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This paper is concerned with estimating the parameters of single-input, continuous-time systems from
sampled input-output data, where any input time delays may be a fraction of the sampling interval.
The proposed method estimates the parameters by minimizing a cost function defined by the sum of
squared errors between the predicted and measured outputs using the optimal Refined Instrumental
Variable method for Continuous-time models (RIVC). Potential difficulties may be encountered when
standard gradient-based optimization is used for solving this optimization problem directly. These
arise because the cost function is normally multi-modal with respect to the fractional time delay and
they can occur for several reasons, such as aliasing errors, the nature of the system dynamics, and
the selection of the excitation signal. In order to avoid the problems caused by these local minima,
a two-stage procedure is proposed combining RIVC estimation of the model parameters with a grid
search for the fractional time delay. Although this algorithm is not quite as computationally efficient
as standard gradient-based optimization, it is simple, robust, and more widely applicable, as illustrated
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1. Introduction

Pure time delays are a common feature of many real-life sys-
tems such as chemical, environmental, biological, and industrial
processes. Obtaining accurate estimates of a time delay, which
may be a fraction of the sampling interval, can be of significant
importance for the analysis, prediction, and control of such sys-
tems. The identification of time-delay systems has been studied
for a long time and many effective methods have been available
in the literature. Amongst these, there is the so-called ‘implicit
method’, where the time delay is not an explicit parameter in
the model but is approximated in some manner. Examples of
this include the approximation of the time delay by a linear
rational transfer function, as in Bjérklund (2003); and where the
numerator is expanded to cover the maximum time-delay range
(see, e.g., Kurz and Goedecke (1981)).
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Although these implicit approaches allow for the identification
of time-delay systems using conventional linear system identi-
fication methods, they have several shortcomings. For instance,
they are limited to relatively small time delays and they may
suffer from numerical problems in digital implementation, due
to an increase in the number of parameters to be estimated.
Clearly, therefore, it is more straightforward and accurate to allow
for the direct estimation of fractional delays that can match the
estimated pure time delay to the actual time delay with any
specified level of accuracy.

The estimation of the pure time delay between two signals
received at separated sensors has been considered in the control
or signal processing literature, where it is based on correlation
analysis, sometimes combined with conventional Least-Squares
(LS) or subspace estimation of the rational model parameters (see,
e.g., Zheng and Feng (1990)). On the other hand, one can simply
estimate the rational model using standard procedures such as
Prediction-Error Minimization (PEM) or Refined Instrumental Vari-
able (RIV) estimation over a specified range of integer time delays
and select the best model, based on the chosen identification
criteria (e.g., Box and Jenkins (1970), Young (2011)). While this
approach is the standard procedure in control engineering and
statistical time series analysis, it clearly provides only an ap-
proximate model if the time delay is a fraction of the sampling
interval.
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In order to address fractional time-delay estimation, stan-
dard gradient-based optimization has already been combined
with prediction- and output-error methods (Ahmed, 2020; Ljung,
2002; Maruta & Sugie, 2013); and Instrumental Variable (IV)
methods (e.g. Baysse, Carrillo, & Habbadi, 2011; Chen, Garnier, &
Gilson, 2015; Chen, Zhuan, Garnier, & Gilson, 2018; Ha, Welsh, &
Alamir, 2018; Yang, lemura, Kanae, & Wada, 2007; Young, 2014).
It is well known, however, that the cost as a function of the
fractional time delay is always multi-modal (Ferretti, Maffezzoni,
& Scattolini, 1996; Pupeikis, 2020). This can occur for several
reasons, such as the assumption made about the inter-sample
behavior, the placement of the zeros and poles, and the selection
of the excitation signal (Chen et al., 2018). Consequently, if poor
initial parameters are selected, the parameter estimates may be
trapped by local minima, making the algorithm not very robust
compared with the standard integer delay estimation approach.
In the present paper, we describe an approach that avoids these
problems and is robust in this sense. In particular, it is insensitive
to the initialization conditions specified by the user and locates
the optimal estimates in a reliable manner.

The proposed method is similar to the standard integer delay
identification procedure but the range of time delays is extended
to include fractional delays by interpolating the input between
the measured sample points and then re-sampling this extended
input for a specified range of fractional time delays. As in the
integer time-delay case, the best fractional time delay is then
identified by repeated estimation of the model over the range of
fractionally delayed inputs that are now available. The interpola-
tion and re-sampling effectively extend the range of integer time
delays to include the fractional delays at any chosen resolution.

Although this method is computationally marginally more
expensive when compared to existing methods, such as that de-
scribed in Chen et al. (2018), it is simple and robust in operation,
as shown by the simulation examples presented in Section 6
of the paper. Before this, Section 2 formulates the identification
problem; Section 3 describes the proposed method in more de-
tail; Section 4 presents some theoretical results regarding the
proposed method; and practical considerations are discussed in
Section 5.

2. Problem statement

Assume that the noise free response x,(t) and input u(t) of
a Single-Input, Single-Output (SISO) system are related by the
following equation:

X39(8) 4 afx3 V() + - - + ap xo(t)
= bgu™(t — 7o) + - -+ + b, u(t — 7o) (1)
where the superscript or subscript ‘o’ designates the true value;
(')( t) is the ith time derivative of the Continuous-Time (CT) signal
Xo(t); To > 0 is the pure time delay, which can be fractional;
and ng, n, are the polynomial degrees (n, > ny). Note that n, =
n, is allowed here because the technique employed to estimate
the time delay is derivative free, in contrast to the alternative
approach in Chen et al. (2018). The process given in (1) can be
written in @ more compact transfer function form
Bo(p)
Ao(p)

where B,(p) and A,(p) are the system numerator and denomina-
tor polynomials defined by the differentiation operator p : p(-) =

d(-)/dt
Bo(p) = bgp™ + - + b3, (3a)
Ao(p)=p" +afp™ 4+ ap, ng >y (3b)

Xo(t) = Go(PJu(t — 7o) = u(t — 1) (2)
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It is further assumed that the CT input u(t) is generated via a
hold device from a Discrete-Time (DT) series {u(tk)}fzo, where
t, = kT is the sampling instant with T the sampling interval. The
measurement equation is then written as

(k) = Xo(tr) + &o(tk) (4)
where &,(t;) is the measurement noise that can be described by
a DT Auto-Regressive, Moving Average (ARMA) process, i.e.,

Golg™)
Do(g~1)
where e, () ~ N(0, o2) is a serially uncorrelated DT process with

zero mean and variance o2 (DT white noise). The polynomials
Co(q~ 1) and Dy(g~ 1) are defined as follows in terms of the shift

operator 7' : ¢ 1&(tk) = Eotk_1)
Cl@=1+ciqg '+ +coqg™ (6a)
Do(q ) =1+djqg" + - +di g™, ng>ne. (6b)

This Hybrid Box-Jenkins (HB]) data-generating system (Garnier &
Young, 2014; Young, 2015; Young, Garnier, & Gilson, 2008) can
be written in the more compact form

Xo(t) = Go(plu(t — 7o)
S 1 { &olti) = Ho(q™Meo(ti) (7)
V() = Xo(ty) + &o(ty).

Let us make the following assumptions:

&l(ty) = Ho(qil)eo(tk) = eo(tx) (5)

Assumption 1. G,(p) is stable and compact; H,(q~!) is stable and
invertible; the polynomial degrees n,, n, ng, and n. are known;
the system operates in open loop, with zero initial conditions.

The identification objective is to estimate the unknown plant
system parameters {a],..., g , bg, ...,bgb}, the noise system
parameters {d9,...,d; ,c], ... C} and the time delay t, from

s Ay
the sampled input-output data {y(tk), u(tk)}’lz’zo.

3. Proposed methodology

In the subsequent analysis, the model of the data-generating
system is obtained by reference to the HBJ system in (7), i.e.,

X(t) = G(p, O)u(t — 7) = iEp’ 0;u(t -1

M () = Hg™ " me(t) = gi D e(t ®)
Y(te) = x(t) + §(t)

where 0 = [ay, ..., an,, bo, .. ]T is the vector of the plant

model parameters, and n = [d1,.. nd,cl,...,cnc]T is the
vector of the noise model parameters. The unknown parameters
are estimated by minimizing the following prediction-error cost
function:

0,7, %} = arg min
{ 1 g().n,r N

N
7>t 9
k=0

V(0,n,7)

in which &(ty) is the prediction error at sampling instant t; given
by

e(t) = H (g7, ) [y(tx) — G(p, Ou(te — 7)]. (10)

If T is assumed to be a fixed, integer valued, time delay, the
optimization problem defined in (9) can be solved by the standard
Refined IV for CT systems (RIVC) method (Young, 2015). Moreover,
if the system operates in open loop, the associated parameter
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estimation error covariance matrix of # and » is asymptotically
block diagonal, with the off-diagonal blocks being zero (Young,
2015), so allowing for an iterative, Pseudo-Linear Regression (PLR)
procedure for estimating {@, t} and 5 (see Solo (1980), Young
(2015) for details).

3.1. Plant model parameter estimation

Based on the input-output data, the prediction error at the kth
sampling instant (10) is expressed as (Young & Garnier, 2006)

e(ti) = YW (t) — @7 (t)0 (11)

where ¢(ty) is the regression vector and (-)r denotes the filtered
version of (), i.e.,

O (60 = [~ 0, . e b = 0wt - 7))
(12)

with z2(t,) = [A(p. OH(q ", n)]flz(")(tk), z = yoru. The LS
method is a standard procedure for estimating 6 in (11), but
the resulting estimate is always biased, because ¢(ty) is corre-
lated with the measurement noise. Here, an IV technique for CT
models is adopted to address this problem, using the optimal
instrument (Young, 2011)

Wi (00 = [0, =0 U = ).t — )
(13)

where x¢(t;) denotes the filtered response of the auxiliary model
parametrized by 6 and t: x(ty) = G(p, 0)us(ty — t). Subsequently,
the RIVC estimate of @ is given as

N -1 N
6= |:Z '/’f(tk)(b;r(tk)] Z wf(tk)y(fHU)(tk). (14)
k=0

k=0

This is solved in an iterative PLR manner that can be considered
as a special type of Gauss—-Newton optimization (Young, 2015).

3.2. Noise model parameter estimation

In the above estimation procedure, the measurement noise is
estimated as

E(t) = y(t) — Gp, B)u(ty — 7) (15)

where 8 is the concurrent estimate of the CT model parameter
vector. The parameters of an ARMA noise model are then esti-
mated, based on the noise series {£(t;)} using standard estimation
routines, such as that described and used in Young (2015).

In most practical applications, the plant model is the main ob-
jective of model identification and the proposed IV-based method
is able to generate statistically consistent estimates of the plant
model, even if the noise model is not correctly identified (al-
though correct identification ensures lower variance or statisti-
cally efficient estimates). Therefore, we will not investigate the
properties of the estimated noise model in the next section, and
just assume H(q~', ) = 1.

3.3. Summary of the algorithm
The proposed algorithm is summarized below as Algorithm 1.

This is implemented using the standard rivcbj implementation
of the RIVC algorithm in the CAPTAIN Toolbox for Matlab,! so

1 The CAPTAIN Toolbox for Matlab is free and can be downloaded from
http://wp.lancs.ac.uk/captaintoolbox/.
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Algorithm 1: rivcbjfd
Input:
1. Sampled input-output data: {y(ty), u(tk)}’,z’:o;
. Time-delay range: [Tmin, Tmax|;
. Time-delay grid interval reduction factor: M € Z™;
. Anti-aliasing filter: f(p), if the input is not smooth;
. Polynomial degrees: ng, ny, ng, and nc;
. Number of grid interval reduction: Nieq € N;

[o2IS) B SN OV S

Output: 6, §, and 7;
1 filter the sampled data by f(p) if the input is not smooth

y(te) < f(p)y(te), u(te) < f(pulte);

2 set the initial time delay T = 0;
3 set the initial grid interval A < T;
4 for m = 0 to Nyeq do
5 foreach 1, = 7 + A € [Tmin, Tmaxl» £ € Z, do
6 interpolate u(ty — 7;);
7 apply rivebj to estimate 6(t;) [and n(z;) if
m = Nred] from {y(tk)v u(tk - TK)}?:();
compute the cost V(1,);
9 end
10 update the time-delay and model parameter estimates

-

A~

T =argminV(z,), 0 < 6(7), § < n(T);
T

1 shrink the time-delay range
[Tmins Tmax] < [f — AT+ A] )

12 reduce the time-delay grid interval A < A/M;
13 end

the complete algorithm can be regarded an extension of rivcbj
for fractional time-delay system identification and will be made
available as the rivcbjfd routine in future versions of the Toolbox.

Remark 1. In Algorithm 1, the RIVC method is used as the
basis for the identification of models based on the interpolated
and sub-sampled data, {y(t;), u(ty — t)}. Here, an anti-aliasing
filter f(p) is used to remove the aliasing errors in re-sampling
a signal that does not have a limited band. For example, in the
case of a Zero-Order Hold (ZOH) input signal, the fractionally
delayed series {u(ty — )} will be the same as the original if no
pre-filtering is performed, so impeding the correct estimation
of the fractional time delay. It should be noted that the above
anti-aliasing filtering, interpolation, and sub-sampling method
(referred to as the ‘approximate method’ from hereon) is an
alternative to the exact method presented in Section 3.2 of Chen
et al. (2015). This approximate method is adopted because it
can save computational time compared with the exact method.
However, the price paid for this improvement is that it could
introduce interpolation errors which, if significant, may cause a
loss in the estimation accuracy and could also complicate the
theoretical analysis. Fortunately, as shown later in Section 6, the
bias levels on the parameter estimates are very small. This is
because of the suitable anti-aliasing filtering and interpolation
procedures used in pre-filtering. Taking these considerations into
account, such interpolation errors are assumed to be insignificant
and so are not considered in the analysis section.

Remark 2. The first stage of Algorithm 1 is a coarse grid search on
the time-delay range specified by the user, where the time-delay
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resolution is set to the sampling period, i.e., A = T, so the delayed
sequence in Step 6 can be obtained by directly shifting the data.
Once this first stage has been completed, the time-delay range is
immediately reduced to the region between the intervals before
and after the optimal time delay and, at the same time, the time-
delay resolution is also divided by M to enable a fine search in the
next round. In this regard, the achievable time-delay resolution
is obviously A = T/MMred_ There is no theoretical guarantee that
the above search scheme can always reach global convergence.
However, it is reasonable to assume that the optimal time delay
always lies in the region between the sampling intervals before
and after the best integer time delay obtained from the first
round; and this is confirmed if we plot the nature of the cost
function, according to Theorem 1, for several typical systems. In
view of this, the above scheme performs well in practice and
has never failed to converge in the extensive practical evaluation
we have carried out, in addition to that reported in this paper?.
In order to ensure fast implementation of the algorithm, it is
suggested that each time the rivcbj routine is called to estimate a
model at the given time delay 7., the estimated parameter vector
from the previous run, i.e., #(t,_1), is used as the initial condition.
Also, the maximum iteration number of rivebj can be constrained
to further reduce the computational time, if this is required.

Remark 3. The following are some guidelines regarding the
choice of the hyper-parameters to initiate the algorithm. By de-
fault, one can simply let 7,;, = 0 if no a priori knowledge is
available; while the upper boundary can be computed based on
sampled input-output data by minimizing the cross-correlation
function

Tmax = arg MaxE {ly(ti)u(ty — )} (16)

where E is the expectation operator. Note that the resulting tyax
is always larger than the true time delay due to the system phase
lag. The anti-aliasing filter f(p) can take various forms. As its main
function is to attenuate the aliasing errors, it is intuitive that the
filter bandwidth should be no larger than the Nyquist frequency.
There is no general guideline for the choice of M and Neq, but
one should be aware that the parameter estimates become more
accurate when M and N¢q increase. This is discussed further in
Section 6.2 where a simulation example illustrates how M and
Nreq affect the resulting estimation of the model parameters. The
choice of degrees ng,, ny, ng, and n¢, can be achieved by reference
to statistical measures, such as the coefficient of determination
R? and model order identification criteria (see Young (2011)).

4. Theoretical results
4.1. Factors influencing the cost function

In direct CT modeling from DT data, the inter-sample behavior
must be assumed in order to generate output predictions and fil-
tered derivatives. In this paper, the CT input u(t) is reconstructed
from a DT series {u(t,)} through B-spline interpolation

o0
u(t) =Y ult)Bi(t — ), te=LT, r=0,1,2,... (17)
£=0
where B, (t) is the rth-order B-spline defined by (see also Sanchez
and Yuz (2019))

r+1

—1)¢
pio=3 " (rjl) (t =t ult - t) (18)
=0

2 Some practical, real data examples are described in Young and Chen (2021).
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Fig. 1. Time- and frequency responses of B-splines.

and u(t) is the unit step function. The B-spline is a generalized
hold, which implements ZOH when r = 0, and First-Order Hold
(FOH) when r = 1; see Gillberg and Ljung (2010), Sanchez and
Yuz (2019) for more properties about B-splines. Moreover, B.(t)
has the following frequency-domain description:

) 1 (1—edm\™"
B (jw) = " (T) . (19)

The time- and frequency-domain responses of different B-splines,
computed using (18) and (19), are shown in Fig. 1. It can be seen
that the spectrum of the reconstructed CT input applied to the
model is dependent on the order r. These indicate that both the
estimated plant model parameters and time delay will be biased if
the assumed inter-sample behavior does not match the ground-
truth; see also (Pan, Gonzalez, Welsh, & Rojas, 2020) for more
discussions.

It is well known that the prediction- or output-error cost as
a function of the fractional time delay is always multi-modal.
This can occur for several reasons, such as the placement of
zeros and poles (Chen et al,, 2018; Ferretti et al., 1996). In this
section, we investigate the impacts of inter-sample behavior, as
well as the noise whitening used in the full HB] modeling, on
the cost function. From this analysis, it is clear that the pro-
posed grid search method is a better option than the standard
gradient-based search if one wants to identify the global optimum
effectively.

Consider the following cost function:

N
V(. )= Z [y(t) — G(p, O)u(t — 7). (20)
k=0

Since the behavior of V(6, t) will be very complex if 8 is also
considered as an unknown parameter, the following assumptions
are made, for simplicity, throughout this subsection.

Assumption 2. The CT input u(t) is generated by (17) from a
stationary, DT process {u(ty)}. Go(p) is assumed to be known,
i.e.,, G(p, ) = Go(p), and the output measurements are noise free.

Denote the delay-free output of G,(p) at time instant t; as

8(te) = Go(plu(ty). (21)

Under Assumption 2, the cost function defined in (20) can be
written as a function of g(t;)

N
V()= lglti — %) — glte — )1 (22)
k=0

It is still not straightforward to see from the above equation
which factors may influence the cost function. In order to clarify
this, we present a theorem which is similar to Lemma 1 in Chen,
Garnier, Padilla, and Gilson (2020). Note that, unlike the case
in Chen et al. (2020), we do not assume T — 0, in order to take
the impact of inter-sample behavior into consideration.
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Theorem 1. Under Assumption 2, let us define

h(ty —7) = / k h(ty — T — s)Br(s)ds (23)
0

where h(t) is the impulse response of Go(p), and B,(t) is the B-spline
in (18); and also

h(ty — T)h(te — T2 + t¢)

M=

Gilte, 11, ) = (24a)

=
Il

0

Culte) u(tiu(ty + te). (24b)

[
M =

=
Il

0

Subsequently, when the sample size N is sufficiently large, the cost
function V(t) in (22) can be written as

N

V(r)= Y [Gilte, 7o) + Gilte, T) — 2Gx(te, To, T)] Gult)  (25)
{=—N

where, for convenience, Gy(te, 7) = Gi(te, T, 7).
Proof. See Appendix A. O

Remark 4. In Theorem 1, V(t) is expressed as a sum of several
autocorrelation functions, from which the possible factors that
may influence V(t) are clearer: the system dynamics that deter-
mine h(t); the interpolation function §,(t) which, together with
h(t), determines h(t); and the input signal u(ty). Unfortunately,
direct computation of V(t) in Theorem 1, using the impulse
response h(t, T), is not easy, especially for high-order systems.
In what follows, an alternative is presented in order to overcome
this deficiency.

Proposition 1.
state-space form

{k(t) = Fx(t) + Geu(t)
g(te) = Kx(ty)
where F., G, and K are the CT system matrices; X(t) is the state

vector and X(t) is its time derivative. As in (23) and (24a), let us
define

Assuming n, > np, then (21) can be written in

(26)

t)
At — ) = / Bt — 7 — )B(s)ds (27)
0
N
Gi(r1.72) = Y bt — TR (8 — 72) (27b)
k=0

where h(t) = ef<!G.u(t), with u(t) the unit step, is the impulse
response of the state equation (26), and B,(t) is given in (18). Under
the ZOH interpolation and N — oo, it can be shown that

Fa(T1 — ©)PF) (T1 — )
+Ga(T1 — )G (TF{ (T1 — 2 —T), T1 > T3
Ca(t1, ©2) = { Fa(T1 — T1)PF{ (T1 — 2)
+Gi(T1 — )Gy (T1 — 1), T1 =T

C{(TL 1), T1 < T2

(28)

where T is the smallest integer time delay larger than or equal to t;
Fq(t) = efet; Gy(t) = fot efesds G¢; and P is the solution to the DT
Lyapunov equation P = F4(T)PF, (T) + Gq4(T)G] (T).

Proof. See Appendix B. O
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Fig. 2. Plots of the output- and prediction-error cost functions.

By Proposition 1, the autocorrelations in (25) are computed as

Gilte, 11, 12) = KGylm1, 7o — K . (29)

Remark 5. For FOH interpolation, it should be noted that v/(ty) =
[u(ty+1) — u(te)]l/T is ZOH and, correspondingly, Gg(t1, 72) can be
computed based on the increased order transfer function Go(p)/p
and the ZOH input series u/(ty), via the same procedure as pre-
sented in Proposition 1. For high-order B-spline interpolation, the
underlying ZOH input series can be reconstructed in a similar but
slightly more complicated manner, see Corollary 3.5 of Sanchez
and Yuz (2019).

Example 1. As an illustration of the above results, let us consider
the following system:
_ p+3
p’+p+4
where the CT input is generated by interpolating a DT white noise
process of unit variance with the ZOH or FOH assumption. The
sampling interval is chosen as T = 0.5. When FOH is assumed,
the idea in Remark 5 is used to reconstruct the underlying ZOH
input series, i.e., u'(ty) = [u(tyyr1) — u(ty)] /T. It can be shown that
FOH is equivalent to the following modified B-spline: &7 3;(jw),
where B;(jw) is defined in (19). Moreover, if a noise model is
used to compute the prediction-error cost, e.g., H(g™!,5) =
1/(1 — 1.228q~! + 0.6065g~2), the input series should also be fil-
tered through the inverse noise model H~'(q~!, ). Subsequently,
the output- and prediction-error costs are computed according
to Theorem 1 and Proposition 1, as shown in Fig. 2, where
numerous local minima are observed when ZOH is assumed, each
one belonging to an interval of T; while FOH is able to smooth
the cost to some satisfactory extent. However, using the inverse
noise model to whiten the noisy data severely deteriorates these
cost functions. This is reasonable, since the inverse noise model is,
by nature, a high-pass filter, which cancels the low-pass filtering
effect provided by the plant and thus magnifies the aliasing
effect. As a consequence, it seems that a grid search of the kind
we propose could be the most effective and robust method for
identifying the optimal fractional time delay in this situation.

Y(t) = Go(pJu(t — 7o) u(t —8.75) (30)

4.2. Persistence of excitation

In the application of the proposed method, the system should
be persistently excited in order to generate informative data for
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model identification. This ensures that the matrix to be inverted
in (14) is well conditioned and its inversion exists. Previous
research (Chen et al., 2018) has investigated the persistent ex-
citation conditions under multi-sine input assumptions, where
the problem was simplified to determine a necessary amount of
constituent harmonics that would ensure model identifiability.
The analysis therein imposed the sampling period T — 0, but
it can be shown that the results still hold in the case where the
sampling period is not zero.

Interesting research on the identifiability of CT models from
sampled data is presented in Pan et al. (2020), where the DT
equivalent model is used as a medium to aid the identifiability
analysis. However, the DT model can be considered as the hold
operation plus the CT model and this has an increased number
of parameters, so requiring a higher-level of persistent excitation
in the analysis of CT model identifiability. In this paper, therefore,
the persistence of excitation for direct CT modeling is investigated
in an alternative manner, without reference to the equivalent DT
model. Before this, the following assumptions are made.

Assumption 3. The DT input series {u(ty)} is sampled instanta-
neously from a multi-sine ug(t) = thl asin(wet + y,) with
sampling interval T, where 0 < w; < /T (wy # w, if £ # n);
oy # 0 and y, are real numbers. It is further assumed that
H(q~ ', n) = 1, and {u(t)} is uncorrelated with the measurement

noise {&(ty)}.

Assumption 4. The CT input-output signals are reconstructed
from DT data via (17) using the assumptions about inter-sample
behaviors of the input-output signals. The interpolation errors
are negligible when the model identification is based on the
fractionally delayed series {y(ty), u(ty — 7)}.

The following theorem follows when these assumptions are
satisfied, where the asymmetric, normal matrix converges to a
symmetrical matrix at the true parameter values {6,, 7,}, the
non-singularity of which is easier to prove. Note that the rivcbj
algorithm uses the symmetric version of the RIVC algorithm in
a final iteration, after convergence, as required by the Pierce
theorem (Pierce, 1972; Young, 2015). Moreover, such a strict
assumption is only for brevity of theoretical analysis, and expe-
rience shows that, up to convergence, the asymmetric matrix is
always non-singular for a wide range of {6, t} values.

Theorem 2. Under Assumption 1, 3, and 4, when {0, t} = {6,, 7.},
the normal matrix limy_, oo NLH Zszo Vrf(tk)quT(tk) is non-singular if
the number of constituent harmonics in ug(t) satisfies L > (ng+np+

1)/2.
Proof. See Appendix C. O
4.3. Accuracy

This subsection provides a brief analysis of the final conver-
gence point. Let us consider the alternate formulation of the RIVC
optimization problem:

[6.2] = argmin [& {wie e - G - O *. (31)

Since the measurement noise is zero mean and uncorrelated to
¥i(t), it is straightforward to see that the global optimum of
problem (31) is the solution to the equation: Go(p)u(ty — 7o) —
G(p)u(ty — ) = 0. This equation can be written in the frequency
domain as

. Cy . X joo(to—7) U(ja))e*f‘”m .
[Ajw)Bo(jw) — Ag(jw)B(jw)e’ ]AOUw)A ™) 0. (32)
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Let D= {¢T/M : £ € N,M € Z*} be a set of candidate values
for 7. It is assumed that the conditions in Theorem 2 are fulfilled.
On one hand, if t, € D, there exist T € D so that T — 1, = 0 and
then we need to solve A(jw)B,(jw) — As(jw)B(jw) = 0. As Go(jw)
and G(jw) are compact, i.e., A(jw) and B(jw) [A.(jw) and B,(jw)]
do not have any common factor, and the degrees n, and n, are
known, it can be proven that 6, is the unique solution.

On the other hand, if 7, ¢ D then t — 7, # 0, the following
polynomial is of infinite order:

A(j)Bo(jew) — Ao(jw)B(jew)e 7 ~T) (33)

because /(%= = 3% [jw(t,—1)]’/£!, s0 we cannot find a § to
make (33) zero. As a result, the estimated 0 is biased. However,
we have e 7(*=-®) _ 1 if r — ¢, — 0, indicating that 6 will
converge to 0, at this limit. Therefore, it is reasonable to select a
large M, which reduces the time-delay resolution A = T/M, so
as to improve the accuracy of 6.

5. Practical considerations

There are various ways in which the proposed method can
be applied in practice. The examples considered in Section 6
make use of the rivebjid and rivebjfd routines available in the
CAPTAIN Toolbox (see Section 3), as well as the interp1 routine in
Matlab. In all the examples, the rivcbjid structure identification
routine is used to identify the best integer time-delay model
from a user-specified range of model structures with different
parameterizations and integer time delays.

Based on the above information, the rivcbjfd routine is then
applied to see if the introduction of a fractional time delay im-
proves the explanation of the data and, if it is considered impor-
tant, that the mechanistic interpretation of the model is accept-
able. Two user-defined inputs are required by rivcbjfd:

1. The interp1 routine in Matlab is exploited by rivcbjfd for
the interpolation and sub-sampling of the input series. This
requires the specification of an interpolation method. Our
experience suggests that the ‘linear’, ‘spline’, and ‘pchip’
options provide the best performance.

2. The accuracy required for the identification, as defined by
the number of sub-samples specified over each sampling
interval.

As discussed previously, the input signal should be reasonably
smooth. If this is clearly not the case (e.g., a signal with numerous
step changes and ZOH inter-sample behavior), then prior low-
pass filtering may need to be applied to the input and output
signals. While reasonable results may be obtained without such
filtering, it is safer to apply it in order to ensure satisfactory esti-
mation (see Section 6). Finally, it is often worth using the returned
information from rivcbjfd to plot the nature of the output-error
variance cost as a function of the fractional time delay to see how
well this is identified.

6. Simulation example

Consider the following system:

—4p+1
P+ u(t — 8.7)

%o(t) = Go(pu(t — 1) = 5= (34)

(i) = Xo(ty) + &o(ty).

The input signal is a Pseudo-Random Binary Sequence (PRBS) of
maximal length, with the number of shift registers Ny = 11, and
FOH is used to reconstruct the CT input. The sampling interval
and number of observations are 0.2 and 2047, respectively. &,(ty)
is white and Gaussian, and its variance is adjusted to achieve a
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Table 1
Parameter estimates computed from 500 MC runs.
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Method Time-delay resolution Estimated parameter value R2 T Py
a (1) ay (4) b (—4) by (1) T (8.7)
rivebjfd 0.0002 (Nyeq = 3, M = 10) 1.0005 4.0013 —4.0013 1.0020 8.7003 0.9699 0.6912 s 100%
Standard Error +0.0124 +0.0209 +0.0390 +0.0683 +0.0062 +0.0003
procest™** - 1.0006 4.0000 —3.9984 1.0013 8.7000 0.9699 0.5530 s 28.8%
Standard Error +0.0124 +0.0195 +0.0383 +0.0709 +0.0064 +0.0003
*The means and standard deviations are computed from the globally convergent models.
**The initial delays are drawn from a uniform distribution on the interval [5, 9].
***T. is the mean computational time for each MC run.
Signal-to-Noise Ratio (SNR) of 15 dB. A Monte-Carlo (MC) sim- 0 2 R PO
ulation of 500 runs is conducted, each run having a different 2 . rivebjfd model
realization for {&,(tx)}. The model parameters are estimated by 3 3
the two schemes: the rivcbjfd routine from the CAPTAIN Toolbox; g7 EN
and the procest routine from the Matlab System Identification 6 <
Toolbox. s R
The coefficient of determination R%, defined as follows: 0 125 250 375 500 0 6 2 18 24
Index of MC Run Time

R—1— lly(t) — x(ti)ll3
T— 2
ly(tx) — mean{y(t)}l5

is used as the performance index. In order to allow for unifor-
mity in the examples, x(t;) is always computed using the Matlab
routine compare. The convergence performance is assessed using
Py, where Py = NgC/Nmc - 100%, in which Ng is the number of
globally convergent models and Ny, is the total number of MC
runs. In this example, a model is said to be globally convergent if
the estimated SNR is 15 dB, which corresponds to an R% > 0.96,
with the R? defined in (35).

As the input in this example is a non-smooth PRBS, the sam-
pled input-output data are filtered by a 5th-order Butterworth
filter of cutoff frequency 2.4 rad/s before they are used for model
identification. The filter bandwidth is small compared with the
system bandwidth (22.75 rad/s), but this is quite reasonable
because majority of the system output power is in the low-
frequency range of [0, 3] rad/s. The interp1 routine with the
‘spline’ option is then exploited in the rivcbjfd algorithm to com-
pute the fractionally delayed input series {u(t, — )} from the
pre-filtered data.

(35)

6.1. Robustness to initialization

A major advantage of the proposed rivcbjfd algorithm is its
robustness to the initial specification of the time delay by the
user. Gradient-based methods such as procest are sensitive to
this initialization because, as we have seen in previous sections,
they can be affected badly by local minima. Fig. 3 illustrates
this problem: it shows the results of MC analysis involving 500
realizations where the initial delay, for each MC realization, is
a random number drawn from a uniform distribution on the
interval [5, 9]. Note that this does not apply to rivcbjfd because it
only requires the specification of a time-delay range, not a precise
value. The estimated time delays are shown in the left panels and
the resulting step responses are plotted in the right panels.

It is clear from these MC results that procest is very sensitive
to the initial condition selection, with the resulting Py = 28.8%.
In contrast to this, the rivcbjfd algorithm has no failures with
Py = 100%, where the hyper-parameters are chosen as M = 3,
Niea = 10, Tmin = 0 and tyhax = 10 (see Remark 3). The
accurate estimation of the true time delay of 8.7 is possible
because the resolution of the time delay in the grid search is
0.0002 and so rivcbjfd is able to locate it straightforwardly for
all the realizations. The MC identification results are summarized

(a) Estimated Time Delay (rivcbjfd) (b) Estimated Step Response

9 2
VT I A TR T T 23 == === Noise-free system
8 1 procest model
o
=]
I e e e R El
SR Tl LR ey 2 e e =,
> E
<
6 -
[ A R T
5 -2
0 125 250 375 500 0 6 12 18 24

Index of MC Run
(c) Estimated Time Delay (procest)

Time
(d) Estimated Step Response

Fig. 3. MC simulation results generated by rivcbjfd and procest, where 7, = 8.7
and, for the latter method, initial delays are drawn from a uniform distribution
on the interval [5, 9].

in Table 1, which shows the means and standard deviations of
the parameter estimates. It is important to note that the results
presented here for the procest routine are based solely on the
144 successful realizations and, as would be expected, these are
virtually the same as the rivcbjfd parameter estimates based on
all 500 realizations.

6.2. Specifying the resolution of the grid search

Although the proposed rivebjfd algorithm requires the user to
specify the resolution of the grid search, the algorithm is not
too sensitive in this regard. It produces sensible results with
relatively low resolutions and a fine grid is only required if
particularly accurate results are required. An illustration of this
is given in Table 2, which presents the MC identification results,
based on 500 realizations, for the identification of the system
(34), where the time-delay resolution is taken sequentially from
the set {0.0667, 0.0222, 0.0074}, which corresponds to the use
of the following hyper-parameter settings: Nyeg = {1, 2, 3} and
M = 3.

It is clear from these results that, even at the lowest resolution,
the results are reasonable but that increased resolutions refine
the estimates and, not surprisingly given the simulated time delay
of r = 8.7, a resolution of 0.0074 or less is required to match the
results obtained by gradient-based optimization using the procest
routine. However, the computational time for such a search on a
standard computer is still only 0.4718 s at the resolution 0.0074
(marginally larger than procest), so this does not present any
problems for the user.
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Table 2

Parameter estimates computed from 500 MC runs.
Method Time-delay resolution Estimated parameter value R2 T, Py

ai (1) a (4) by (—4) by (1) T (87)

rivebjfd 0.0667 (Nyea = 1, M = 3) 1.0002 4.0043 —4.0018 1.0121 8.7015 0.9654 0.4116 s 100%
Standard Error +0.0378 +0.0833 +0.1096 +0.2438 +0.0333 +0.0006
rivebjfd 0.0222 (Nyeg =2, M = 3) 0.9994 3.9994 —3.9993 1.0001 8.7002 0.9696 0.4457 s 100%
Standard Error +0.0156 +0.0300 +0.0476 +0.0937 +0.0111 +0.0003
rivebjfd 0.0074 (Nreg = 3, M = 3) 0.9996 3.9995 —3.9996 0.9999 8.7001 0.9699 0.4718 s 100%
Standard Error +0.0127 +0.0204 +0.0403 +0.0686 +0.0064 +0.0003
procest” - 0.9997 3.9991 —3.9992 0.9993 8.6999 0.9699 0.2658 s 100%
Standard Error +0.0124 +0.0196 +0.0399 +0.0667 +0.0061 +0.0003

*The initial delay for procest in each run is fixed as 8.5.

7. Conclusions

In this paper, we have addressed the problem of parame-
ter and fractional time-delay estimation for a SISO CT transfer
function model from sampled input-output data. In order to
understand the potential difficulties of estimating fractional time
delays, the properties of the cost function have been investigated
and it has been shown that the assumption about the inter-
sample behavior, the nature of the system dynamics, and the
selection of the input signal may create local minima in the
cost function. As a result, the gradient-based search, a popular
technique to handle fractional time-delay estimation, may fail
if the initial parameters are not selected suitably. In order to
relax the dependence on the initial parameter estimates, we have
exploited a simple and robust approach that is similar to the
standard identification procedure for integer delay systems in
which the time delay is estimated via a grid search, but where the
range of time delays is extended to include fractional delays by
interpolating the inputs between the measured sample points and
then re-sampling these extended inputs for a specified range of
fractional time delays. Since the proposed estimation procedure
requires the interpolation of the input signal, the nature of the
assumed inter-sample behavior may, in certain circumstances,
prevent the estimation of an ‘alias-free’ fractional time delay.
However, this problem only occurs when the input signal includes
sharp changes, as in step and PRBS input signals, and the paper
has shown that it can be circumvented quite simply by the
use of a low-pass (anti-aliasing) filter in the interpolation and
identification process.
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Appendix A. Proof of Theorem 1

Following (17) and (21), the delayed signal g(t, — ) is com-
puted as (u(t) = 0 when t < 0, as imposed in Assumption 1)

gty — 1) = /k h(ty — t — s)u(s)ds
o
=Y [ - = 905 - eods )
=070
k

=Y h(te — T — to)u(ty) = h(ti — ) * u(ty) (A1)
£=0

in which * is the convolution operator. Since {u(ty)} is a stationary

process, as imposed in Assumption 2, and the system is linear

time invariant, it is obvious that the series {g(ty — 7)} is also

stationary when t is fixed. Then, according to the relationship
between the convolution and autocorrelation functions, we have

N

Colte, 1, 2) = ) 8t — )8tk — T2 + )
k=0
=gty — 1) x g(—t¢ + 12)
= h(ty — 1) * u(ty) * h(—t, + ©2) * u(—t;)
= Gilte, 71, T2) * Cy(te). (A2)

With the above relation in mind and when N is sufficiently large,
V(t) defined in (22) can be written alternatively as
V(t)= Cg((), To) + Cg(07 T)— 2Cg(07 To, T)

N

= Y [Gilte. 7o) + Gilte, 7) — 2Gi(te, 7o, T)] Cul0 — 1)
{=—N

N
= ) [Gilte. 7o) + Cilte, T) — 2Gi(te, 7o, T)] Culle)  (A3)
{=—N

where Cy(t;, T) = Cg(ty, T, ) and, in the derivation of the last
equality, we have used the property: C,(t;) = Cy(—t;). O

Appendix B. Proof of Proposition 1

Under the ZOH assumption, the zero-order B-spline Sy(t) is
adopted for interpolation, i.e., Bo(t) = 1if t € [0, T), otherwise 0.
Then, h(t, — t) is solved as

T
hit,—1)= / efel=t=9) (t — v — 5)ds G,
0
0, tk—7 <0

ty—7
_ / efds G, O<ty—t<T
- 0

(B.1)
T
eFC(‘k"_T)/ efsds G, tr—1>T.
0
Letting ty, = max{t, T»}, we have
N T
G, ) =Y _h(t — )R (6 — 1)
k=0
T N T
=h(ty — )k (tw — 1)+ Y hiti— 1)k (6 — 7).
¢ k=M+1
1
G
(B2)

In view of (B.1), C; on the right-hand side of (B.2) is readily
computed as (here we first consider the case when 71 > T3)

G =hE —h (71 — ) (B.3)
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Fig. C.4. Spectrum before and after sampling and ZOH interpolation.
Up(jw), U4(jw), and U(jw) are the Fourier transforms of the multi-sine ug(t)
defined in Assumption 3 (here oy = 1 for £ = 1,2,3), the sampled input
Y rooultk)s(t — t), and the interpolated ZOH input u(t) defined in (C.1),
respectively.

_ {Gd('ﬁ —)G (M (T1—1—-T), T1 > T, (B.4)

Gi(T1 —1)GJ(T1 — 1), T1 =Ta.

The second term C, is slightly more complicated to compute.
Following (B.1) and when N — oo, we have

oo

G= ) Falti— 71 = T)Ga(T)G (TFg (tx — 72 — T)
k=M+1

= Fa(T1 — 71) Y _ Fa(ti)Ga(T)G4 (T)F{ (6) F{ (71 — 72)
k=0

p
= Fa(T1 — ©1)PF{ (T1 — 12). (B.5)

Note that P can be decomposed by iteration as follows:

P =) Fa(t)Ga(T)Gq (T)F (t)

k=0
= D Fa(t)Ga(T)Gg (T (6) + Ga(T)G{ (T)

= Fa(T)PE{ (T) + Ga(T)G{ (T) (B.6)

which is, in fact, a DT Lyapunov equation that can be solved
by the Matlab routine dlyap. The case when 7; < T, can be
handled following the same procedure, since we have Gi(t1, 7o) =
C{(‘L’z, 71) by definition. Finally, the substitution of (B.3) and (B.5)
into (B.2) yields (28). O

Appendix C. Proof of Theorem 2
Following Assumptions 3 and 4, the CT input u(t) applied to

the system has the following time-domain expression (see also
Fig. C.4 for an illustration of the interpolation process):

L
n=>"

£=1 n=0

oo

Olg,nSiIl (a)/g,nt —+ )/g.n) (C])

where oy, and y;, are the amplitude and phase of each fre-
quency wy, = w¢ + 2xn/T. The harmonics where n # 0 are
created by the hold operation. The autocorrelation and power
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spectral density functions of the reconstructed CT input u(t),
denoted by R,(s) and &,(w), respectively, are defined as

L 2
al n
Ry(s) = E {u(t)u(t +s)} = ——C0s wz nS (C.2a)
2 nf; y )
© o?
q>u(w):/ Ry(s)e*ds = 7 Z Z S5 (0 — wen) -
- {=—Ln=—00

(C.2b)
In (C.2b), when ¢ is negative, e.g., £ = —L,we have w_| , = —w;+
27n/T. Moreover, since @,(w) is real valued and symmetric, we
have oy _, = a_;,. Similarly, the autocorrelation and power

spectral density functions of the CT instrument v¥(t) are defined
as

Rw(S) =

oo

E{Wt9] (¢ +9)) . Dylw) = / Ry(s)e"ds.  (C3)

Moreover, ¥(t) can be written as

oo

_ T 1

V) = [~BED LAY, 1] e = o)

—s[pratm . 1]" u(t — 1) (C.4)
[ ] AZ(p)

where X(p) = X(p, 8), X = A or B, for notational simplicity; and

[0 —by .-+ —by, 0
_ |0 —bo —by,

S=11 @ - a 0 (C5)

LO 1 a; ap, |

Based on the above equations and according to Ljung (1999),
the expression for @y(w) is obtained straightforwardly in the
following form:

(jw)ratm ] [ (jo)ratm H
Dy(w) T
|A4%(o)| ; :
where ()" denotes the complex conjugate transpose of (-). Before

proceeding, some important properties of ®@y(w) should be men-
tioned, i.e., the following matrices are symmetrical, and positive
definite if L > (nq + np 4+ 1)/2, with non-negative diagonal

elements:
1 [T 2mn
- Dy w—i—T dw, n=0 (C.7a)
—n/T
1 /T

2mn 2mn n
Py |lo+ — )+ Py |0w— —— |dw, neN".
T T
(C.7b)

It is necessary, however, to prove that these matrices are also
non-singular. Due to the page limits, only the proof for the case
n = 0 is presented here, but the proofs for the other cases are
quite similar. Following (C.6) and (C.2b), (C.7a) can further be
written as

2 —n/T

1 /T L a2
5 Dy(w)do = Y s L0
3 - /T t=—L 4|A (le,oﬂ
(w0 ™ [ Gaoe,o)retme] "
xS : : ST =srwrhsT (C.8)
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where

(jwo—p,0)at™ (jowro)lat™

T = (C.9a)
1 1
1 oti a?
W = —diag = (C.9b)
4 |A%(jor_10)l |A%(jeor,0)]

Note that S has shown to be non-singular if B(p) and A(p) are co-
prime (see Soderstrom and Stoica (1983)). W is a diagonal matrix
of full rank. 7" is a Vandermonde matrix which has full row rank
if the number of columns is equal to, or larger than, the number
of rows, i.e., 2L > n,+np+ 1. These together show that the matrix
in (C.8) is non-singular.

In the digital implementation of the estimation algorithm, we
have only the sampled instruments {¥(t)}, so the discrete-time
Fourier transform (DTFT) is used to compute the spectral density

Ry(te) = E {6 ) (tx + t)} (C.10a)

o0
Dy(w)=T Y Ry(tr)e .
{=—00
Following (C.3) and (C.10), q),‘;(w) is linked to @y (w) in the form

o0 1 o0
T — Dy(s)e P ds eIl
[_X_:oo 2n \/;00 '/'( )

(C.10b)

(o)

- / Dy(s) > deer ) ds
—o0 {=—00
—/OOCP (s) i 8 s—w—zn—n ds
B - ' n=—00 T
> 27n
= Z Dy (w+ T) (C.11)

Then, application of the inverse DTFT to compute Ry(t;) at t; = 0
results in

1 /T d
Ry(0) = o= / cbll,(a))dw

DN IACE O

n=—0oo

(C.12)

The right-hand side of the above equation is the sum of the
matrices defined in (C.7), which is clearly positive definite if L >
(ng+np+1)/2. Since the measurement noise is uncorrelated with
the input (imposed in Assumption 3), when {0, T} = {0, 1o}

Nl_mNJr Z'I’f by (t) = Jim —thf )Y (t)

= Ry(0) (C.13)

is also non-singular. O
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