issues can impact analysis 

conclusions and our understanding of anomalies.  

 

3. Methodological issues and methods to assess performance 

3.1. Benchmark choice and bond-anomaly independence 

The performance of anomalies will be assessed relative to a passive benchmark consisting of the equity, 

term structure and default premium. Under the personal asset pricing interpretation, this is an appropriate 

benchmark for investors who hold a passive portfolio of bond and stocks. One can also intuitively view 

benchmark betas as mapping high marginal utility states as periods when invested passive assets do poorly; that 

is, investors value assets more if they provide good returns when their personal wealth coming from passive 

assets is low. The choice to use the term structure and default premium is grounded in the work of Fama and 

French (1993) who find that they capture along with the equity premium most of the variation in portfolio 

returns of government and corporate bonds9.  

There are numerous alternative equilibrium ways to think about the relevance of contemporaneous anomaly 

independence from bond premiums. A simple way to understand the relevance is to revisit the intuition of the 

CAPM. Securities are risky if they have a high beta with respect to the portfolio of aggregate wealth. Since this 

portfolio is unobservable, it is common practice to use an equity index proxy. This proxy can also be expanded 

to include bond premiums (a quantitative approach to redefining the CAPM proxy, to include human capital 

in their case, can be found in Jagannathan & Wang, 1996). Consequently, if any of the anomalies correlate 

strongly with bond premiums, their excess returns can be considered rational in the sense that anomalies would 

be substitutes for bonds. A more general way to reason is to think of the term structure and default premiums 

as proxies for macroeconomic risk (for example, defaults tend to be clustered in periods of distress); i.e. as the 

true underlying determinants of systematic risk (Chen, Roll, R & Ross, 1986). Consequently, above and beyond 

the personal asset pricing interpretation, bond premiums also have a strong prior which ameliorates benchmark 

ambiguity concerns. 

 

3.2. Alpha  

Positive and significant time series alphas imply that including anomalies on the margin will increase the 

Sharpe ratio of a portfolio that contains the right-hand side benchmark assets (assuming their excess return is 

positive) (Dybvig & Ross, 1985). Therefore, for investors who already hold the passive premiums, adding an 

active strategy with a significant alpha will increase risk-adjusted performance. To assess alpha significance, the 

paper relies on the heteroskedasticity consistent standard errors of White (1980) (as in Stambaugh, Yu & Yan, 

2012 and Jacobs, 2014). Conclusions are unaffected when using Newey West (1987) standard errors.  

                                            
9 Investors can get exposure to these premiums by buying (long term) corporate and government bonds.  
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3.3. The Sharpe and Sortino Ratio 

Sharpe ratios are the most well-known metric for assessing portfolio performance and they take center stage. 

The statistical significance of Sharpe ratio differences is estimated using the Ledoit & Wolf (2008) bootstrap 

test10 11. The paper also shows the annualized Modigliani & Modigliani (M2) performance measure which 

volatility matches strategies to a benchmark12. M2 has intuitive appeal, which is why it accompanies the results; 

however, it cannot qualify as a new measure as it is simply a restatement of the Sharpe ratio.   

Anomalies are notorious for having highly asymmetric distributions (Figure 1)(see Eling & Schuhmacher 

(2007) for performance evaluation under asymmetric returns). To corroborate conclusions in the presence of 

non-normally distributed returns, the paper uses the Sortino ratio which is an alteration of the Sharpe ratio that 

uses downside deviation as the denominator. It is defined as: 

𝑆 =
𝑅 − 𝑇

√1
𝑁

∑ (min(0, 𝑅𝑡 − 𝑇))2𝑁
𝑖=1

 

Where R is the average period return, T is the ‘target’ return, and 𝑅𝑡 is the return in period t. With downside 

deviation, only returns falling below a certain threshold are considered risky. Since the paper investigates the 

performance of zero-cost portfolios, the natural target for downside deviation is zero. Sortino ratios also 

indicate how close investment strategies are to an arbitrage opportunity. Intuitively, a zero-cost portfolio that 

provides positive returns without downside deviation is the definition of arbitrage. Moreover, large Sortino 

ratios also indicate the absence of large losses which is especially relevant for compounded performance. These 

characteristics make Sortino ratios particularly well suited to the assessment of anomalies.  

 

3.4. Recession Performance 

Finally, the paper investigates anomalies’ recession performance. The choice is intuitive as recessions lead 

to a drop in labor income which is a noteworthy risk for most investors. Moreover, consumption falls in 

                                            
10 An alternative approach to the use of Ledoit & Wolf’s bootstrap procedure for differences in Sharpe ratios 
is the use of a GRS test (Gibbons, Ross, & Shanken, 1989) on all the estimated time series alphas to test for 
the improvement in in-sample max Sharpe Ratios of the augmented universe. The bootstrap procedure is 
preferable as it allows for greater flexibility in the type of portfolio improvements tested.  
11 Previous drafts arrived at equivalent conclusions using the Jobson & Korki’s (1981) statistic augmented with 
Memmel’s (2003) adjustment as well as Opdyke’s tests (2007). Ledoit & Wolf’s bootstrap test is preferred as it 
better accounts for non-normality and serial correlation in Sharpe ratios. Memmel (2003) does not account for 
either non-normal returns or serial correlation while Opdyke (2007) does not account for serial correlation. 
Serial correlation can be an issue for the denominator in the Sharpe ratio due to volatility clustering (Ledoit & 
Wolf, 2008).  
12 M2 is defined as: M2 = Rp

σb

σp
 .Where Rp and σp are the annualized return and volatility of the portfolio and 

σb is the annualized volatility of the benchmark. 
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recessions (closer to habit; Campbell and Cochrane, 1995), which makes good returns particularly valuable 

(Cohrane, 2017). Consequently, recessions have a reasonably strong prior. It is therefore interesting to examine 

if they are a valid out-of-sample explanation or a premium specific risk.  

 

Figure 1: Momentum returns. Displays the frequency of monthly realized returns for momentum in the 
sample period spanning 07/1963-12/2014. Momentum has an asymmetric return distribution with negative 
skewness and high kurtosis.  

 

3.5. Anomaly construction method 

The most common methods for constructing and examining anomalies are (1) portfolio sorts and (2) Fama-

MacBeth regressions. Fama-MacBeth regressions produce a time series of cross-sectional estimates (Fama & 

MacBeth, 1973) which have an interpretation of mean long-short hedge portfolios returns (Fama 1976, Chapter 

9; Campbell 2014). The sorting approach on the other hand, places securities in portfolios based on the value 

of a specific characteristic. An anomaly is then constructed by going long the ‘undervalued’ portfolio and short 

the ‘overvalued’ portfolio.  

Fama-MacBeth regressions and portfolio sorts have subtle differences, such as the effect of small stocks on 

the estimates (Fama & French 2008), nevertheless, they are conceptually equivalent given that portfolio sorts 

are the same as nonparametric cross-sectional regressions (see Cochrane (2011) for a visual illustration). It is 

common practice to apply both approaches when developing new anomalies and they generally provide 

equivalent conclusions (see the consistency of results across approaches in Fama & French, 2008). There is a 

very simple way to think about anomaly construction. All approaches make use of a panel data set containing 
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an array of forecasting signal (Cochrane, 2011). These signals can be used to select securities and construct 

active portfolios. 

The paper will use value weighted decile sorts, where applicable, as focus is placed on the performance of 

tradable portfolios. On average, equally weighted sorts provide stronger results (Green, Hand & Zhang, 2013) 

given that anomalies are often more pronounced in microcaps (Fama & French 2008). However, equally 

weighted (EW) portfolios are costlier to execute as they require rebalancing back to equal weights following 

monthly return realizations. Moreover, EW portfolios require a disproportionately high trading volume in small 

stocks. In fact, empirical studies show that EW portfolios have two to three times the transaction costs of VW 

portfolios (Novy-Marx & Velikov, 2015).  Fama-MacBeth estimates have similar issues. They can be influenced 

extensively by microcaps, which are plentiful in the population and tend to take more extreme values in the 

characteristics (Fama & French 2008). Furthermore, the approach would also be inappropriate for anomalies 

such as betting against beta (Frazzini & Pedersen, 2014) which require further transformations before 

application.  

The use of quintile rather than decile portfolios is another modeling alternative. Quintile portfolios have 

lower average idiosyncratic volatility due to the larger number of stocks per portfolio. However, quintile sorts 

have higher anomaly correlations due to the presence of a larger number of overlapping stocks. It is worth 

noting that overlapping stocks do not negatively influence the results above and beyond their impact on 

correlations. In fact, they can reduce the transaction costs of the overall portfolio when they give opposite 

trading recommendations.   

 

3.6. Data Description 

The main investigation uses US monthly return series for 13 zero-cost long-short decile portfolios 

constructed from 07/1963 until 12/2014. The paper gives all zero-cost long-short portfolios the general 

designation ‘premiums’, given that they all have positive average realized returns. The shorthand notation for 

the premiums used throughout the paper is as follows, MKT is the equity premium, GOV is the term structure 

premium (Asvanunt & Richardson, 2016), CORP is the default premium (Asvanunt & Richardson, 2016), SMB 

is the size (Banz, 1981; Fama & French, 1992, 2008, 2015), BTM is value (Rosenberg, Reid, & Lanstein, 1985; 

Chan, Hamao, & Lakonishok, 1991, Fama & French, 1992, 2008, 2015), RWM is profitability (Cohen, 

Gompers, & Vuolteenaho, 2002; Fama & French, 2008, 2015), CMA is investment (Fairfield, Whisenant, & 

Yohn 2003; Titman, Wei, & Xie, 2004; Fama & French, 2015), WML is momentum (Jegadeesh & Titman, 1993; 

Carhart, 1997; Fama & French, 2008), IVOL is idiosyncratic volatility (Ang, Hodrick, Xing & Zhang, 2006), 

QUAL is quality (Asness, Frazzini & Pedersen, 2015), BAB is betting against beta (Frazzini & Pedersen, 2014), 

AC is accruals (Sloan, 1996; Fama & French, 2008) and NI is net share issuance (Daniel & Titman, 2006; Pontiff 

& Woodgate, 2008; Fama & French, 2008). Return series were taken as given from previous work to enable 
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ease of result replicability13. The construction procedure for each premium follows the specifics determined by 

the last paper cited. Interested readers can see the original papers for the details on anomaly construction. For 

ease of communication, the paper refers to MKT, GOV and CORP as the traditional premiums or passive bets. 

Remaining premiums are referred to as anomalies or active bets. All the anomalies, except betting against beta, 

are value weighted; betting against beta is constructed using the methodology of Frazzini & Pedersen (2013) 

whereby weights are assigned based on beta ranks. Recession data was obtained from the US national bureau 

of economic research (NBER). Recessions are defined as periods between peak and trough.  

 

4. Results 

4.1. Understanding the data: the premiums as stand-alone investments:  

Table 1 summarizes premium information and reveals several interesting patterns. First and foremost, 

results reveal that premiums have highly asymmetric return distributions consistent with claims in the literature 

(Barroso & Santa-Clara, 2015; Daniel & Moskowitz, 2016). Skewness and kurtosis are on average quite large 

and the Jarque-Bera test rejects all the normality hypothesis.  

However, skewness does not seem to have a universal sign deviation as five of the examined premiums 

have negative skewness while eight of them have positive skewness. Consequently, if skewness was a valid 

anomaly explanation, more than half of the active bets would become even more anomalous. Similarly, when 

it comes to kurtosis, it is difficult to explain why a premium goes in a particular direction as the opposite short-

long bet can crash as well. Finally, and perhaps most importantly, higher moment explanations also assume that 

higher moment risks are not diversifiable. In the case of kurtosis, they assume that the multitude of premiums 

experience crashes simultaneously. This paper argues that the reduction of crash and skewness risk resulting 

from multi-premium combinations, coupled with the absence of a singular sign deviation of individual 

anomalies when it comes to skewness, are strong indications of the irrelevance of higher moment explanations 

for anomalies14.  

Second, except for the equity premium, all remaining portfolios have positive average returns in recessions. 

In fact, value, quality, idiosyncratic volatility, investments and net issuance, have higher than average returns 

during recessions (Table 1). This finding is in fact intuitive. In crisis, most stocks will lose in value. But highly 

volatile junk stocks can be expected to have an above average plunge. Since these stocks form the short 

positions in the respective anomaly portfolios, it is only natural that the accompanying anomalies do well in 

                                            
13 Special thanks to Fama, French, Frazzini, Pedersen, Asness, Asvanunt and Richardson for providing public access to 
their data.  
14 While misbehaving higher moments may indeed be a valid practical concern when it comes to anomaly bet 
implementation, they cannot “explain” why anomalies arise in the first place as they neither map high marginal 
utility states nor represent covariance with variables that do. If higher moment explanations were indeed a true 
risk explanation, then any long-short position with misbehaving higher moments, such as an industry bet, 
should have a premium. This reasoning inconsistent with both observation and theory. 
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recessions. However, recessions are also accompanied with an increase in volatility (see SD recessions in Table 

1). Therefore, with investment being the exception, recession performance is not statistically significant.  

Based on the initial data, it is difficult to argue that a particular premium is better than the equity premium 

as a stand-alone investment. Except for betting against beta, we cannot claim that anomalies offer a statistically 

significant improvement in Sharpe ratios (see Figure 9 appendix for visual illustration). In fact, most anomalies 

are close to the equity premium return/risk line. If investors formed a mental account of anomalies and 

evaluated them independently, then they may have arrived at an unfavorable view concerning anomaly 

performance. Rather than comparing the performance of the premiums as stand-alone investments, this paper 

turns to second portfolio construction stage and the reduction of premium specific risks15. This approach is 

more in line with the historical development of anomalies as complements to passive investments. With this 

end goal in mind, correlations and time series alphas are more relevant than premiums’ standalone Sharpe 

Ratios.  

Table 2 shows that average correlations among the various strategies are remarkably low which implies 

significant diversification potential. The choice of Pearson or Spearman correlations does not meaningfully 

alter the results. Among the strategies, the equity premium has the lowest average correlation. Bond premiums 

are also uncorrelated with each other and on average with the rest of the anomalies. In fact, relative to the 

equity premium, the correlation matrix suggests that anomalies show greater diversification potential than 

bonds.   

Concerning recession performance, plotting the data illustrates a noteworthy preliminary pattern (Figure 2). 

The equity premium has contrasting performance relative to anomalies such as idiosyncratic volatility and 

quality specifically during recession periods.  

 

                                            
15 The first stage of portfolio construction is when we bundle individual securities into anomalies. The second 
stage is when we combine premiums into portfolios.  
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  MKT GOV CORP  SMB BTM RMW CMA 

R 0.51% 0.24% 0.13%  0.33% 0.51% 0.21% 0.46% 
t-stat 2.83 2.01 2.49  1.68 2.72 1.29 3.57 
R recession -0.35% 0.45% 0.28%  0.15% 0.67% 0.19% 0.89% 
t-stat -0.51 0.98 1.09  0.27 1.04 0.43 2.30 
SD 4.46% 2.99% 1.34%  4.83% 4.63% 3.97% 3.23% 
SD recessions 6.43% 4.38% 2.44%  5.31% 6.11% 4.32% 3.69% 
M2 6.26% 4.39% 5.39%  3.68% 6.02% 2.80% 7.87% 
Sharpe Ratio 0.11 0.08 0.10  0.07 0.11 0.05 0.14 
p-val Bootstrap  0.58 0.78  0.37 0.94 0.43 0.67 
Skew -0.54 0.34 -0.13  0.74 0.55 0.22 0.34 
t-stat -5.5 3.5 -1.3  7.5 5.6 2.3 3.4 
Ex. Kurtosis 1.94 2.29 9.16  4.22 2.41 2.81 2.06 
t-stat 9.9 11.6 46.5  21.4 12.2 14.2 10.5 
JB test 127 147 2162  515 181 208 131 
Max DR 56% 56% 21%  83% 52% 60% 32% 
Target DD 3.08% 1.92% 0.90%  2.99% 2.82% 2.66% 1.96% 
Sortino Ratio 0.16 0.13 0.15  0.11 0.18 0.08 0.24 

         
         

Continued WML IVOL QUAL  BAB AC NI μ 

R 1.32% 0.47% 0.42%  0.83% 0.40% 0.43% 0.48% 
t-stat 4.73 1.49 2.37  6.36 3.50 3.34 2.95 
R recession 0.40% 1.30% 0.88%  0.18% 0.11% 0.69% 0.45% 
t-stat 0.35 1.27 1.50  0.40 0.29 1.58 0.84 
SD 6.92% 7.85% 4.44%  3.24% 2.88% 3.18% 4.15% 
SD recessions 10.9% 9.8% 5.6%  4.3% 3.5% 4.2% 5.45% 
M2 10.9% 3.3% 5.2%  14.3% 7.7% 7.4% 6.56% 
Sharpe Ratio 0.19 0.06 0.10  0.26 0.14 0.13 0.12 
p-val Bootstrap  0.34 0.53 0.83  0.03 0.69 0.79 0.58 
Skew -1.51 -0.32 0.02  -0.61 0.55 0.22 -0.01 
t-stat -15.3 -3.3 0.2  -6.2 5.6 2.2 -0.10 
Ex. Kurtosis 8.30 3.00 1.38  3.61 2.36 0.93 3.42 
t-stat 42.1 15.2 7.0  18.3 12.0 4.7 17.4 
JB test 2006 242 49  374 175 27 488 
Max DR 80% 84% 56%  52% 26% 36% 53% 
Target DD 4.94% 5.53% 2.91%  2.08% 1.71% 1.95% 2.73% 
Sortino Ratio 0.27 0.09 0.15  0.40 0.24 0.22 0.18 

Table 1: Data summary. MKT is the equity premium, GOV is the term structure premium, CORP is the 
default premium, SMB is the size, BTM is value, RWM is profitability, CMA is investment, WML is momentum, 
IVOL is idiosyncratic volatility, QUAL is quality, BAB is betting against beta, AC is accruals, NI is net share 
issuance and μ is the average value. Anomalies are constructed using monthly US data from 07/1963 until 
12/2014. The target for the Sortino ratio and downside deviation is zero. M2 is the annualized Modigliani & 
Modigliani measure which volatility matches strategies to their benchmark (the equity premium). JB is the 
Jarque-Bera test for normality. The critical values for the test are 4.38 (10%), 5.88 (5%), 10.53 (1%). Maximum 
drawdown (Max DR) is the maximum percentage drop from a peak. T-statistics for the mean are computed 
using the heteroskedasticity consistent standard errors of White (1980). Statistical significance of differences in 
Sharpe ratios is calculated using the Ledoit-Wolf bootstrap test (with equity premium as benchmark).   
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Rho/Sig. MKT GOV CORP SMB BTM RMW CMA WML IVOL QUAL BAB AC NI 

MKT  0.00 0.00 0.00 0.39 0.00 0.00 0.00 0.00 0.00 0.05 0.00 0.00 

GOV 0.15  0.41 0.00 0.14 0.21 0.52 0.52 0.00 0.31 0.00 0.51 0.27 

CORP 0.27 0.03  0.01 0.00 0.00 0.89 0.00 0.00 0.00 0.00 0.72 0.01 

SMB 0.16 -0.13 0.11  0.00 0.00 0.00 0.09 0.00 0.00 0.00 0.00 0.00 

BTM -0.03 -0.06 0.15 0.34  0.00 0.00 0.00 0.89 0.00 0.00 0.14 0.45 

RMW -0.37 0.05 -0.17 -0.54 -0.38  0.00 0.00 0.00 0.00 0.17 0.40 0.00 

CMA -0.22 -0.03 0.01 0.12 0.46 -0.14  0.87 0.00 0.10 0.00 0.00 0.00 

WML -0.12 0.03 -0.14 -0.07 -0.16 0.15 -0.01  0.04 0.00 0.83 0.00 0.07 

IVOL -0.61 0.17 -0.15 -0.57 -0.01 0.58 0.20 0.08  0.00 0.00 0.00 0.00 

QUAL -0.46 0.04 -0.18 -0.61 -0.42 0.78 -0.07 0.15 0.66  0.70 0.01 0.00 

BAB -0.08 0.12 0.12 0.17 0.27 0.06 0.25 0.01 0.27 0.02  0.22 0.00 

AC -0.14 0.03 0.01 -0.15 0.06 0.03 0.17 0.17 0.18 0.10 0.05  0.01 

NI -0.38 0.04 -0.10 -0.45 -0.03 0.44 0.30 0.07 0.60 0.56 0.15 0.10   

Average -0.15 0.04 0.00 -0.14 0.02 0.04 0.09 0.01 0.12 0.05 0.12 0.11 0.11 

Table 2: Full sample unconditional Spearman correlation matrix. Reports the Spearman correlation 
coefficient calculated from monthly returns from 07/1963 until 12/2014. Numbers bellow the diagonal are the 
Spearman correlations. Numbers above the diagonal are p-values. Spearman correlation is less sensitivity to 
extreme values (Pearson provides similar estimates). MKT is the equity premium, GOV is the term structure 
premium, CORP is the default premium, SMB is the size, BTM is value, RWM is profitability, CMA is 
investment, WML is momentum, IVOL is idiosyncratic volatility, QUAL is quality, BAB is betting against beta, 
AC is accruals and NI is net share issuance. 
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Figure 2: Panel A: Performance of Demeaned Characteristic Bets. Displays the average demeaned 12-
month rolling performance of the equity premium (MKT) and quality (QUAL) whereby deviations below zero 
are periods when the crowded characteristic outperforms in the absence of a premium. Panel B: Rolling 
Sharpe Ratios. Displays the 12-month rolling Sharpe ratio between t and t-12 of the equity premium (MKT) 
and idiosyncratic volatility (IVOL). Gray rectangles indicate economic recessions as defined by NBER.  
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5. Time series regressions 

In this section, the paper examines three related questions: (1) do anomaly alphas pass the new data mining 

adjusted t-statistic hurdle after controlling for the term structure and default loadings, (2) are term structure 

and default loadings economically relevant and statistically significant and (3) do anomalies have alphas in 

recessions controlling for their co-movement with bond premiums. All three related issues are addressed using 

two constant coefficient time series specifications. The results and specifications are shown in Table 3. 

 

5.1. Alphas and loadings 

The first specification (Table 3) contains the traditional premiums as benchmark assets. The loadings on 

these assets represent weights for a portfolio replicating anomaly performance. Exact replicability would imply 

the absence of alpha and the mean variance efficiency of a portfolio constructed with the passive benchmark 

assets (Gibbons, Ross & Shanken, 1989). Insignificant alphas would imply substitutability between the passive 

and active bets. 

The first specification provides several noteworthy results. Looking at anomalies as a group, average 

loadings on all benchmark assets are very small.  The average loading is -0.27 for the equity premium, 0.1 for 

the term structure premium and 0.03 for the default premium. Surprisingly, the average loading on the market 

is lower than the average loading on bond premiums. In other words, stock anomalies comove more with bond 

premiums than the equity premium.  

As a group, anomalies are highly statistically significant as suggested by the high average alpha t-statistic of 

3.86. This implies that loadings are not sufficiently large to annul anomaly significance. In fact, negative average 

loadings make average alphas (0.64%) larger than average anomaly excess returns (0.54%). 

Looking at the individual regressions, we can see that between anomaly variation in loadings is considerable. 

The average loading for the equity premium is negative; in fact, except for size, all anomalies have negative 

equity loadings. For seven of the ten examined anomalies, equity loadings are statistically smaller than zero.  

Anomalies based on characteristics associated with safety should comove more strongly with bonds. This 

hypothesis is supported by the data. As expected, IVOL has the strongest loading on the term structure 

premium. Similarly, quality, profitability and big (the reverse of size) have a statistically significant term structure 

loading. The result is in line with Baker and Wurgler (2012) who find that safe, large and profitable firms are 

more bond-like.  

Default loadings are on average very small and are only economically and statistically significant for value 

and momentum (0.63 and -0.84 respectively). However, the sign of the loadings is opposite. Momentum looks 

more profitable while value looks less like an anomaly when default loadings are considered. For six of the 

anomalies examined, the term structure and default loadings go in the opposite direction.  

Seven out of the ten anomalies examined, have an alpha t-statistic larger than 3. Value and profitability only 

pass the standard t-statistic hurdle of 2. And while some may argue that the data mining hurdles are too strict 
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for early discoveries such as value (given that much of its return history is already out-of-sample), size is never 

reliably significant at any reasonable level.  

Overall, the out-of-sample model tests shows that the equity, term structure and default premium are 

irrelevant for explaining anomaly returns (Appendix B shows that late anomalies are not linear functions of 

early anomalies). In fact, benchmarking makes things worse as alphas are larger than anomaly excess returns. 

Nevertheless, under personal asset pricing the goal is not to explain anomalies. The goal is to benchmark against 

invested assets to obtain unambiguous investment recommendations. Therefore, benchmarking on invested 

assets is necessary even when it adds to anomaly profitability. This is very different from the out-of-sample test 

of an equilibrium model interpretation under which the regressions show that the baseline premiums are unable 

to rationally explain (out-of-sample) anomalies.  

 

5.2. Recession Alphas 

The second specification expands the benchmark regressions with a dummy variable for recessions. The 

end goal of this modification is to examine whether anomaly alphas are negative or reliably smaller during 

recessions after controlling for the term structure and default loadings. Intuitively, positive alpha should be 

even more important during recessions if they are high marginal utility states. Controlling for bond loadings is 

relevant as we already know that bond premiums have good recession performance (Table 1). Consequently, it 

is prudent to rule out the possibility that recession alphas cannot be attributed to anomalies’ bond-like features.  

Alpha (ά) can be interpreted as benchmark adjusted expansion returns, while ά - r represents benchmark 

adjusted recession returns (Table 3). The second specification reveals that anomaly alphas on average are not 

reliably lower in recessions (the average t-statistic on the recession dummy is -0.47). The exception is betting 

against beta. The recession alpha of BAB is lower than its expansion alpha and the result is marginally significant 

with a t-stat of -1.97. It seems that all of BAB’s alpha is outside recessions. Stated alternatively, during recession, 

BAB returns are replicated well by the passive benchmark assets.  

The estimated recession dummies, despite being generally insignificant, do suggest that anomaly alphas are 

meaningfully lower in recessions (approximately 43% lower than outside recession). However, there is no 

evidence that recession alphas are negative. In other words, anomalies still outperform in recessions but not as 

much.  

 

5.3. Robustness check and the location of ‘super anomalies’ 

Overall the results suggest that adding a (statistically significant) anomaly on the margin with improve the 

risk-adjusted performance of a portfolio consisting of the passive assets. The result also supports the view that 

passive investments (as represented by the equity, term structure and default premiums) and active investments 

(as represented by the anomalies) are not substitutes. If anything, as the following robustness check visually 

illustrates, they are complements. 
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As a robustness check, the equity, term structure and default premiums are amalgamated into an equally 

weighted benchmark portfolio; hereafter referred to as the traditional portfolio (TP). It should be first noted 

that the alteration gives equivalent conclusions concerning anomaly significance (the alpha t-statistics are shown 

on the right of Figure 3). Second, in addition to having positive alphas, anomalies have negative loadings relative 

to the traditional portfolio. For example, despite providing an average return of 0.94% per month, IVOL has 

a TP lamda (λ) of -1.59 and a multivariate MKT beta (ß) of -1.14. In fact, IVOL has more market hedging 

potential than a market short which has, by definition, a beta of -1 and an average negative monthly return of 

0.51%. Resultantly, these ‘super’ anomalies can be used to simultaneously improve risk-adjusted performance 

and hedge. In fact, they act as superior substitutes to insurance as their negative covariance with passive assets 

prescribes negative excess returns. The result is ‘super anomalous’ as something that provides positive returns 

should not simultaneously hedge. An everyday example is being paid to take insurance on your house.  
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 α  ß γ η    ά r 

SMB 0.26% 0.19 -0.24 0.20  0.26% 0.01% 

BTM 0.46% -0.05 -0.08 0.63  0.46% 0.05% 

RMW 0.35% -0.34 0.16 -0.11  0.41% -0.38% 

CMA 0.55% -0.20 -0.02 0.16  0.51% 0.28% 

WML 1.49% -0.19 0.16 -0.84  1.66% -1.17% 

IVOL 0.89% -1.14 0.60 0.07  0.94% -0.33% 

QUAL 0.66% -0.49 0.17 -0.23  0.66% 0.04% 

BAB 0.81% -0.09 0.12 0.24  0.95% -0.93% 

AC 0.43% -0.10 0.04 0.09  0.50% -0.49% 

NI 0.54% -0.30 0.11 0.09  0.55% -0.03% 

μ 0.64% -0.27 0.10 0.03  0.69% -0.29% 
     

 
  

t-stat (HC se) t (α) t (ß) t (γ) t (η)  t (ά) t (r) 

SMB 1.37 3.62 -4.17 1.32  1.27 0.02 

BTM 2.56 -0.77 -1.08 3.35  2.40 0.08 

RMW 2.33 -7.50 3.54 -0.99  2.55 -0.87 

CMA 4.23 -5.25 -0.41 1.42  3.69 0.75 

WML 5.73 -2.01 1.56 -2.07  6.38 -1.03 

IVOL 3.71 -15.22 7.40 0.29  3.66 -0.42 

QUAL 4.40 -10.69 3.00 -1.56  4.01 0.08 

BAB 6.23 -1.67 1.97 1.46  7.07 -1.97 

AC 3.58 -3.12 1.08 0.91  4.17 -1.31 

NI 4.50 8.72 2.81 0.94  4.57 -0.07 

μ 3.86 -3.39 1.57 0.51  3.98 -0.47 

Table 3: Bond-Anomaly independence and recession alphas. Uses monthly US data from 07/1963 until 
12/2014. MKT is the equity premium, GOV is the term structure premium, CORP is the default premium, 
SMB is size, BTM is value, RWM is profitability, CMA is investment, WML is momentum, IVOL is 
idiosyncratic volatility, QUAL is quality, BAB is betting against beta, AC is accruals and NI is net share issuance. 
Recession is a dummy variable (1 for recession) obtained from NBER. Reported are the alphas and loadings 
from constant coefficient unconditional time-series regressions: 
 

(1) Ri,t =  αi + ßiMKTt + γiGOVt + ηiCORPt + εi,t. 

 

(2) Ri,t =  άi + biMKTt + ɣiGOVt + ήiCORPt + riRecessiont +  έi,t. 

 

where Ri,t is the return of strategy i in month t. Loadings on MKT, GOV and CORP are similar across the 

two specifications and are therefore omitted for the sake of brevity. T-statistics are computed using the 
heteroskedasticity consistent standard errors of White (1980). 
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Figure 3: Anomaly alphas. Displays the performance of portfolios in return/loading space during the sample 
period spanning 07/1963-12/2014. TP is the traditional portfolio consisting of the equity, term structure and 
default premium. SMB is the size, BTM is value, RWM is profitability, CMA is investment, WML is momentum, 
IVOL is idiosyncratic volatility, QUAL is quality, BAB is betting against beta, AC is accruals and NI is net share 
issuance. Lambdas (λ) are calculated using constant coefficient unconditional time-series regressions: 

 

Ri,t =  άi +  λi(
MKTt+GOVt+CORPt

3
) + έit. 

 

where Ri,t is the return of a specific anomaly i in month t. Alpha t-statistics are reported in brackets. They 

are calculated using the heteroskedasticity consistent standard errors of White (1980). Asterisk accompany t-
statistics higher than 3 (Harvey, Lie & Zhu, 2015). 
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6. Premium Portfolios 

6.1. Portfolio choice 

The investigation turns to multi-premium portfolios. The main objective is to investigate performance 

improvement across alternative performance dimensions such as crashes. The analysis makes use of five equally 

weighted portfolios. The traditional portfolio (TP) is a combination of the equity, term structure and default 

premiums. It proxies for investors’ long-short version of a passive bond-stock investment. Size-value-

momentum (SVM) represents a basic anomaly portfolio. The factor portfolio (FP) is an EW portfolio of all 

anomalies. It represents factor investing with an expanded anomaly universe. The mixed portfolio (MP) is a per 

premium EW portfolio. It represents a passive-active portfolio benchmark tilted towards active premiums. 

Finally, the balanced portfolio (BP) is a classification EW portfolio. It represents a balanced investment in active 

and passive investments.  

An alternative to equal weights is the use of dynamic weights as prescribed by optimization techniques. 

However, past research indicates that alternative optimization methods underperform a naïve equally weighted 

benchmark out-of-sample due to estimation error (De Miguel, Garlappi & Uppal, 2009). Moreover, using equal 

weights is conservative as optimization techniques (especially in-sample) can further enhance the performance 

of an expanded universe and therefore even more strongly corroborate the conclusions.  

 

6.2. The risk-adjusted performance of passive-active combinations 

The multi-premium portfolio investigation corroborates the findings of the time-series regressions and 

suggested that passive-active combinations work well (Table 4). Both the premium portfolio (PP) and the 

balanced portfolio (BP) offer an economically sizable improvement in Sharpe ratios relative to the traditional 

portfolio (TP). M2 intuitively captures the magnitude of this improvement. The M2 of the balanced portfolio 

is 20.08% compared to only 7.83% for the traditional portfolio. The improvement in Sharpe ratios is statistically 

significant at the 1% level for the balanced portfolio and at 2% level for the premium portfolio. Combining 

passive and active bets gives a contrasting conclusion to comparing them as in Idzorek and Kowara (2013) for 

example.  

Limits to arbitrage explanations tend to assume that large arbitrageurs endowed with superior information 

have principal agent problems with their investors. Short-term deviations that exacerbate mispricing harm 

arbitrageurs because they can cause fund withdrawal if they are misinterpreted as poor skill (Shleifer & Vishny, 

1997). However, both standard deviations and downside deviations in the balanced portfolio are smaller than 

the traditional portfolio. Providers of capital will on average find these ‘arbitrageurs’ safer than passive bond-

stock funds.  

Transitioning from a factor portfolio to a balanced portfolio also results in an economically large and 

statistically significant improvement in Sharpe ratios. In addition, the significance of recession performance 

increases considerably in the expanded anomaly portfolio.  
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 Traditional  Factor Investing Premium Investing 

 Passive  Active  Passive-Active  

 TP SVM FP MP BP 

R 0.29% 0.72% 0.54% 0.48% 0.42% 
t-stat 3.58 5.65 6.38 8.05 9.12 
R recession 0.13% 0.41% 0.55% 0.45% 0.34% 
t-stat 0.37 1.03 1.74 2.10 2.01 
SD 2.05% 3.15% 2.09% 1.49% 1.13% 
SD recessions 3.29% 3.76% 2.99% 2.04% 1.59% 
M2 7.83% 12.64% 14.14% 17.79% 20.08% 
Skew -0.11 0.19 0.10 0.13 0.04 
t-stat -1.07 1.95 1.04 1.36 0.38 
Excess Kurtosis 1.32 3.36 6.40 6.40 1.31 
t-stat 6.71 17.06 32.47 32.48 6.67 
JB test 44.8 288.4 1035.4 1036.8 43.3 
Max DR 28.3% 25.0% 21.8% 14.9% 8.3% 
Target DD 1.32% 1.84% 1.27% 0.85% 0.60% 
Sortino Ratio 0.22 0.39 0.42 0.56 0.69 
Sharpe Ratio 0.14 0.23 0.26 0.32 0.37 
LW Bootstrap p-val (with TP) 0.225 0.173 0.149 0.016 0.000 
LW Bootstrap p-val (with BP) 0.000 0.000 0.014 0.222 / 
TP Beta / -0.08 -0.41 -0.08 0.30 

      
Table 4: EW Portfolios. Uses monthly US data from 07/1963 until 12/2014. The traditional portfolio (TP) is 
an EW combination of the equity, term structure and default premiums. The size-value-momentum portfolio 
(SVM) is an EW portfolio of the size, value and momentum. The factor portfolio (FP) is an EW portfolio of 
the size, value, profitability, investments, momentum, idiosyncratic volatility, quality, betting against beta, 
accruals and net issuance.  The mixed portfolio (MP) is a per premium equally weighted portfolio containing 
all active and passive premiums. The balanced portfolio (BP) assigns an EW weight to the traditional and factor 
portfolio (per classification EW). The market short balanced portfolio is the balanced portfolio that uses a 
market short instead of an anomaly short and low beta rather than (leveraged) betting against beta due to data 
limitations. The target for the Sortino ratio and downside deviation is zero. M2 is the annualized Modigliani & 
Modigliani measure which volatility matches strategies to a benchmark (the equity premium). JB is the Jarque-
Bera test for normality. The critical values for the test are 10% (4.38), 5% (5.88), 1% (10.53). Maximum 
drawdown (Max DR) is the maximum percentage drop from a peak. T-statistics for the mean are computed 
using the heteroskedasticity consistent standard errors of White (1980). Statistical significance of differences in 
Sharpe ratios is calculated using the Ledoit-Wolf bootstrap test (LW Bootstrap p-val). The p-value for the 
Ledoit-Wolf Bootstrap TP and BP test is calculated with respect to the traditional portfolio (TP) and the 
balanced portfolio (BP) respectively (and the equity premium for the traditional portfolio). 
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6.3. Higher moments and the Sortino ratio 

When it comes to skewness, we can see that multi-asset portfolios do not significantly deviate from 

normality. Excess kurtosis remains an issue especially for the factor portfolio. Nevertheless, in relative terms, 

the balanced portfolio has the smallest kurtosis. As figure 4 illustrates, and as the downside deviation statistic 

corroborates, the balanced portfolio does not have any large losses. The crash risk of individual premiums 

seems to be idiosyncratic.  

The Sortino ratio provides an equivalent performance ordering as the Sharpe Ratio (Table 4). In fact, the 

Sortino ratio for passive-active portfolios is exceptionally high (0.69 for the balanced portfolio relative to 0.22 

for the traditional portfolio). The improvement can be attributed to both an increase in returns and a decrease 

in downside deviations. In fact, as we move from the traditional to the balanced portfolio, downside deviations 

fall by more than a half.  

The results show that the momentum crashes considered in Barroso and Santa-Clara (2015) and Daniel and 

Moskowitz (2016) are in fact premium specific. Complicated methods are not required to deal with crashes. 

Simple portfolio combinations work. More importantly, portfolios are a universal tool that can applied for any 

anomaly with crash risk concerns (not just momentum but also currency carry for example). The general 

implication is that rational explanations (or implementation concerns) should also be tested out-of-sample to 

examine if they are anomaly specific.  

 

 
Figure 4: Balanced portfolio returns. Displays the frequency of monthly realized returns for the balanced 
portfolio in the sample period spanning 07/1963-12/2014. The balanced portfolio is constructed as an EW 
combination of the passive and active portfolio. 
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6.4. Recession performance 

The high recession returns of the factor portfolio suggest that active premiums have a role to play in 

improving recession performance. However, the factor portfolio itself does not have significant recession 

returns. On the other hand, both the balanced and the premium portfolio have positive and statistically 

significant raw recession returns (t-statistics above 2). This suggests that passive-active combinations are 

specifically well suited to reducing recession volatility (and volatility in general) (Table 4). Overall, the result 

suggests that investors that hold passive-active portfolios can improve recession performance and even 

diversify recession risk.  

The result again demonstrate that recessions are an idiosyncratic risk that cannot explain anomalies. Using 

the out-of-sample approach gives contrasting conclusions to Chordia and Shivakumar (2002) who investigate 

the recession performance of momentum in isolation.  

 

6.5. Crashes, rolling betas, and performance persistence 

The strong performance of the balanced portfolio can be attributed to the strong negative relation between 

active and passive strategies. The unconditional lambda of the factor portfolio, with respect to the traditional 

portfolio, stands at surprising -0.41 (see Figure 5 and the accompanying specification). There is a valid concern 

that correlations among asset classes and markets can increase over time (Bekaert, Hodrick, & Zhang, 2009) 

and rise sharply in recessions. Rolling least squares estimates suggest that this is not the case when it comes to 

active and passive bets. The beta of the factor portfolio on the traditional portfolio does not rise during crisis; 

in fact, it takes a favorable turn and sharply falls during the dot-com bubble before bouncing back close to 

unconditional levels. Despite the use of a limited set of observations for estimation, all the rolling beta estimates 

are reliably smaller than zero at a 99% confidence level; this implies a strong persistence to the negative 

relationship between active and passive bets. The finding also helps assuage beta measurement error concerns 

for personal asset pricing interpretations of anomaly results.  

When it comes to crashes, Figure 10 in the appendix shows that there is no observation in the entire sample 

when both active and passive strategies crash simultaneously. This suggest that the reduction of crash risk 

achieved by passive-active combinations is not an artifact of the crash risk assessment metrics.  

When it comes to outperformance persistence, Figure 6 illustrates two relevant points. Firstly, the 

outperformance of the balanced portfolio does not come from a sub-period as the balanced portfolio 

outperforms in most sample years and in every decade. Second, outperformance persistence also makes it 

particularly difficult to argue that anomalies are compensations for equilibrium risk. Looking at Figure 6 it is 

difficult to even hypothetically assign high marginal utility states that would make the balanced portfolio look 

worse-off. With the caveat that the magnitude of negative Sharpe ratios has an ambiguous interpretation16, 

                                            
16 Do you want losses to be associated with more volatility or less volatility? More volatility reduces negative Sharpe ratios.  
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Figure 6 reveals that the single period in which the balanced portfolio meaningfully underperforms is in the 

years preceding the dot com bubble. However, arguing that anomalies exist because they compensate investors 

for bearing losses during bubble buildup periods is inherently difficult.  

 

 

 

 
Figure 5: Rolling loading. Shows the 10-year rolling lamda of the factor portfolio on the traditional portfolio 
with the corresponding 99% confidence intervals. Rolling lamdas (λ) are calculated using: 

 

RFP,t = άt  +  λ𝑡(
MKTt + GOVt + CORPt

3
) + έt 

 
Time varying lamdas are shown in blue and are calculated with a data filter on a 10 year rolling window. 

Dotted lines represent rolling betas’ 99% confidence interval. The full sample unconditional estimate is shown 
in orange. (TP) is constructed as an EW portfolio of equity (MKT), term structure (GOV) and default (CORP) 
premiums. The factor portfolio (FP) is constructed as an equally weighted portfolio of size, value, profitability, 
investment, momentum, idiosyncratic volatility, quality, betting against beta, accruals and net issuance.  
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Figure 6: Outperformance persistence and the rolling annual Sharpe. Displays the 12-month rolling 
Sharpe ratio for the traditional portfolio (TP) and the balanced portfolio (BP). The traditional portfolio (TP) is 
constructed as an EW portfolio of equity (MKT), term structure (GOV) and default (CORP) premiums. The 
balanced portfolio is constructed as an EW combination of the traditional (TP) and factor portfolio (FP).  

 

7. Robustness Check: Performance ordering with anomaly exclusion 

7.1. Performance as a function of the number of anomalies 

The previous section showed that anomalies, as a group, can improve upon passive portfolio performance. 

To investigate the sensitivity of the results to the specific choice of anomalies, Table 5 shows simulation results 

whereby all possible equally weighted sets of balanced portfolios are progressively constructed. The simulation 

has two goals: (1) to discover the cut-off point, in terms of number of anomalies utilized, where the worst 

performing balanced portfolio still outperforms the traditional portfolio and (2) to investigate the sensitivity of 

the results to the anomaly choice.   

The results reveal that the average Sharpe ratio of the balanced portfolios is always economically larger than 

that of the traditional portfolio (Table 5). For example, a balanced portfolio constructed using four anomalies 

has an average Sharpe ratio that is twice as large as the Sharpe ratio of the traditional portfolio. As the number 

of anomalies increases, the improvement in performance becomes stronger (Figure 7). As expected, the use of 

more anomaly assets improves the distribution of achievable performance by removing premium specific risk.  

The inclusion of any set of three anomalies to the traditional portfolio, always offers a better Sharpe ratio 

relative to the traditional portfolio. This mean that even if seven of the most performance enhancing anomalies 

were excluded from the analysis, the balanced portfolio would have still outperformed in terms of Sharpe ratios. 
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 Number of Included Anomalies 
 1 2 3 4 5 6 

Max Sharpe 0.29 0.32 0.35 0.38 0.38 0.39 

Average Sharpe 0.19 0.24 0.27 0.30 0.31 0.33 

Min Sharpe 0.11 0.13 0.15 0.18 0.21 0.24 

TP Sharpe 0.14 0.14 0.14 0.14 0.14 0.14 

% (<Base) 30.0% 4.4% 0.0% 0.0% 0.0% 0.0% 
       

Max Sortino 0.48 0.55 0.64 0.66 0.68 0.69 

Average Sortino 0.30 0.40 0.46 0.51 0.55 0.59 

Min Sortino 0.15 0.19 0.23 0.28 0.35 0.43 

TP Sortino 0.22 0.22 0.22 0.22 0.22 0.22 

% (<Base) 30.0% 4.4% 0.0% 0.0% 0.0% 0.0% 
       

Max Recession Return 2.56 3.20 2.80 2.91 2.89 2.84 

Average Recession Return 1.16 1.43 1.59 1.70 1.78 1.85 

Min Recession Return  0.39 0.53 0.61 0.74 0.86 1.08 

TP Recession Return  0.37 0.37 0.37 0.37 0.37 0.37 

% (<Base) 0% 0% 0% 0% 0% 0% 

% (<2) 20% 16% 24% 25% 28% 30% 

       
# Portfolios 10 45 120 210 252 210 

Table 5: Expanding anomaly universe. Displays the results for a simulation which calculates the Sharpe 
Ratio, Sortino Ratio and recession return t-statistics for all possible balanced portfolio combinations. The 
balanced portfolio contains an equal weight in the traditional portfolio (MKT+GOV+CORP), which is fixed, 
and an equal weight in the factor portfolio, which contains a varying number of anomalies. The number of 
included anomalies in the factor portfolio is increased at every step without replacement and every possible 
combination of the investigated measure is calculated. The table displays the maximum, minimum and average 
of the distribution of the investigated measure.  % (<Base) shows the percent of balanced portfolios that fall 
under the traditional portfolio. % (<2) shows the percent of recession return t-statistics that are larger than 2. 

# Portfolios is the number of possible portfolio combinations without replacement  (
n!

k!(n−k)!
) given a universe 

of anomaly assets.  
 

 Sortino ratios provide equivalent conclusions (Table 5). The maximum, average and minimum Sortino ratio, 

are monotonically increasing with the set of invested anomalies. Adding the three worst performing anomalies 

to the balanced portfolio provides a better Sortino Ratio relative to the traditional portfolio.  

Given that time is fixed across portfolios, t-statistics represent scaled Sharpe ratios. Consequently, focus can 

be shifted from recession raw returns and Sharpe ratios to recession t-statistics. The goal is to additionally 

investigate the proportion of balanced portfolios that offer statistically significant recession performance. 

The results reveal that recession return t-statistics display an even stronger patter than Sharpe and Sortino 

ratios (Table 5). The inclusion of any anomaly would improve the recession Sharpe ratio of the balanced 

portfolio above the level achieved by the traditional portfolio. Above and beyond that, recession return t-

statistics larger than 2 are quite common. More than 30% of portfolios containing at least six anomalies exhibit 
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robustness to recession performance (t-statistics larger than 2). The average t-statistics of recession 

performance is monotonically increasing from 1.16 for one anomaly, to 1.85 for six anomalies. The 

improvement can be considered sizable given that the recession return t-statistic of the traditional portfolio is 

only 0.37. Again, the improvement in recession performance is on top of the favorable recession effect of bond 

premiums. Overall, the results show that the conclusions are not dependent on the anomaly choice.  

 

Figure 7: The distribution of Sharpe ratios as a function of the number of anomalies. Displays the 
distribution of balanced portfolios’ Sharpe ratios as the number of anomalies included in the factor portfolio 
increases. The balanced portfolio is constructed as an EW of the traditional and factor portfolio. The Sharpe 
ratio of the traditional portfolio (0.14) is displayed with a red dotted line. The Sharpe ratios of portfolios 
constructed with a lower number of anomaly assets are displayed in blue. The Sharpe ratios of portfolios 
constructed with a higher number of anomaly assets are displayed in orange. The x-axis is the Sharpe ratio and 
the y-axis is the probability that a Sharpe ratio falls within a bin category. 
 
 
 

7.2. Compounded performance  

Passive-active combinations perform significantly better than passive portfolios across all three dimensions: 

(1) Sharpe Ratio, (2) Sortino Ratio and (3) recession performance. The results do not seem to suggest that this 

outperformance is limited to a sub-period or that it depends strongly on the choice of anomalies. As Figure 8 

shows, the magnitude of risk-adjusted performance improvement is substantial. This improvement comes in 

addition to the fact that passive-active portfolios do specifically well in recessions. The figure also illustrates 

why active and passive bets should be joined (BP) rather than compared (TP vs FP).  
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Figure 8 also shows the performance of the counterparty portfolio and the high hurdle that rational 

explanations face. Equilibrium rational risk theories would have to explain the huge spread between the 

balanced portfolio (M2 = 20%) and the counterparty portfolio (M2 = -3.7%) whilst taking also into account 

the fact that the balanced portfolio does better in recessions and does not experience large crashes.  

 

 
 
Figure 8: Compounded performance: dollar cost averaging the volatility matched portfolios. Displays 
end of sample compounded performance of volatility-matched dollar-cost-averaged portfolios that invest 100$ 
monthly and reinvests the proceeds; total sum invested over the full sample equals: number of periods times 
sum invested (618*100$=61800$). The dotted line represents the ‘no investment’ portfolio which in the case 
of zero-cost investing is the size of the position. Dollar cost averaging reduces the impact of early investing 
months. Portfolios are leveraged to have an equivalent full sample annual volatility as the equity premium 
(equivalent logic as M2). MKT is the equity premium. TP is the traditional portfolio which is an equally weighted 
combination of the equity (MKT), terms structure (GOV) and default premiums (CORP). The balanced 
portfolio (BP) is an EW combination of the traditional (TP) and factor portfolio (FP) (comprised of SMB, 
BTM, RMW, CMA, WML, IVOL, QUAL, BAB, ACC and NI). The counterparty portfolio (CP) takes the 
opposite bet by buying the traditional portfolio and selling the factor portfolio. 
 
 
8. Alpha decay and the use of excess returns for anomaly assessment 

8.1. Why is alpha decay relevant? 

The paper argued that anomalies are a free lunch under a set of evaluation criteria and benchmark assets in 

frictionless markets under fixed preferences and a positive probability that the estimated beta is the true beta. 

If this is indeed the case, it is only prudent to examine anomaly persistence. Using equilibrium reasoning, and 

in the absence of frictions, the performance enhancing potential of anomalies should be eroded by the price 
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readjustment pressure induced by investors who arrive at equivalent conclusions. If investors have a subset of 

the benchmark and evaluation criteria proposed in this paper, they will assess anomaly attractiveness in an 

equivalent manner and commit to premium investing. In the process, they will put price pressure on anomalies 

and re-price assets until passive-active combinations are no longer attractive. In the context of time series 

regressions, anomaly alphas should disappear.  

8.2. Are excess returns or alphas the right performance measure? 

The question of decay has received some attention recently. McLean and Pontiff (2016) find a degree of 

post publication raw return decay for an extensive array of anomalies. Focusing on raw returns (or Sharpe ratios) 

is not limited to investigations of anomaly persistence. Factor research also often focuses on the statistical 

significance of raw returns for assessing anomaly relevance. For example, Hou, Xue & Zhang (2014) declare 

38 out of 80 anomalies to be insignificant based on the absence of raw returns. Similarly, Bali & Cakici (2008) 

criticize IVOL, among other issues, on its insufficient raw returns.  

While the significance of raw returns may indeed be relevant for the assessment of anomalies as stand-alone 

investments, it is not the right approach from an investment perspective. The assumption underlying the use 

of raw returns is that the evaluated asset is the only one in the investment universe. Alternatively, in the presence 

of other securities, the procedure assumes that betas with respect to benchmark assets are zero. The argument 

is best understood looking back at Figure 3. The only setting in which alpha and excess returns are equivalent, 

is when an asset’s beta to passive assets is zero.  

Having this reasoning in mind, it is easy to see that anomalies can offer value even in the absence of 

significant raw returns if they have sufficiently high diversification potential as captured by their low betas to 

existing invested assets. Stated alternatively, distance to the zero-cost security market line is more relevant than 

distance from zero. In fact, if return decay is coupled with a strong enough decline in betas, then alphas could 

theoretically become larger. Alternatively, alpha decay can also come via an increase in benchmark betas (this 

can also be understood though Figure 3 as a shift in observations to the right). Therefore, raw return decay is 

only a proxy for the true measure of anomaly profitability decay.  

The difference between alpha and raw returns is more than an inconsequential hypothetical possibility. Table 

3 showed that betas with respect to benchmark assets can be negative. Moreover, as Figure 5 suggests, there 

has been a significant reduction of the factor to traditional beta in the past two decades (mainly concentrated 

during the dot com bubble). Consequently, researchers looking at excess return in this period, when betas 

declined sharply, could have derived erroneous conclusions regarding the profitability enhancing potential of 

anomalies. 

To assess anomaly alpha decay, the paper implements a two-step approach. In the first step, five year rolling 

anomaly alphas are estimated using the bond-stock benchmark. In the second step, anomaly alphas are 

regressed on a time trend. Since alphas are the explained variables in the second regression, potential 
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measurement error will not cause bias and inconsistency in the time trend estimates. Results are reported in 

Panel A of Table 6. The sign for the time trend is negative for six and positive for four of the examined 

anomalies. However, only two of the positive time trend coefficients are associated with a t-statistic above 2. 

More specifically, the alphas of quality and profitability have increased over time. Overall, the results do not 

support the existence of strong alpha decay across anomalies.  

8.3. The rate of anomaly decay that would annul the validity of passive-active combinations 

Finally, the paper estimates the rate of anomaly decay that would annul the usefulness of passive-active 

combinations. The procedure subtracts each month a constant from the raw returns of the factor portfolio. 

Following this modification, two tests are made: (1) an alpha significance test in a time series regression of the 

factor portfolio on the passive benchmarks (MKT, GOV, CORP) and (2) a bootstrap test on the difference 

between the decay adjusted balanced portfolio and the traditional portfolio. Results for both procedures are 

displayed in panel B of Table 6. 

Subtracting a constant from raw returns is equivalent to alpha decay as it holds betas fixed. Intuitively, in 

the time series regressions, subtracting a constant from the left-hand side variable has no effect on the slopes 

but it reduces the intercept by an equivalent amount. Consequently, modeling raw return decay in this manner 

is equivalent to alpha decay.  

The Sharpe ratio significance test reveals that the cutoff point above which anomalies no longer add value 

is close to a 3.5% percentage point decrease in anomaly returns and alphas. Such a decrease would yield a 

significant improvement in Sharpe ratios only at the 5% confidence level. The alpha significance test is even 

less strict. The inclusion of the factor portfolio spans the efficient frontier constructed by the benchmark assets 

by a statistically significant amount even following a 4.5% decay in alpha and returns.  

Overall, the results suggest that a 50% drop in alphas is required to lose the statistical significance of the 

risk-adjusted improvement resulting from passive-active combinations. The results mean that either (1) wrongly 

assessed historical alphas by 50% or (2) future anomaly alpha decay of 50%, would make the passive-active 

strategy no longer statistically superior in terms of risk-adjusted performance relative to the passive benchmark.     
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 Panel A  Panel B 

 Coef.  
Sign 

 t-stat 
(NW se)  

Yearly Alpha 
Decay 

Δ Sh p-val  
 

ά 
t-stat 

(HC se) 
t-stat 

(NW se) 

SMB - -0.82  No decay  0.22 0.00  7.8% 9.29 8.13 

BTM - -1.10  -1.0% 0.19 0.00  6.7% 8.00 7.00 

RMW + 3.56  -1.5% 0.17 0.00  6.2% 7.43 6.50 

CMA - -0.13  -2.0% 0.15 0.00  5.8% 6.86 6.00 

WML - -1.86  -2.5% 0.13 0.00  5.3% 6.29 5.50 

IVOL + 0.10  -3.0% 0.11 0.01  4.8% 5.71 5.00 

QUAL + 2.02  -3.5% 0.09 0.04  4.2% 5.00 4.38 

BAB - -0.33  -4.0% 0.08 0.09  3.7% 4.43 3.88 

AC - -0.89  -4.5% 0.06 0.19  3.2% 3.86 3.38 

NI + 1.78  -5.0% 0.04 0.39   2.8% 3.29 2.88 

Table 6: Time trend estimates and alpha decay projections. Panel A shows the sign and significance of 

the time trend coefficient (λ) on rolling alphas.  

(1) Ri,t =  â i,t + ßi,tMKTt + γi,tGOVt + ηi,tCORPt + ἕi,t. 

(2) â i,t = аi +  λit + ei,t 

where i are the active premiums. T-statistics are calculated using Newey-West standard errors. 
 Panel B shows the rate of alpha decay that would annul the validity of passive active combinations. Holding 

beta constant, each month a fixed rate is subtracted from the return of the factor portfolio. Following the 
adjustment, two tests are executed: (1) the adjusted factor portfolio is EW with a traditional portfolio and the 
improvement and statistical significance of the combined portfolio relative to the traditional portfolio is 
calculated, and (2) a time series regression is executed of the adjusted factor portfolio on the passive benchmarks 
(MKT, GOV and CORP): 

(3) Ri,t =  ά i + ßiMKTt + γiGOVt + ηiCORPt + εi,t. 

where ά is the intercept in the regression. Standard errors for the regression estimates are calculated using 

either heteroskedasticity-consistent (t-stat (HC se)) or Newey-west standard errors (t-stat (NW se)). Δ Sh is 
the difference between the monthly Sharpe ratios of the balanced portfolio constructed with a decay adjusted 
factor portfolio and the traditional portfolio. The associated p-value is calculated using the Ledoit-Wolf 
bootstrap test.  
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9. Conclusion 

The facts are simple. Despite having different term structure and default loadings, most anomalies continue 

to have high and statistically significant alphas which show no signs of decay. Sharpe ratio improvements 

relative to passive benchmarks are substantial and statistically significant. More importantly, adding anomalies 

also diversifies recession risk and helps control crash risk. The reduction of these risks suggests that they cannot 

account for anomalies and are not valid risk explanations. In short, not only are anomalies profitable, they also 

hedge. Robustness checks reveal that the conclusions are not sensitive to the choice of anomalies.  

The findings show why rational anomaly explanations should be tested out-of-sample. Trying to rationally 

explain the performance of a single anomaly is likely to lead to idiosyncratic findings. The results also 

demonstrate how analysis conclusions can be influenced by adopting the erroneous substitutes interpretation 

to active and passive bets. Adopting this interpretation has led to widespread use of excess returns as a 

performance assessment measure. Similarly, it has resulted in comparison investigations between factors and 

traditional premiums. The empirical investigation shows how popular conclusions are altered by adopting 

methods more consistent with the complements interpretation.  

In the presence of equilibrium non-testability, the interpretation of the results is motivated by personal asset 

pricing whereby investors consider their own benchmark and performance evaluation criteria when assessing 

anomalies. The approach helps circumvent the joint hypothesis problem by placing the individual investor at 

the center. Rather than assessing anomaly riskiness with respect to an unknown equilibrium asset pricing model, 

investors decide whether anomalies are personally risky. Under the personal asset pricing interpretation, 

investors who only care about performance across the dimensions examined, can think of the inclusion of 

anomalies to their passive portfolio as a free lunch in a frictionless world under fixed preferences and a positive 

probability that their estimated beta is the true beta.  
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Appendix A – Hansen-Jagganathan bound 

This section derives the Hansen-Jagganathan bound formally and discusses its intuition for rational testing:  

 

𝜎𝑡(𝑀𝑡+1)

𝐸𝑡(𝑀𝑡+1)
≥

𝐸𝑡(𝑅𝑖,𝑡+1
𝑒𝑥 )

𝜎𝑡(𝑅𝑖,𝑡+1
𝑒𝑥 )

 

 

Where 𝐸𝑡  is conditional expectation on today’s information,  𝜎𝑡 is the standard deviation, 𝑀𝑡+1 is the stochastic 

discount factor and 𝑅𝑖,𝑡+1
𝑒𝑥  is excess returns over the risk-free rate for asset i. The Hansen-Jagganathan (HJ) 

bound states that the portfolio of assets with the highest Sharpe ratio puts a lower bound on the volatility of 

the SDF (Shiller, 1982; Hansen & Jagannathan, 1991; Campbell, 2000). Decomposing a portfolio’s standard 

deviation gives further insights. 

 

𝜎𝑡(𝑀𝑡+1)
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𝑘=1 𝑤𝑗𝜎𝑘𝜎𝑗𝑝𝑘𝑗

 

 

Where 𝜎𝑘 and 𝜎𝑗 is the standard deviation of comprising assets and 𝑝𝑘𝑗 is their correlation. Holding all else 

constant, as the correlation among premiums falls, the maximum Sharpe ratio of the combined strategy rises, 

which increases the difficulty of fitting a discount factor in the HJ bounds. 

Furthermore, if we assume absence of correlation between assets in an equally weighted portfolio, the bound 

reduces to: 

 

𝜎𝑡(𝑀𝑡+1)

𝐸𝑡(𝑀𝑡+1)
 ≥  

𝐸𝑡(𝑅𝑖,𝑡+1
𝑒𝑥 )

√1
𝑁 [𝜎𝑗

′]

 

 

Where 𝜎𝑗
′ is the average standard deviation of comprising portfolio assets. As N goes to infinity the variance 

of the portfolio goes to zero. The HJ bound gives a good intuition as to why the existence of many uncorrelated 

positive excess return bets makes rational pricing more difficult.  
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Appendix B - Fama-French benchmarks 

Benchmarking against anomalies that comprise the three-factor (Fama & French, 1993) or the five-factor 

model (Fama & French, 2015), also gives economically large and statistically significant alpha estimates that 

easily pass the new data mining adjusted t-statistics hurdles (Table 7). Even profitability passes the higher t-

statistic hurdle of 3 when benchmarked against the FF3 premiums. In fact, the average alpha t-statistic of non-

benchmark anomalies increases considerably when size and value are used as benchmarks (average alpha t-

statistic of 5.35) instead of the term structure and default premiums (average alpha t-statistics of 4.34). This is 

intuitive as second-generation anomalies were developed as violations of the Fama-French three factor model. 

Overall, the result suggests that the use of a passive benchmark is not particularly lenient when it comes to 

assessing anomaly significance. Above and beyond that, it shows that non-benchmark anomalies are not linear 

combinations of benchmark anomalies.  

Conducting this specific robustness check has its merits. Nevertheless, there are several notable drawbacks 

specific to this approach. First and foremost, anomaly alpha when benchmarked against other anomalies is 

meaningless if investors do not already hold the benchmark anomalies to begin with. In other words, if investors 

do not already hold size, value, investment, and profitability in their portfolio, benchmarking against them does 

not make much sense. Second, assessment with anomaly benchmarks is highly sensitive to the arbitrary choice 

of initial anomalies to be included in the benchmark. For example, if quality is first included in the benchmark, 

then the alpha of size becomes significant (Asness, Frazzini & Pedersen, 2015). Stated alternatively, the order 

of adding anomalies to the benchmark can matter. Finally, anomaly benchmarking is a data reduction technique 

that is particularly exposed to the benchmark ambiguity problem. Having mentioned these caveats, the 

academic tradition of showing anomaly alpha with respect to other anomalies, as a complement to the regressions 

with passive proxies, is a good starting point for assessing between anomaly substitutability. 
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 FF3  FF5 

 α β υ ι   ά ß ύ ί θ ζ 

RMW 0.51% -0.26 -0.38 -0.10        

CMA 0.38% -0.19 0.01 0.34        

WML 1.60% -0.26 0.05 -0.34  1.34% -0.13 0.12 -0.46 0.19 0.42 

IVOL 1.08% -0.91 -0.88 0.28  0.60% -0.67 -0.62 0.23 0.69 0.32 

QUAL 0.90% -0.42 -0.43 -0.25  0.56% -0.24 -0.22 -0.25 0.56 0.15 

BAB 0.77% -0.06 0.00 0.18  0.52% 0.07 0.12 0.14 0.34 0.21 

AC 0.44% -0.07 -0.10 0.06  0.45% -0.07 -0.14 0.01 -0.10 0.12 

NI 0.59% -0.22 -0.30 0.09  0.35% -0.10 -0.23 -0.01 0.21 0.36 

μ 0.79% -0.30 -0.25 0.03  0.64% -0.19 -0.16 -0.06 0.31 0.26 

            

 t-stats  t-stats 
 t(α)  t(β) t(υ) t(ι)  t(ά) t(ß) t(ύ) t(ί) t(θ) t(ζ) 

RMW 4.11 -6.41 -10.25 -2.15  
    

  

CMA 3.56 -6.74 0.24 10.65        

WML 6.09 -3.08 0.48 -2.93  4.58 -1.48 1.18 -3.32 1.62 2.57 

IVOL 5.58 -13.3 -17.65 3.42  3.45 -11.22 -11.45 2.47 7.87 3.61 

QUAL 8.15 -12.37 -16.97 -8.06  6.48 -9.82 -9.38 -10.1 16.4 3.94 

BAB 5.91 -1.24 -0.06 3.82  4.10 1.50 3.23 2.46 7.47 3.18 

AC 3.87 -2.34 -3.12 2.12  3.83 -2.36 -3.64 0.26 -1.77 2.34 

NI 5.50 -7.31 -13.06 3.04  3.44 -3.38 -8.55 -0.43 5.75 8.45 

μ 5.35 -6.60 -7.55 1.24  4.31 -4.46 -4.77 -1.44 6.23 4.02 

 

Table 7: Benchmark regressions. Uses monthly US data from 07/1963 until 12/2014. MKT is the equity 
premium, GOV is the term structure premium, CORP is the default premium, SMB is size, BTM is value, 
RWM is profitability, CMA is investment, WML is momentum, IVOL is idiosyncratic volatility, QUAL is 
quality, BAB is betting against beta, AC is accruals and NI is net share issuance. Reported are the alphas and 
loadings from constant coefficient unconditional time-series regressions: 
 

(FF3)             Ri,t =  αi +  βiMKTt + υiSBMt + ιiHMLt + εi,t 

(FF5)  Ri,t =  άi + ßiMKTt + ύiSMBt + ίiHMLt + θiRMWt + ζiCMAt +  έi,t 

 

where Ri,t is the return of strategy i in month t. The regressions are constant coefficient unconditional. T-

statistics are computed using the heteroskedasticity consistent standard errors of White (1980).  
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Appendix C – Long sample 

As an additional robustness check, the paper investigates performance ordering in an extended sample using 

the three most well-known anomalies; Table 8 contains the results for a robustness check in a long sample 

starting from 01/1927 that covers only size, value and momentum as active investment options. Results in this 

long sample support the overall conclusions. The Sharpe ratio of the balanced portfolio is both economically 

and statistically larger than the Sharpe ratio of the traditional portfolio. The improvement in performance is 

corroborated across the Sortino ratio, recession t-statistic and maximum drawdown measures. Overall, the 

robustness check suggests that the main findings are not specific to the chosen anomalies and time frame.  

 TP FP BP 

R 0.30% 0.40% 0.40% 

t-stat 5.19 7.71 8.75 

R Recession 0.05% 0.20% 0.13% 

t-stat 0.22 1.43 1.11 

SD 2.17% 1.82% 1.45% 

SD Recessions 3.27% 2.05% 1.64% 

SD Expansions 1.78% 1.75% 1.38% 

M2 10.40% 15.40% 17.50% 

Skewness 0.22 0.6 0.49 

t-stat 2.91 7.91 6.51 

Excess Kurtosis 4.98 9.25 8.71 

t-stat 33.02 61.36 57.75 

JB test 1086 3787 3342 

Max DR 41% 24% 16% 

Target DD 1.40% 1.10% 0.80% 

Sortino Ratio 0.25 0.41 0.46 

Sharpe Ratio 0.16 0.24 0.27 

LW Bootstrap p-val (TP) 0.005 0.104 0.00 

TP Beta  1 0.04 0.52 

Table 8: Long sample. Displays the performance of portfolios in a long sample from 01/1927 until 12/2014. 
A traditional portfolio (TP) is an EW combination of the market, government bond and corporate bond 
premiums. The factor portfolio is made as an EW portfolio of the size, value, and momentum premiums. The 
premium portfolio is a per premium equally weighted portfolio containing all factor and traditional premiums. 
The premium portfolio in the long sample is equivalent to the balanced portfolio. TP Beta is the beta from a 
time series regression on the traditional portfolio. The p-value for the Ledoit-Wolf Bootstrap TP and BP test 
is calculated with respect to the traditional portfolio (TP) (and the equity premium for the traditional portfolio 
itself). The target for the Sortino ratio and downside deviation is zero. M2 is the annualized Modigliani & 
Modigliani measure which volatility matches strategies to a benchmark (the equity premium). JB is the Jarque-
Bera test for normality. The critical values for the test are 10% (4.38), 5% (5.88), 1% (10.53). Maximum 
drawdown (Max DR) is the maximum percentage drop from a peak. T-statistics for the mean are computed 
using the heteroskedasticity consistent standard errors of White (1980). 
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Appendix D – Supplementary tables and figures 
 

 

Figure 9: Sharpe Ratios. Displays the performance of portfolios in return/standard deviation space during 
the sample period spanning 07/1963-12/2014. Realized Sharpe Ratios are displayed in brackets below the 
figure. MKT is the equity premium, GOV is the term structure premium, CORP is the default premium, SMB 
is the size, BTM is value, RWM is profitability, CMA is investment, WML is momentum, IVOL is idiosyncratic 
volatility, QUAL is quality, BAB is betting against beta, AC is accruals and NI is net share issuance. M2 is the 
Modigliani & Modigliani measure which volatility matches strategies to a benchmark (the equity premium in 
this case). Statistical significance of differences in Sharpe ratios is calculated using the Ledoit-Wolf bootstrap 
test (with the equity premium Sharpe Ratio). Asterisk denote statistical significance at the 5% (**) level. 
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Figure 10: Absence of simultaneous crashes. Displays the realization pairs for the traditional and factor 
portfolio. Loadings and alphas are calculated using constant coefficient unconditional time-series regressions: 

 
RFP,t =  άi +  λiRTP,t + έit. 

 
The traditional portfolio (TP) is constructed as an EW portfolio of equity (MKT), term structure (GOV) 

and default (CORP) premiums. The factor portfolio (FP) is constructed as an equally weighted portfolio of 
size, value, profitability, investment, momentum, idiosyncratic volatility, quality, betting against beta, accruals 
and net issuance. Standard errors are calculated using the heteroskedasticity consistent standard errors of White 
(1980). 
 

 
 


